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This report was written using the package knowledge: by clicking on a notion
(ex: powerset), one is sent to its definition.

THE GENERAL CONTEXT

The key idea behind algebraic language theory is to study regular languages via
algebraic notions (e.g. semigroups) instead of computational objects (e.g. finite
automata). One particularly interesting family of results in this field consists of
equivalences between logics (e.g. first-order logic) and algebra (e.g. aperiodic semi-
groups). More precisely, given a logic, two questions naturally arise: (i) give an al-
gebraic characterisation of the definability in this logic, and of (ii) the separability
by this logic. The former problem is simplier than the latter.

We have many definability results for languages of words: e.g. (i) for finite
words (Schiitzenberger’s theorem: ro = aperiodic [Sch65, MP71)), (ii) for w-words
(Perrin’s theorem: Fo = aperiodic [Per84)), (iii) for transfinite words (Bedon’s theo-
rem: FO = aperiodic [Bed98]), (iv) for scattered words (Bés-Carton’s theorem: Fo
= gap-insensitive [BC11] & Bedon-Rispal’s theorem: ro[cut] = aperiodic [BR12,
CS15]) and (v) for countable words (Colcombet-Sreejith’s theorem: many results,
see [CS15]).

THE RESEARCH PROBLEM

Among those five results, only two of them have a separability counterpart: for
finite words, Henckell’s theorem states that rFo-separability is characterised by
group saturation, and for w-words, Place-Zeitoun’s theorem gives a similar charac-
terisation. For transfinite words and beyond, no such result is known.

YOUR CONTRIBUTION

We prove that the first-order separability problem for transfinite regular langua-
ges — which asks, given two languages of words indexed by countable ordinals
and defined by monadic second-order formule, if there exists a first-order formula
satisfied by every word of one of the two languages and by none of the other — is
decidable (coro. 2.38). To do this, we first give an elementary proof of Henckell’s
theorem [Hen88] on pointlike sets (thm. 1.14), that we obtained by refining Place
& Zeitoun’s proof for finite words [PZ16] (§1). We then generalise this result to
transfinite languages (§2 and thm. 2.37): we show that pointlike sets for the first-
order logic over transfinite words corresponds to the (ordinal) group saturation.

ARGUMENTS SUPPORTING ITS VALIDITY

No mistakes were found in our proofs. Should you find one, please send an email
to (Ax. x@ens-paris-saclay.fr) (remi.morvan).

These two results on scattered
words both rely on Carton &
Rispal’s scattered semigroups
[Ris04, RC05], which is the
suitable algebraic structure to talk
about scattered regular languages.

Bedon & Rispal proved in [BR12]
the equivalence between
languages recognised by finite
aperiodic scattered semigroups
and star-free scattered languages.
Colcombet & Sreejith introduced
the logic Fo[cut] — consisting of
first-order logic enriched with
monadic quantification over
Dedekind cuts — latter, in [CS15].

While we focus, in this report, on
definability and separability
results for fragments of mso for
different monads (finite words,
transfinite words, etc.), note that
the work of Henckell and Rhodes
[Hen88] gave rise to a prolific
field, studying pointlikes with
respect to some variety of
semigroups — most of which do
not correspond to fragments of
Mso0. See, e.g. [GS19], which
studies varieties of semigroups
determined by their subgroups.


https://ctan.org/pkg/knowledge

SUMMARY AND FUTURE WORK

We plan on continuing this work by giving algebraic characterisations of separabi-
lity by o and by Fo[cut] on scattered regular languages, to generalise Bés-Carton’s
and Bedon-Rispal’s theorems. We conjecture the following result: for scattered
regular languages, Fo-pointlikes (resp. Fo[cut]-pointlikes) coincides to the down-
ward closure of the gap saturation (resp. group saturation). We could then study
the general case of all countable words — for which we have many definability
results by Colcombet & Sreejith [CS15], which all rely on Carton, Colcombet &
Puppis’ algebraic structure for countable words [CCP18].

NOTATIONS AND CONVENTIONS

We denote by N, N_ and Z the set of natural numbers, the set of strictly positive
natural numbers and the set of integers, respectively. If ~ is an equivalence relation
over some set and x is an element of that set (resp. X is a subset of this set), then
we denote by [x]_ (resp. [X].) the equivalence class of x under ~ (resp. the union
of equivalence classes of elements of X under ~). In a poset X, for every subset
Y € X, we denote by | Y the downward closure of Y. In a finite semigroup, we
denote by x™ the unique idempotent power of an element x.

If X is a set, we denote by P(X) the powerset of X. Observe that if (S,-) is a
semigroup, equipping 7(S) with the internal law defined by

X-Yi={x-y|xeXandy €Y}

for all X,Y € P(S) yields a semigroup, called the power semigroup of (S,-). The
map —*¥' from S to P(S) that sends s € S to {s} defines an injective morphism: its
image, which is isomorphic to S, is called the subsemigroup of singletons of P(S).
Moreover, if X € P(S), | X denotes the union of the elements of X, which we call
called support of X. This defines a semigroup morphism | J : P(S) — S.

Given an alphabet A, we denote by A™ (resp. A”) the semigroup (resp. monoid)
of non-empty finite words (resp. all finite words) over the alphabet A. The set of all
first-order (resp. monadic second-order) formulee over the alphabet A is denoted
by Fo(A) (resp mso(A)). Given a logic £ C Mso(A), we say that a language is
definable in & — or L-definable — when there exists a formula in £ that is exactly
satisfied by the words of the language.

Given a logic £ C mso(A) closed under negation, we say that two regular
languages L; and L, over some alphabet A are ¥-separable when there exists a
formula of ¥ satisfied by every word of L; but by no word of L,. There are two
classical problems associated to any logic: the £-definability problem, which asks
whether a regular language is £-definable, and &-separability problem, which asks
whether two regular languages are £-separable. The ¥-definability problem can
be reduced to the £-separability problem: indeed, K and A" \ K are £-separable
if, and only if, K is £-definable.

Observe that | x*¢ = x for all
xeS:ie |J:P(S) > Sisa
left-inverse of =& : S — P(S).



1. FINITE WORDS

We say that a language L C A is regular when it is accepted by a finite automa-
ton. A semigroup S recognises a language L whenever, by definition, there exists
a semigroup morphism ¢ : A* — S and a set X C S such that L = ¢ 1[X]. It is
well-known that the following conditions are equivalent: (i) L is regular, (ii) L is
recognised by a finite semigroup ; (iii) the syntactic semigroup of L is finite ; (iv)
L is mso-definable. The question then arises as to what happens to this equiva-
lence between algebra, automata and logic when one restricts one of the classes,
for instance, if we consider a fragment of Mso. Schiitzenberger’s theorem provides
an answer for Fo, and establishes an equivalence between being accepted by a
counter-free automaton [MP71], being ro-definable, and being recognised by a fi-
nite aperiodic semigroup [Sch65] — aperiodic means that every group in it is trivial.
As a corollary, rFo-definability is decidable.

The goal of this section is to state and prove Henckell’s theorem, which, similar-
ly to Schiitzenberger’s theorem, states an equality between an object defined using
logic (ro-pointlike sets, which are informally the subsets of a semigroup that can-
not be distinguished using first-order logic), defined in §1.1, and an algebraic object
(the group saturation of a semigroup, which is informally a semigroup in which one
can merge a group into a single point), defined in §1.2. We then prove Henckell’s
theorem in §1.3, from which one can deduce that Fo-separability is decidable for
languages of finite words.

1.1. FIRST-ORDER LOGIC ON FINITE WORDS

We start be giving basic properties of first-order logic over finite words and define
the =;-congruence, which allows us to characterise ro-separability (fact 1.5), and
then define pointlike sets.

The rank — also called “quantifier depth” in the literature — of a first-order
formula ¢, denoted by rk(¢), is the maximal number of nested quantifiers: for
example, the formula

Jy.Ax.x<y) A(dz.y <2z2),

which recognises words whose length is greater or equal to 3, has rank 2. The set
of all first-order formulee of rank at most k € N over the alphabet A is denoted by
FOL(A).

Fact 1.1. There are finitely many ro;(A) formulee, up to logical equivalence.

Given two words w, w’ € A", we say that w and w’ are Foy-equivalent, denoted
by w =, w’, whenever w and w’ satisfy exactly the same formule of ro;. These
equivalence relations are semigroup congruences: they are consistent with concate-
nation, in the sense that for all u, u’,v,v" € A", if u =, u’ and v = v’ then uv =,
u'v’. This can be proven either by using Ehrenfeucht-Fraissé games — see [Ros82,
lem. 6.5] — or can be seen as a corollary of Beth-Fraissé theorem [Mak04, thm.
1.1]. Ehrenfeucht-Fraissé games can also be used to prove the following property.

Fact 1.2. For every word u € A", for p,q > 25 -1, we have u” =, u".

Observe that every equivalence class L of A*/=, is Fo,-definable: simply consi-
der the conjunction of all ro, formule satisfied by a word of L, or, equivalently,

For a proof, see, e.g., [Pin20,
§1V.3.3] for the equivalence
between automata and semigroups
and [Pin20, §IX.3] for the
equivalence between automata
and Mso.

For a proof of the equivalence
between Fo and aperiodic
semigroups, see [Pin20, §VL.3 &
§IX.4.1].

If one is interested in complexity
results, Cho & Huynh [CH91]
showed that Fo-definability is
PSpAcE-complete when the input
is specified as a finite automaton.
The problem is much simplier if
the regular language given as
input is specified by its syntactic
monoid: in this case, the problem
is NL — one only has to check that
the syntactic monoid is aperiodic.
For Fo-separability, Place &
Zeitoun proved [PZ18, ex. 7] that
the complexity of the problem
does not depend on whether the
input is specified by automata, or
by semigroup morphisms, and that
the problem is between
PSprace-hard and ExpTIME. [PZ16]

For a proof, see [Ros82, lem.
13.10].

Observe that given two distinct
finite words w and w’, there
always exists a first-order formula
satisfied by w but not by w': i.e.
there exists k; € N such that for
allk > ko, w #, w'.



every word of L — this makes sense since there are finitely many such formule, by
fact 1.1.

Note that for k € N_jand L,K € A", if L and K are ro-definable, then their
concatenation L-Kis Fo; -definable. Indeed: let ¢ (resp. ¢’) a Fo, formula defining
L (resp. K). Then the first-order formula Ax. (y.y < x) A~ A hasrank k+1
(since k # 0) and defines L - K.

The equivalences classes of A" under Fo -equivalence a™ = N_ are extremely
easy to describe on single-letter alphabets — of course, if A contains a single letter,
then A" is isomorphic, as a semigroup, to N_: we are simply talking about first-
order logic on strictly positive integers.

Lemma 1.3. Let a be a letter and k € N. By letting 1 := 2¢ — 1, we have:

a*/= = {{a), d?), . {a" ), Aa | p = m}).

Sketch of proof. By fact 1.2, [a"]__ = {a” | p > n}. Moreover, by an easy induction
on r € N using relativisation, one can show that for all m < 2" — 1, there exists an
ro,-formula ¢,, satisfied exactly by {a” | p > m}. Then for every m < 2K —1, the
formula ¢, A (=¢,,,1) has rank at most k and is satisfied exactly by {a™}. Hence,
"], = {a") 0
Example 1.4. We will illustrate the different notions on the following semigroup:
consider the language L := b*(aa)" ; Then one can check that its syntactic semi-
group S; contains six elements, and that its egg-box diagram is the one given in
figure 1. Let L, := L = b*(aa)", L, := (aa)* and L, := a(aa)’. All three languages
are recognised by the syntatic morphism of L: L, is the preimage of {baa}, L, is
the preimage of {aa} and L; is the preimage of {a}. None of these languages are
ro-definable by Schiitzenberger’s theorem: their syntactic semigroup contains the
group Z/27 — in fact, Z/2Z is precisely the syntactic semigroup of L, and L;.
Then, observe that L; and L, can be separated in first-order logic by the formula

@ = Jx. first(x) A b(x),

where first(x) := Vy.x < y. On the other hand, L, and L3 are not Fo-separable
— otherwise they would be Fo-separable over the alphabet {a}, but since L; is the
complement of L, in a*, L, and L; would be ro-definable: que nenni!.

Fact 1.5. For L;,L, C A", the following propositions are equivalent:

i. Ly and L, are Fo-separable ;

ii. there exists an Fo-definable language K such that L; S Kand L, N K =@ ;
i. [Ll]Ek NL, = @ for some k € N ;
- [Lilz, N[L,]s, = @ for some k € N.

—

i
i

<

Likewise, L; and L, are Foj-separable iff [Ll]Ek N [Lz]zk = @, or equivalently,
for every wy € Ly and w, € L,, wy Z; w,.

Definition 1.6. Let ¢ : A™ — U be a semigroup morphism where U is a finite
semigroup. We define the collection of Fo-pointlike sets for ¢ by

PLo(p):={X U | YkeN,ILe A=, X Co[L]}.

The concatenation of two
languages corresponds to their
product in the power semigroup of
A*. The notation ¢~" refers to the
relativisation of ¢ with respect to
O < x. For a formal definition, see
[Ros82, def. 13.27].

N /7

ba |baa|

0.

Figure 1: Egg-box diagram of the
syntactic semigroup S; of L =
b*(aa)".

We follow the same conventions as
[Pin20] for egg-box diagrams.

Proof: each implication in (i) =
(it) = (iii) = (iv) = (i) is easy.

Our notion of Fo-pointlike for

@ A" - U is very closely related
to Henckell’s notion of pointlikes
for a collection of relations
[Hen88, def. 2.2]. More precisely,
define for every k € N, (continuing
on the next page...)



Our main motivation to introduce pointlike sets for ¢ is that being able to
compute them allows us to decide if two languages recognised by ¢ are ro-separa-
ble, as explained in the following proposition — this was noticed in [Alm99] by
Almeida, who was the first to notice the link between pointlike pairs with respect
to a given variety of finite semigroups, and separability.

Proposition 1.7. Two languages L, and L, recognised by a surjective morphism
@, are Fo-separable if, and only if, no pointlike set for ¢ intersects both ¢[L;] and

p[L,].

Proof. If no pointlike intersect both ¢[L] and @[L,], then observe that since U is
finite, we have

Plo(p) = {X cU | AL € A*/=, X C p[L]}.

for some k € N. Thus, for w; € L; and w, € L,, if we had w; =, w,, then
{p(w,), p(w,)} would be pointlike and would intersect both L; and L,. Hence L,
and L, are roj-separable.

Conversely, if L; and L, are Fo-separable, say Fo;-separable for some | € N,
then let Y € P, (¢), and assume, by contradiction, that Y intersects both ¢[L,]
and @[L,]. Then we would have y; € YNg[L;], and thus, since Y is pointlike — and
since L, and L, are recognised by ¢ — we would have w; =; w, for some w; € L;
and w, € L, such that y; = @(w;). Contradiction. O

1.2. MERGING GROUPS

Now that we have a correct grasp on first-order logic for finite words, we focus on
the algebraic notions associated with finite words. More precisely, we define what
the group saturation is. Informally, it is an algebraic process taking a semigroup
and merging groups into a single point — this process is relevant to study first-
order logic since this logic is not able to grasp group-like phenomena. Fix a finite
semigroup U.

Definition 1.8. Given a subset A of P(U), its group saturation Sat;p(/l) is the
least subsemigroup & of P(U) containing A and stable under cyclic group merging:
if G C Sisacyclic group, then | J G € &, or, equivalently, for every X € &, we have
XTUX™ U .. UX? ! eS8 We denote by Sat’,_(A) the monoid obtained from

grp
the semigroup Sat;p(fl) by always adding an identity, denoted by «.

Note that if S is an aperiodic semigroup, then Satgrp(SSgl) = 58!, Often — in the
next example, for instance —, if X is a subset of U, we will abusively write Sat! _(X)

grp
instead of Satgrp(XSgl).

Example 1.9: continuing ex. 1.4. We want to compute Satgrp(SL). First, the
group saturation of S; contains every singleton {0}, {ba}, {baa}, {b}, {a} and {aa}.
Then, since {{a}, {aa}} is a cyclic group, its support {a,aa} is also an element of
Satgrp(SL), which is closed under product, so it must also contain {b} - {a,aa} =
{ba, baa}. One can check that there are no more elements: for example {ba, baa} -
{a,aa} = {ba,baa} and {a, aa} - {ba, baa} = {0}. The egg-box diagram of Satgrp(SL)
is represented in figure 2.

(...) the relation (in the sense of
[Hen88, def. 1.3])

u Rlo) Atl=,
by (u,L) € R () iff u € ¢[L].
Then pointlike sets for ¢ (under
our terminology) corresponds
precisely to pointlike sets for
(Ri(9))ken (under Henckell’s
terminology). Those sets are also
called “imprints of ¢” ([PZ16]) or
“aperiodic pointlikes of U” (e.g.
[vGS19]).

Beware: contrary to Place &
Zeitoun [PZ16, §4.2 ] and Henckell
[Hen88, def. 3.4], we do not
require the group saturation to be
downward closed, so with our
definition, the downward closure
appears in the statement of
Henckell’s theorem (thm. 1.14).



Moreover, note that the group saturation is not called “cyclic group saturation:
this is because being stable under cyclic group merging or by group merging —
meaning that for every group § C 8, we have | /] G € § — is equivalent, as stated
in proposition 1.10. In practice, it is often much easier to check that a semigroup
is stable under cyclic group merging rather than under group merging.

Proposition 1.10. A subsemigroup & of P(U) is stable under cyclic group mer-
ging if, and only if, is it stable under group merging.

Proof. The implication from right to left is trivial since every cyclic group is is a
group. Conversely assume that a semigroup & is stable under cyclic group merging,
let G be a group in § and let us show that [ J G € §. Let {X;, ..., X,,} denote the
elements of G and let G, := {XZ.T, Xl.m'l, ,X?”_l} = (X;) be the group generated
by X;. Then [ J G; € & for every i, and consider M := (| J G;)--- (U G,) € S: for
every i,

Xi=1g-1g-X;-1g-1g€ G, G,

and thus X; € M. Hence [ J G C M, and since the converse inclusion is trivial, we

can deduce [ JG =M € S. O

Exercise 1.11: Another example. Let A = {a,b} and L be the language of words
containing an even number of ‘a” and ‘b’.

1. Show that L is regular and compute its syntactic semigroup S; .

2. Compute the group saturation of S;, and draw its egg-box diagram.
Solution in §C.1

Proposition 1.12. For every A C P(U), we have:

Sat},(A) = A - Satl,,(A) = Saty, (A) - A.

Proof. The inclusion A - Saty, (A) C Saty, (A) is trivial, since group saturation is
always a semigroup. Then, we prove the converse inclusion by structural induction

onSat’ (A): first, A = A-¢ C A-Sat;rp(/l) ; moreover, if Y, Y are in A-Sat’, (A),

grp grp
sayY=X-ZandY' =X"-Z'thenY Y =X-(Z-X"-Z') € A-Saty,,(A) ; and
finally, if G is a group whose elements are in A - Sat,,(A), then for any Y € G we
have JG=UY -G=Y-JJ € A-Saty,(A). O

We insist on the following lemma — however, note that we only use it in the
appendix, and more precisely in §B.1, to prove theorem 1.18 — because this is were
our proof differs from the proof of Place & Zeitoun [PZ16, §6] of the completeness
of Henckell’s theorem.

Lemma 1.13: Induction principle. Let A € P(U). Then either:

i. there exists a € A such that a - Satg,,(A) & Satg,,(A), or

ii. there exists a € .4 such that Sat?,_(A)-a ¢ Sat’ _(A), or

R grp grp
iii. Satg,,(4) has a maximum.

Proof. If (i) and (ii) do not hold, then every translation (both left and right) of

Satgrp(ﬂ) by a € A is a permutation of a finite set. By restricting those transla-

tions to the semigroup (A) generated by A, it follows that (A) =: G is a group.

Hence | G € Satgrp(./l). It is then routine to check that | J G is indeed maximal in

Satg, ,(A). O

{a},
{b}. (aa).
N/ N\
{a,
{baa)| {ba} . Laa).
N

" [ba,

/% |baal}
newele—“ ‘
ments!

{0},

Figure 2: Egg-box diagram of the
group saturation Sat] (S;) of the
syntactic semigroup S; of L =

b*(aa)".

This is a generalisation of the
tautology A" = A-A"= A" A

Place & Zeitoun do the following
case disjunction: either (i) there
exists a € A such that

a- (U Sat,(A) ¢ USaty, (A),
(ii) there exists a € A such that
(USaty,(A)) - a < U Satg, (A) or
(iit) Sat}, (A) is a pseudogroup —
where, by definition, a
pseudogroup is a subsemigroup of
the power semigroup that does not
satisfy (i) and (ii). Unfortunately,
this case disjunction is hardly
generalisable to ordinal
semigroups — or at least not in
any way that is usefull to prove a
result on separability — while ours
can: see thm. 2.36.



1.3. HENCKELL’S THEOREM

We are now ready to state this equivalence between the algebraic structure that
merges groups (group saturation) and the sets of points that first-order logic cannot
distinguish (ro-pointlike sets).

If o : A¥ — U is a semigroup morphism and U is a finite semigroup, then
we denote by Saty, (¢) the group saturation of the image of @, i.e. Satg,(¢) =
Satl, (p[A*TE).

Theorem 1.14: Henckell’s theorem [Hen88]. Let ¢ : A — U be a semigroup

morphism where U is a finite semigroup. Then P1,,(p) = | Satg, ().

Example 1.15: continuing ex. 1.9. By theorem 1.14 and proposition 1.7, two
regular languages recognised by the same morphism are ro-separable if, and only
if, no element of the group saturation of the morphism intersects both images.
Recall that L, and L5 are recognised by {aa} and {a}, respectively: their non-ro-se-
parability is witnessed by the element {a, aa}, which belongs to the group saturation
Satgrp(SL) and hence is pointlike. On the other hand, the ro-separability of L; and
L, — recognised by {baa} and {aa}, respectively —, is witnessed by the absence of

a pointlike set in Satg,,(S;) containing both baa and aa.

Corollary 1.16. The rFo-separability problem is decidable for regular languages of
finite words.

+

Proof. By theorem 1.14 and proposition 1.7, since | Satg,,

(¢) is computable. [

We prove Henckell’s theorem by double inclusion: see lemma 1.17 (correctness)
and lemma 1.21 (completeness).

Lemma 1.17: Correctness of Henckell’s theorem. lSatgrp((p) C PL ().

Proof. By definition of pointlike sets, P1,,(¢) is downward closed, so, by definition
of group saturation, we only have to show that P1, (¢) contains every singleton of
the form {¢(w)}, for w € A", and that it is a semigroup stable under cyclic group
merging.

Ifw € A", the singleton {¢(w)} is included in (p[[w]zk] for every k € N, and
hence is pointlike. Moreover, if X, X” are pointlike, say for every k € N, X C ¢[L;]
and X" C @[L;], then X - X" C p[Ly - L;]. But since = is a semigroup congruence,
Ly - L is included in an =;-equivalence class and hence X - X” is pointlike.

Finally, let us show that pointlike sets are stable under cyclic group merging:
let X be a pointlike set. Let k € N. There exists L € A"/=; such that X C ¢[L].
Let p € N_; be such that p[X]P = ¢[X]" and p > 2F — 1. By fact 1.2, for all
u,v € A", uP =, uP* for g € N: it follows that LF U [P*1 U ... L?71 is included in
an =-class, say L', so that X" U ... U x?1 ¢ @[L’]. Therefore, X" U ... U x2m-1
is also pointlike. O

We denote by 7 : P(U)" — P(U) the generalised product of (U). We say
that a map from a free semigroup A" to a set is Fo-definable whenever every preim-
age by this map is an Fo-definable language. The key technical result used to prove
the completeness (lemma 1.21) of Henckell’s theorem is the following theorem.

One can think of sets in | Sat; (¢)
as “constructible pointlike sets” —
this is in fact the terminology used
by Henckell in [Hen88] — so the
double inclusion can be thought as
“every constructible pointlike is
pointlike” (hence the name
“correctness”) and “every pointlike
is constructible” (hence the name
“completeness”).

Points are pointlike!



Theorem 1.18: Fo-approximation. For every alphabet A, for every finite semi-
group U, for every semigroup morphism ¢ : A* — U, there exists an Fo-definable

function ¢ : A" — Sat,,,(U) such that p(w) € P(w) for allw € A™.

Example 1.19: continuing ex. 1.15. Consider the syntactic morphism¢ : A* —

S; of the language L defined in ex. 1.4. It is not Fo-definable: for example, the
preimages of {aa} and {a} are not rFo-definable. Informally, the non-ro-definability
can be explained because ¢ — or, more precisely, the restriction of ¢ to a* — counts
modulo 2, which is a group-like phenomenon. To make it Fo-definable, we must
forbid it to count modulo 2. One way of doing this is by sending L, = (44)" and
Ly = a(aa)’ on the same element, {a,aa} € Sat’, (S;). More generally, one can

grp

check that the map ¢ : A" — Sat,, (S ) defined as

A+ L5 Sosatt, (S)

satisfies the desired property, where u is defined by u(a) := up(aa) = {a, aal,
u(ba) := u(baa) := {ba, baa} and u(b) := {b}, u(0) := {0}. Then one can check that,
for example, the preimages of {a} and {aa} by ¢ = p o ¢ are both empty — which
is Fo-definable —, while the preimage of {a, aa} is a* — which is also Fo-definable.

Proof of 1.18. The full proof can be found in §B.1. The main technical difficulty
lies in proving that the generalised product has an Fo-approximation (lem. B.1).
We prove this for every product 7 : A" — (A) where A C P(U), by induction
on |A| and Sat;p(/l). The base case |A| = 1 is easy, and follows from what we
known about a*/=; (lem. 1.3). The inductive case |A| > 2 is more tricky. We do a
case disjunction on Satgrp(/l) using the induction principle (lem. 1.13). Case (iii)
(when Satgrp(ﬂ) has a maximum) is trivial. The other two cases, namely (i) and
(ii), — when one letter, say 4, makes us fall into a smaller structure — is much more
technical. The main idea is to decompose a word w into blocks of ‘a’ and non-‘a’,
use the induction hypothesis on the size of the alphabet to treat the blocks of non-
‘@’, and use the induction hypothesis on the size of the group saturation to “glue”

the blocks together. d

Exercise 1.20. Let @ be the syntactic morphism of L := a(aa)™ = a(aa)* \ {a}.
Show that there is no ro-definable function ¢ : a* — Satgrp(SL) such that (i)
p(w) € @(w) for all w, and (ii) ¢ is a semigroup morphism. A solution can be

found in §C.2.

We can finally prove the completeness of Henckell’s theorem.

Lemma 1.21: Completeness of Henckell’s theorem. Pl (p) C lSatgrp(ga).

Proof. By theorem 1.18, the semigroup morphism ¢ : A" — U can be approxima-
ted by an ro-definable ¢ : A™ — Satg (). Let k € N be an upperbound on the
rank of a fixed family of first-order formulze defining the preimages of ¢.
Consider a pointlike set X € Pl (¢). Then there exists L € A*/=; such that
X € ¢[L], say L = [w]_,. Observe that for w’ € L, since w =, w’, we have

P(w) = @(w'’), so P[L] = {p(w)}. Hence, we get
X € plL] € () PIL] = d(w) € Saty, (@),

and thus X € | Satg (¢), which concludes the proof of lem. 1.21 and of thm.

1.14. 0

This theorem states that every
morphism can be
upper-approximated by an
ro-definable function.

This idea of “decomposing” a word
into blocks and then “merging”
the result, already present in Place
& Zeitoun’s proof [PZ16], was in
fact described algebraically by van
Gool & Steinberg as the “merge
decomposition” [vGS19], which
allowed them to obtain a purely
algebraic, and succinct, proof of
Henckell’s theorem.

Such a k exists since U is finite,
and hence there are finitely many
preimages.

The equality @(w) = @(w’) follows
from the fact that ¢~ [ (w)] is
Fo-definable.



We finish this section by explaining how theorem 1.18 can also be used to prove
the difficult implication of Schiitzenberger’s theorem. Let L C A" be a language
recognised by a finite aperiodic semigroup S, say L = (p_l [X] for some morphism
@ : A" — S and some set X C S. By aperiodicity of S, we have that Sat;p(S) =
S%¢! Hence, by theorem 1.18, @ is Fo-definable, from which it follows that L is also
Fo-definable.

2. TRANSFINITE WORDS

Many results for finite words can be generalised to w-languages: regular w-langua-
ges corresponds to Mso-definable languages, which are precisely the languages
recognised by finite Wilke’s algebras [Wil93] or finite w-semigroups [PP04, §IL.4].
Moreover, Perrin proved [Per84, §2] an extension of Schiitzenberger’s theorem:
ro-definable w-languages are precisely the languages recognised by finite aperi-
odic Wilke’s algebras, or, equivalently, by finite aperiodic w-semigroups. Con-
cerning Fo-separability, Place & Zeitoun gave [PZ16, prop 9.3] an extension of
Henckell’s theorem: pointlike sets of an w-semigroup morphism coincides with
the downward closure of its omega group saturation, from which one can deduce
the decidability of Fo-separability for w-languages — see exo. 2.43.

In this section, we focus on the generalisation of those results to transfinite lan-
guages: we start by explaining the results of Bedon [Bed98, Bed01] on the algebraic
characterisation of Mso and ro-definability, and then prove a new result, which is
a generalisation of Henckell’s theorem to transfinite languages (thm. 2.37), from
which one can immediately deduce the decidability of ro-separability for transfi-
nite languages. To do this, we first introduce the algebraic structure (ordinal semi-
groups) that recognises transfinite regular languages in §2.1, before studying the
local structure of finite ordinal semigroups in §2.2 and their idempotents in 2.3. We
then emphasise a few properties of first-order logic on transfinite words and point-
like sets in §2.4 and introduce the notion of group saturation for ordinal semigroups
§2.5. Finally, in §2.6, we claim and prove that these two notions are equivalent.

We assume that the reader is familiar with ordinals and ordinal arithmetic.
Recall that given a family of ordinals indexed by an ordinal, say («,),.,.
this family — in the sense of linear orders, see [Ros82, def. 1.38] for example —, is
itself an ordinal, denoted by }},_.«,. The collection of all countable ordinals — or,
equivalently, the least uncountable ordinal — is denoted by w;.

Why do we restrict ourselves to countable ordinals, and not study all ordinals?
First, Biichi proved that the monadic second-order theory of countable ordinals
was decidable [Biic73]. More generally, Rabin showed that the monadic theory of
all countable linear orders was decidable [Rab69]. On the other hand, Gurevich and
Shelah proved that the mso-theory of the real line, and thus the monadic theory of
all linear orders, was undecidable [GS82, She75].

the sum of

2.1. ORDINAL SEMIGROUPS

We start by introducing two key algebraic structures (ordinal semigroups and fini-
tary ordinal semigroups) and then explain how those structures are related to trans-
finite languages.

Recall that there is a small
difference of terminology between
Place & Zeitoun [PZ16] and us:
our group saturation is not
necessarily downward closed.

The complexity of Place &
Zeitoun’s algorithm for
w-languages is also ExpPTIME.

If needs be, the necessary
definitions and elementary
properties can be found in [Ros82,
§3] or [Deh17, §II].

Note that that there is a difference
between the monadic theory of all
countable ordinals and the
monadic theory of w;: the former
consists of all monadic formule
true for every countable ordinal,
while the latter consits of the
formulee that are true in w,. (But
the latter theory is also decidable:
see [Biic73].)



A transfinite word, over the set X, is a map from a countable ordinal (called
domain) to X. The set of all transfinite words (resp. non-empty transfinite words)
over X is denoted by X°¥ (resp. X°“"). These objects have stronger algebraic
properties than X* (resp. X™): it is not only a monoid (resp. semigroup), but an
ordinal monoid (resp. ordinal semigroup): not only can we concatenate two words,
but we can concatenate any family of words, as long as this family is indexed by a
(countable) ordinal.

Moreover, one can always consider a transfinite word whose letters are them-
selves transfinite words over X: thus we obtain a word w € (X°"4)°". By forgetting
the parentheses, we obtain a word w'® in X°™. For example if X = {a,b,c}, then
w = (abbaab)(ccc ...)(aaa ...) € (X°)° has three letters, the last two of which are
infinite words, and w'® = abbaabccc ... aaa ... is a word of length w2.

Definition 2.1. An ordinal monoid is a pair (M, 77) where 7 : M°¢ — M, called
generalised product, satisty the following axioms:

(omy). m(x) =xforallx € M,

(omy). 7e((1)125)) = Te(((1,)) <) for every word (), € (M),
The product of the empty word 7t(¢) is denoted by 1, and called the identity of M.

The axiom (oM,), also called generalised associativity, is depicted as a commu-
tative diagram in figure 3 and should be understood as follows: given a word whose
elements belong to the monoid, one can arbitrarily decompose the word into smal-
ler words, evaluate these smaller words, and then evaluate the result. Doing this
should yield the same as evaluating the whole word at once.

We define ordinal semigroups in the same way, except that we do not talk about
the empty word: an ordinal semigroup is a pair (S, 7t) where 7 : $°* — S satisfies
the axioms (0s;) 7(x) = x for all x € S, and (0s,) 7((1,)'2%)) = 7((7(w,)),~) for
every word (1), € (S°+)°rd™,

Example 2.2. The set of all countable ordinals under the generalised sum (wy, ;)
is an ordinal monoid.

Given a set X, X°9 and X°* are the free ordinal monoid and the free ordinal
semigroup over X. Observe that the free ordinal monoid generated by one element
is isomorphic to (wq, »;). Ordinal monoid (resp. ordinal semigroup) morphisms,
congruences, etc. are defined as usual.

Just like one can see a monoid (M, ) with = : M* — M as a triplet (M, -, 1)
with x - y := n(xy) and 1 := n(¢), we can (try to) see ordinal monoids as finitary
algebraic structures. However, in this case, the resulting structure (finitary ordinal
monoids) will be not be equivalent to the original structure (ordinal monoids) —
see example 2.7 — unless the underlying set is finite — see theorem 2.8.

Given an ordinal monoid (M, 7t), define the product - : M X M — M and
the omega power = : M — M by x - y = m(xy) and x* := m((x);.,). For
example, observe that, fora, b € M, (a-b)" is, by definition, the generalised product
of the word containing w copies of ‘ab’, which coincides with the word starting
by an ‘a’, and then followed by w copies of the word ‘ba’: we just proved that
(a-b)Y=a-(b-a).

Definition 2.3. A finitary ordinal monoid is quadruple (M, -, —“,1) where - : M X
M — M, -?: M — Mand1 € M satisfy the following axioms, where x, , z range
over M:
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Observe that this definition
generalises the definition of a
monoid since the product of a
monoid can be seen as a map
n:M — M.

flat

(Mord)ord - ; Mord

Mord n } M

Figure 3: Generalised associativity,
diagrammatically.

One might notice that =" and
—°4* are monads in the category
of sets, just like —* and —*, and
that ordinal monoids (resp.
semigroups) are just objects of the
Eilenberg-Moore category
associated with the monad —°"
(resp. —°"9*), which is what figure
3 expresses. A pedagogical
introduction to monads in
algebraic language theory can be
found in [B0j20, §4].

This situation is quite similar to
what is happening for w-words,
whose infitary algebraic structures
(w-semigroups, introduced in
[PP04, §I1.4]) are only equivalent
to the fitary algebraic structures
(Wilke’s algebras, introduced in
[Wil93]) when the underlying set
is finite.

Finite finitary ordinal monoids
admit, by construction, a finite
representation.



(Fomy). (x-y)-z=x-(y-2),
(FoMp). (¥™)¥ =x“ forn < w,

(roMz). (x-y)Y =x-(y- x)*,

(FOMy). x-1=x=1"x,

(FOMs). 19 =1.

Likewise, a finitary ordinal semigroup is a triple (S, -, =) satisfying the axioms
(Fosy) x-(y-2) = (xy)-z, (Fos,) (x"")” = x¥ forn < w and (Fos3) (x-y)* = x-(y-x)*,
where x, y, z range over S. Morphisms, congruences, etc. are defined as usual.

Example 2.4. Equip the set N of natural numbers with the product max : N X
N — N and the omega power S : N — N defined by S(n) := n+1foralln € N_
and S(0) := 0. This yields a finitary ordinal monoid T,, whose identity is 0. It is
abelian, and, moreover, every element of T, is idempotent.

For n € N, the equivalence relation on N, defined by x ~,, v iff x = y or both
x and y are greater or equal to 77, defines a finitary ordinal monoid congruence on

T, Hence, the quotient T /~,, is itself a finitary ordinal monoid, denoted by T ,.

Exercise 2.5. Show that the following map defines a (finitary ordinal monoid)
morphism:

(@1,2) — Ty
Q: 0 ifa=0,
a = k-1 koo
k ifo"" <a<w®withke N_,.

Fact 2.6. Every ordinal monoid (M, ) induces a finitary ordinal monoid, namely
(M, -,=“,1), where - and —* are defined as before, and 1 := 7(¢).

Observe that the reason why ordinal monoids satisfy axiom (FoMm,) is because
of the equality - @ = w from ordinal arithmetic. Likewise, the equality 1+ w = w
induces the equality x - x* = x for all x € M — which can also be deduced from
(roM3) by taking x = y and then applying (FoM,).

For example, the finitary ordinal monoid induced by (w{, Y)) is (@, +, —- w, 0),
where + is the addition over ordinals and — - w is the right multiplication by w.
Unfortunately, in the process of going from an ordinal monoid to a finitary ordinal
monoid, one can lose many information.

Example 2.7. Equip the set R_; of strictly positive real numbers together with
+0o with the same generalised sum as usual, i.e. )} _, X, is the supremum of the
finite sums Y;; x; where I ranges over finite subsets of k. This yields an ordinal
semigroup (R, Y}), and observe that the finitary ordinal semigroup it induces has
a trivial omega power — in this context, we denote the omega power by — - w for
sanity’s sake — indeed, for every x € R_, we have x- w = )}, x = +co.
Consider a different generalised sum ¥}, which is more lazy: 3}, _, x, is defined
as Y, X, if x is finite, and +oo otherwise. Again, we obtain an ordinal semigroup.
It is routine to check that (R.,, ¥)) and (R.,, 3)) are non-isomorphic, yet they

induce the same finitary ordinal semigroup.

However, just like w-semigroups and Wilke’s algebras, when the underlying
set is finite, the infinitary and finitary structures are equivalent.

Theorem 2.8: [Bed98, thm. 3.5.6]. Every finite finitary ordinal monoid is indu-
ced by a unique finite ordinal monoid.
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See, e.g., [B0j20, lem. 4.11] for the
definition of a congruence for
algebras defined by a monad.

Indeed: x ~, y and x" ~, v/’
implies max(x, x") ~, max(y,y’)
and x ~,, y implies S(x) ~, S(¥).

Fact 2.6 defines a faithful functor
from the category of ordinal
monoids to the category of finitary
ordinal monoids.

“One can lose many information”
should be understood, formally, as
“the forgetful functor is not
injective on objects”.

Hint: To prove that these two
ordinal semigroups are
non-isomorphic, one can consider
the word (27)

i<w*



As a corollary, finite ordinal monoids admit a finite representation.

Brief sketch of proof. A full proof can be found in [Bed98]. We quickly explain this
equivalence as follows: given a finite finitary ordinal monoid (S, -, =)
~ first, one can define a product 77 : §°“* — S that extends - and =% — this
part is rather easy: one can define 7 by transfinite induction on the length
of the words since w is cofinal in every countable limit ordinal and by using
Ramsey’s infinite theorem ;
- secondly, prove that (S, 1) is an ordinal semigroup, by showing that the prod-
uct 7t defined previously does not depend on the factorisation of the word
used in the induction — this part is much more technical. O

In the rest of this report, we will often use finite ordinal semigroup and finite
finitary ordinal semigroup interchangeably. Given a subset X of an ordinal semi-
group (resp. finitary ordinal semigroup), we denote by (X)™ (resp. (X)"“) the
ordinal subsemigroup (resp. finitary ordinal subsemigroup) generated by X. A
corollary of 2.8 is that, in a finite ordinal semigroup, (X)" = (X)"* for all X.

Note that not every (infinite) finitary ordinal monoid is induced by an ordinal
monoid: for instance T, cannot be equipped with a generalised product 7t: other-
wise 7t(123 ...) should be equal to max(1, 2, ..., n, m((n+1) (n+2) ...)) > n for every
ne N,

We now focus on the relation between those algebraic structures and transfinite
languages. A transfinite language is said to be regular whenever it is recognised
by a finite ordinal semigroup. We admit the following theorem.

Theorem 2.9: [Bed98, thm. 3.5.18]. A transfinite language is regular if, and
only if, it is Mso-definable.

Short remark about the proof. Bedon proved ([Bed98, thm 3.5.17]) that a transfinite
language is recognised by finite ordinal semigroup if, and only if, it can be defined
using D-automata, and Biichi proved (see [Bed98, thm 4.3.1] or [Biic73]) that the
latter condition is equivalent to being Mso-definable. O

Exercise 2.10. Let A be an alphabet, and consider the first-order formula
¥ x. — first(x) = Jy. pred(y, x)

where pred(y,x) ==y <x A (Vz.z £y V x < z). Show that this formula defines all
finite words over A and give a morphism recognising this language.

Exercise 2.11: w®.
1. Prove that the finitary ordinal submonoid generated by A in A° is a finitary
ordinal submonoid of AL,
2. Given two regular transfinite languages L, L,, show that L; = L, if, and
only if, L; and L, coincides on words of length strictly less than w®.
For a solution, see §C.3.

The ordinal @® will play a quite important role in §2.4. In fact, ©® is rather
fun: @?, w; and the proper class of all ordinals are wMso-equivalent — see [Ros82,
thm. 15.14]. However, note that Litman showed [Lit72, Biic73] that w; is not
Mso-equivalent with any countable ordinal: in particular @ and @, are not mso-
equivalent.
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The forgetful functor from the
category of ordinal monoids to the
category of finitary ordinal
monoids induces an isomorphism
of categories between finite
ordinal monoids and finite finitary
ordinal monoids.

For basic results on cofinality, see,
e.g., [Deh17, §V.3.1].

This sketch of proof of thm. 2.8 is
very classical: Perrin & Pin [PP04,
§IL thm. 5.1] used it to prove the
equivalence between finite
w-semigroups and finite Wilke’s
algebra, and Carton, Colcombet &
Puppis [CCP18, thm. 11] used it to
prove the equivalence between
infinitary and finitary finite
algebraic structures for countable
words. (Despite what the date of
publication might suggest, Perrin
& Pin’s proof for omega words
predates Bedon’s proof for
transfinite words.)

’

€
w

vV

e

Figure 4: “Spirale représentant tous
les nombres ordinaux inférieurs a
w®”, licensed under CC 0, obtained
from Wikimedia Commons.
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Just like for finite words, there is a canonical algebraic structure recognising
a transfinite regular language L: its syntactic ordinal semigroup, which can be
computed as a quotient of A°* by the syntactic congruence of L, denoted by ~; .

Example 2.12. Let L := a". First, observe that ¢ +; u for any non-empty word
u € a°9" since ¢¥ = ¢ € Lwhile u® ¢ L. It follows that the syntactic congruence of
L has three equivalence classes: {¢}, a* and a>“. One can check that the syntactic
ordinal monoid of L is T, — defined in example 2.4.

Exercise 2.13. More generally, show that over the alphabet {a}, the syntactic ordi-
nal monoid of the language L = a~“" is T, ,, for every n € N.

For transfinite words, we also have a very nice characterisation of ro-definable
transfinite regular language, which generalises Schiitzenberger’s theorem.

Theorem 2.14: Bedon’s theorem [Bed01]. A transfinite regular language is
ro-definable if, and only if, its syntactic ordinal semigroup is aperiodic.

Example 2.15. Let L = (22)°""*. Observe that L can be defined in mso by:
AX. (Vx. lim(x) = X(x)) A (Vx. X(x) © =X (succ(x))) A (Y x. last(x) = =X (x)),
where:

lim(x) := —=3y. pred(y, x),
X(succ(x)) := Ay. pred(x,y) A X(v),
last(x) ;= Vy.y < x.

Moreover, for every p,q € N, a® ~; %, a?P* ~ q%71 and a® +; a®”*1. Then,
forp € N, a¥ +; a” since a - a? ¢ L while a-a® = a” = (aa)” € L, and,
likewise, a%*1 +, a®. Since a” - a ¢ L, it follows that a® - a +; a®. We then claim
that for any infinite ordinal & = w - a; + a;, we have a* ~; a® if a; is even and
a® ~; a® - a otherwise. Hence, the syntactic ordinal semigroup has four elements,
and its egg-box diagram is represented in figure 5.

Exercise 2.16. Let A = {a, b}.

1. Show that the egg-box diagram of the syntactic ordinal semigroup of (ab
is the one given in figure 6.

2. Compute the egg-box diagram of the syntactic ordinal semigroup of the lan-
guage A9\ (4920 A% + A°bbA°) of words whose consecutive letters
are not equal.

The solution can be found in §C.4

)ord+

The curious reader can find more (fun) examples of ordinal semigroups and
finitary ordinal semigroups in §A. We conclude the study of ordinal semigroups
by introducing the notion power ordinal semigroup.

Definition 2.17. Let (U, 77) be an ordinal semigroup. The map P(U)° %" — P(U)
defined by
(X)) = {m((x) <) | x, € X, forall ¢ < x}

gives an ordinal semigroup structure to P(U), called power ordinal semigroup.
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There is a general reason why
everything works for ordinal
semigroups just as they did for
semigroups: monads. Bojanczyk
proved [Boj15, thm. 1.1] that
languages recognised by finitary
algebras have a syntactic
morphism. This result handles
every language of finite words,
every regular w-language and
regular transfinite languages. Note
that in general, non-regular
w-languages and transfinite
languages need not have a
syntactic congruence: see, [Boj15,
running ex. 2] or [Boj20, exercises
69 & 70].

a,
aa,

w

a

Figure 5: Egg-box diagram of the
syntactic ordinal semigroup of L =
(aa)°®*. The meaning of the box
around a“ is explained in §2.2.

Figure 6: Egg-box diagram of
the syntactic ordinal semigroup of

(ab)ord+.



Observe that the set union (J : P(U) — U defines an ordinal semigroup mor-
phism and the singleton map —*' : U — P(U) defined by 1% := {u} is an injective
morphism — hence, U can be seen as an ordinal subsemigroup of (U).

Proposition 2.18. Let U be a finite ordinal semigroup. Then the finitary ordinal
semigroup induced by the power ordinal semigroup of U is characterised by

X-Y={x-y|lxeXandyeY}
XY=y | xyeX)}

Proof. This first point is trivial, and the second one follows from Ramsey’s infinite
theorem. O

2.2.  GREEN’S RELATIONS ON ORDINAL SEMIGROUPS

We assume that the reader is familiar with basic properties of Green’s relations < ,
<# <y and <, — say what is covered in [Pin20, §5.1, 5.2] (location theorem, egg-
box diagrams and regular elements). Unless indicated otherwise, we follow the
terminology of [Pin20]. The property stating that “if S is a finite semigroup, for all
s,t€S,thens <, t < g if, and only if, s £ #”, the dual property for <, and their
corollary for < are called stability properties.

In this subsection, we work in a finite ordinal semigroup S. In classical semi-
group theory, the location theorem allows us to know whether to product of two
elements of the same J-class falls into a smaller J-class — this is always the case
if the class is not regular, i.e. does not contain an idempotent — and otherwise, one
can compute the product up to 7 -equivalence. In this subsection, we define the
notion of w-stability — which is the counterpart of regularity but for the omega
power — and give a location theorem for the omega power. Moreover, we explain
how we represent and read this information on an egg-box diagram.

Recall that idempotent elements behave like the identity for elements that are
smaller than them: formally, if e is idempotent and s <, e (resp. s <, ¢) then
se = s (resp. es = s).

Fact 2.19. Ife J f are two idempotents in a finite semigroup, then there exists x, y
such thate = xy and f = yx.

Observe thatif x € Sthenx” = (x™)“: the omega power is uniquely determined
by its value on idempotents. In fact, this can be slightly refined.

Fact 2.20. Ife % f are idempotents, then e¥ = f*.

Proof. Since e R f are idempotents,ef = f and fe =¢,soe” = (fe)” = f-(ef)” =
f-f¢ = fby (ross). O

For example, in the ordinal semigroup defined in example 2.15 and depicted in
figure 5, a“a and a® are two R-equivalent idempotent, and have the same omega
power, which is a? itself.

Proposition 2.21: [CS15, lemma 7]. Ifs 7 ss J tt J t, thens” £ t“.
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As a corollary, given a finite
representation of a finite ordinal
semigroup, one can compute a
finite representation of its power
ordinal semigroup.

Of course, we are in fact talking
about D-classes, but since we
focus on finite semigroups D = /J,
so we do not bother ourselves
with these details.

For a proof, see [Pin20, prop 2.22].



Proof. Let e := s™ and f := t"". Then the hypothesis s 7 ss yields, by stability,
s £ ss and hence s £ s" for all n € N_, from which we deduce s 7 e. Likewise,
t J f and hence e J f. So, by proposition 2.19, there exists x,iy € S such that
e =xyand f = yx. It follows that ¥ = xf“ and f“ = ye“. O

For example, in the syntactic ordinal semigroup of (ab)°"®* (see exo. 2.16 & fig.
6), by letting s := ab and f := ba we have s =ss J tt =tand s” =ab £ b = t*.

Definition 2.22. We say that a J-class | is w-stable if one of the following equiva-
lent conditions holds:
i. m(xgxq ...) € ] for some word (x;);., € J*;
ii. xX¥ € [forsomex €] ;
iii. e € [ for every idempotent e € | and | is regular.

Observe that if G is a group in S, whose neutral element is denoted by 1, then
for all x € G, (ros,) gives x = (x")” = 1: the elements of a group all have the
same omega power — in particular, the only ordinal semigroup that is also a group
is the trivial group.

Proposition 2.23: [CS15, lem. 8, item 4]. Every w-stable J-class is J(-trivial.

Proof. Let | be an w-stable J-class, and let a € |. For b J{ a, we have b* 7 a? so
a J aa J bb J b and proposition 2.21 yields a” £ b“ and hence b H a 7 a® 7 b®.

But observe that b <, b — indeed, b = b - b” — so, by stability, b R b, and
thus there exists c € S such thatb = b® -¢c. Thenbb = b-b” -¢c = b” - ¢ = b. Hence,
every element of H(a) is idempotent, so H(a) is trivial. O

Observe that by proposition 2.23 if a J-class | is w-stable, then it has a unique
L-class containing every omega power of elements of | that stays in J. This class
is denoted by £ (J).

Theorem 2.24: w-location theorem. Let x € S. If x is idempotent and J(x) is
w-stable, then x* is the unique element of R(x) N £, (J(x)). Otherwise, x* <, x.

)

Proof. First, since x = x - x“, we have x* <, x and thus x¥ < 7 x. If x is not
idempotent or J(x) is not w-stable, then x* <, x by prop. 2.23. Otherwise, if x is
idempotent and J(x) is w-stable x¥ 7 x so x* R x by stability. Proposition 2.21
and the definition of £, yield x* € R(x) N £, (J(x)). Finally, this 7{-class indeed

contains a unique element by proposition 2.23. O

Theorem 2.24 justifies the following choice: in the egg-box diagram of an or-
dinal semigroup, if a J-class | is w-stable, then we frame the £-class £ (]).

For example, in the syntactic ordinal semigroup of (ab)°* (see exo. 2.16 & fig.
6), both J-class are w-stable. The elements a and b are not idempotent, and hence
a® < 7 aand b? < P b — from which we deduce 4“ = b* = 0. On the other hand,
ab and ba are idempotents and belond to an w-stable J-class, and hence their w-
power can be read on the egg-box diagram as the unique element in the X-class of
ab (resp. ba) and in the framed £-class. It follows that (ab)” = ab and (ba)” = b.
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The implications (iii) = (ii) = (i)
are trivial. To prove that (i) =
(iii), one can use Ramsey’s infinite
theorem and proposition 2.21. See
[CS15, lem. 10]

Indeed, if e <, f are idempotents,
thenef = e = fe, so every

I -class contains at most one
idempotent.



2.3. ORDINAL IDEMPOTENCY

In finite semigroups, every element x has a unique idempotent power x™ — which
satisfies, by definition, x™ = x™ - x* — but in an ordinal semigroup, this element
need not satisfy (x™)” = x”. We introduce the notion of ordinal idempotency and
show that every element has a unique ordinal idempotent power. Finally, we give
bounds on the ordinal power that reaches this ordinal idempotent power.

Definition 2.25: [CS15, §3.3]. In an ordinal semigroup, we say that an element
x is ordinal idempotent when x* = x for every countable ordinal a > 0.

Proposition 2.26. In a finite ordinal semigroup, x is ordinal idempotent if, and
only if, x* = x.

Proof. The implication from left to right is trivial. For the converse implication,
assume that x = x. Then observe that x - x = x - x = x¥ = x so x is idempotent.
For a > 0:

x* € (x)" by definition of (x)",
= {x)"* by theorem 2.8,
= {x} since x = x - x = x%. O

For example, in the finite ordinal semigroup T,,, every element is idempotent.
However, only 0 and 7 are ordinal idempotent.

We define an ordinal idempotent power of x as an ordinal power, i.e. an element
of the form x%, @ > 0 — that is ordinal idempotent.

Theorem 2.27. In a finite ordinal semigroup S, every element x € S has a unique
ordinal idempotent power, denoted by x”. Moreover, the least ordinal @ > 0 such
that x* = x” satisfies & < w°l < w?.

This theorem fails for infinite ordinal semigroups: for every non-empty alpha-
bet A, no element of A°"“* has an ordinal idempotent power. We give a proof that
uses Green’s relations (and that does prove the bound a < @'*). However, an
elementary proof (which also proves the inequality a < @'®!) can be found in §B.2.

Proof. The uniqueness is straightforward: if @, f > 0 are countable and such that
both x* and x? are ordinal idempotent, then there exists a countable ordinal y such
thata -y =y = f -y — one can build y as follows: wlog. assume a < f8 and take
y:=psothaty <a-y <f-y=p"" =7y Then:

X = (x*) = x = x) =2V = (WP) = AP,

For the existence, consider the sequence (x%),, <w,- Itis decreasing wrt. the < -
preorder, but since S is finite, the sequence (R(x")) <, is stationary, and by letting
R be its limit, we know that there is some ordinal a such that for all § > a, ¥ e R.
It follows that J(R) is w-regular, so by applying the w-location theorem to (x*)”
and ((x*)“)"™, we get that both elements belong the (trivial) 7 -class RN £, (J(R)),

and hence are equal. Therefore, (x*)” is an ordinal idempotent power of x. O

Proposition 2.28. In a finite ordinal semigroup S, for every x € Sandn € N,

either x*" is ordinal idempotent, or the semigroup (x* ”>' has size at most |S| — n.

Proof. See §B.3.

This bound is tight: see figure 7.
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semigroup
§ generated
by Sw’

Figure 7: Egg-box diagram of a
cyclic ordinal semigroup for which
the bound of prop. 2.28 is tight.



2.4. FIRST-ORDER LOGIC ON TRANSFINITE WORDS

We finally have a sufficiently good understanding of ordinal semigroups to be able
to study the first-order logic over transfinite words. More precisely, we start by
recalling what the equivalence classes of A°"“" under the first-order equivalence —
this is a classical result —, before describing approximations of the ro, equivalence.

Define the ro-equivalence = and the Fo,-equivalence =;, where k € N, by
w = w' (resp. w =, w') whenever w and w’ satisfy exactly the same formule of Fo
(resp. Fop). By Feferman-Vaught’s theorem [Mak04, thm 1.3], both = and = are
ordinal semigroup congruences. This can also be proven using Ehrenfeucht-Fraissé
games.

Fact 2.29. Let u € A°“* and k € N. For all p,q > 25 -1, we have u” =, u’. The proof is similar to the proof
for finite words.

Recall that over N_, first-order logic was able to define every singleton {x}.
This is trivially not true for ordinals — there are uncountably many countable or-
dinals but only countably many first-order formulae! We emphasise a few ordinals
and languages (subsets of w; \ {0} = °9") that are ro-definable.

Lemma 2.30. For each n € N and k € N_, the languages {0" - k}, [@" - k, @[,
and ]0, w" - k] are Fo-definable.

Proof. See §B.4. O

This lemma can be used to prove the following proposition — that will not be
used in the rest of the report, we only mention it because we think it is interesting!

Proposition 2.31: [Ros82, thm. 6.21]. Given two ordinals @ = @“-a; + @, and ~ Itisagood time to think back
B =w® B+ P, with ay, B, < w® we have a = B if, and only if, @) = B, and either ~ 2bout exercise 2.11!
aq and B are both zero or both non-zero.

Finally, pointlike sets are defined exactly as before: given an ordinal semigroup
morphism ¢ : A% — U where U is a finite ordinal semigroup

a,
PL (@) := {X CU|VkeN,ILe A%/=, X C (p[L]}. b,
They satisfy exactly the same properties as do pointlike sets for finite words. In \ / \
particular, to prove the decidability of ro-separability for transfinite words, it suf- va | baa “all 2@
fices to show that pointlike sets are computable.

Example 2.32: Running example. Let L := b°“*(aa)°. One can check that the A /

syntactic ordinal semigroup S; of L has ten elements, which are split between six ba“a| ba®

J-classes. Among those classes, four are regular, and three of these regular classes ‘

are w-stable. The syntactic ordinal semigroup of S; is represented in figure 8.
Let L := L = b9 (aa)*, L, := (aa)*"" and L; := (aa)°"a. The syntactic 0,

ordinal semigroup S; of L, and the syntactic ordinal semigroup of L, and L5 (see

ex. 2.15 & fig. 5) both contain the non-trivial group Z/2Z. Hence, by Bedon’s

theorem (thm. 2.14), none of these three languages are Fo-definable. Figure 8: Egg-box diagram of the
However, L; and L, are Fo-separable: indeed, one can express “the word starts SZﬂfa‘?tii zrdinal semigroup of L. :=

with the letter b” in first-order logic. However, by fact 2.29, for every k € N, b (aa)™.

there exists | € N such that a' =, (aa). It follows that {a, aa} € Pl () where @ :

A°* — S, is the syntactic morphism of L. This witnesses the non-ro-separability

of L, and L.
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2.5. MERGING GROUPS, AGAIN

We introduce the notion of group saturation for transfinite words and for words of
length w: the proof of the generalisation of Henckell’s theorem to transfinite words
relies on Henckell’s theorem for finite words and Place & Zeitoun’s generalisation
of it to w-words. We fix a finite ordinal semigroup U.

Definition 2.33. Let A be a subset of the power ordinal semigroup P(U). We
define the following saturation operators:

- Satg (A) = {X- Y | X,Y € Saty, (A)} = Satg,,(A);
- Sat%¥*(A) is the least ordinal subsemigroup 8 of P(U) and stable under

grp
group merging, or equivalently, under cyclic group merging ;

- Sat;ﬁ(/l) is the ordinal monoid obtained from Satg:ng(/l) by always adding
an identity, denoted by ¢.

Note that both Satg, ,(A) and Satg, ,(A) are included in Satéﬁ?f (A). Moreover,

those operators are monotonic under inclusion.
e d _ d
Proposition 2.34. Satg " (A) = A - Satg(A).

Example 2.35: continuing ex. 2.32. The goal of this example is to compute

Sat‘g’:ﬂJr(SL). First, it contains SLSgl. Then, since {{a}, {aa}} is a group in P(S;), we

have {a, aa} € Satg:?(s 1)- From the stability under product of the group saturation,
we obtain that {ba, baa}, {a“a,a”} and {ba”a, ba®} all belong to SatgiJr(S 1)- The

egg-box diagram of Satgﬁ+ (S;) is represented in figure 9.

We give the counterpart of lemma 1.13 for transfinite words, which is the cor-
nerstone of the induction used to prove the completeness of Henckell’s theorem.
It can be informally understood as: “either (i) we fall into a smaller structure by
reading a single letter, or (ii) by reading any word of length w, or (iii) the group
saturation has a very simple structure”.

Theorem 2.36: Induction principle for transfinite words. For every subset .4

of P(U), either:

i. there exists a € A such that a - Sat‘é??f(/l) - Satging(/l), or

i, Satdro*(Saty, (A)) € Satora’(A), or

iii. Satg?(/l) consists of a unique £-trivial X-class, and thus the generalised
product 77 : A%+ — (A)" is Fo-definable.

For example, the group saturation Satgng(S 1), computed in ex. 2.35, falls in

case (i) since b - Satgng(SL) C Satgng(SL).

Proof of 2.36. See §B.5. Similar to the the proof of lem. 1.13 but we use properties
specific to ordinals, and especially those that we established in §2.2. O

2.6. GENERALISATION OF HENCKELL'S THEOREM
We now have the necessary tools to state and prove a generalisation of Henckell’s
theorem for transfinite words.

Theorem 2.37. For every ordinal semigroup morphism ¢ : A°9" — U where U
tord+

is a finite ordinal semigroup, Pl.,(p) = | Satgr;™(¢).
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Proposition 2.34 is a generalisation
of the identity A°®* = A - A,
which states that every non-empty
word has a first letter. Of course,
the dual statement is false since
ordinals are not symmetric.

{a},
{aa},

(b)) e

aal,

{ba} [{baa)| ' |{a“a}) {a”)

{bu, // {a%a,
baa}|,’ 5 e
7/
L,
1,7
i @ @
w (ba®a)| {ba®}
new ele-
ments! - ‘
Sy
(ba®a,
ba®}
{0},

Figure 9: Egg-box diagram of the
group saturation Satgf,+ (S;) of the
syntactic ordinal semigroup of L :=

bord+(aa)ord




Corollary 2.38. ro-separability is decidable, and in ExpTIME, for transfinite regu-
lar languages.

Proof. By theorem 2.37, since lSat‘g’:?f (@) is computable in exponential time. [

As for finite words, the proof of theorem 2.37 can be decomposed in two parts: a
correctness result — lemma 2.39: every element of the group saturation is pointlike
— and a completeness result — lemma 2.40: every pointlike set is included in an
element of the group saturation.

Lemma 2.39: Correctness. | Sat‘;[‘;J“((p) C PL,(p).

Proof. Pl () contains every singleton {¢(w)} with w € A°* because “points are
pointlike”, it is an ordinal semigroup because, for every k € N, =, is an ordinal
semigroup congruence and finally, it is stable under group merging because of fact
2.29. O

Lemma 2.40: Completeness. Pl (¢) C lSatg[ng(go).
The proof of lemma 2.40 relies once again on a result stating that every mor-
phism can be approximated by a Fo-definable function.

Theorem 2.41: Fo-approximation. For every morphism ¢ : A°“" — U, where
U is a finite ordinal semigroup, there exists an Fo-definable function ¢ : A%t

Satgﬁng(U) such that p(w) € P(w) for every w € A°rdt

Example 2.42: continuing ex. 2.35. Consider the syntactic ordinal semigroup
morphism of L, denoted by ¢ : A%t S;. It is not Fo-definable: since qo_l[a],
(p‘l[aa], (p‘l[ba], gp‘l[baa], (p‘l[a“’a], (p‘l[a“’], (p‘l[ba("a] and (p‘l[ba“’] are not
ro-definable — always for the same reason: first-order logic cannot count modulo
2. However, by letting 1 : S; — Satg?f(SL) be defined as in table 1, we have that
@i=pog: AT — Satg‘;Jr (S;) is Fo-definable. For example, we now have

¢ lall = ¢ [Haa}] = o,
which is trivially Fo-definable, and
¢ [{a,aa}] = (aa)* + a(aa)’ = a*,

which is also Fo-definable. Likewise, the preimage ¢~ *[{aa, a%}] is the language
of words whose letters are ‘a’ and containing infinitely many letters, i.e. 2°¢" N a*,
which can be defined in ro by:

(Vx.a(x)) A (Ax. lim(x) A = first(x)).

Note that, in the proof of theorem 2.41, we first need to handle the case of
w-words (lemma B.4) before treating the general case (lemma B.5). This first step
corresponds to Place & Zeitoun’s proof of completeness of their generalisation of
Henckell’s theorem for w-words [PZ16, §10.2].

Sketch of proof of 2.41. The full proof can be found in §B.6. First, we study mor-
phism for w-words (lemma B.4) — which corresponds to the completeness of Place
& Zeitoun’s generalisation of Henckell’s theorem to w-words [PZ16, §10.2]. We
prove then proof a subcase of theorem 2.41 for the genralised product 7t : 4" —
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We assume that the input of the
decision problem, i.e. the two
transfinite regular languages, are
specified by a finitary ordinal
semigroup.

Of course, this can be extended to
ordinal monoids: every morphism
A°? — U can be approximated by
an ro-definable function

A% — sated (L),

grp

X p(x)
0 {0}
b {b}
a {a, aa)
aa {a, aa)

ba {ba, baa}
baa {ba, baa}
a(i)u {a(ﬂa, am}

a(u {a(ﬂa, a(d}
ba“a {ba“a,ba”}
ba®  {ba®a,ba”}

Table 1: Recipe to make the syntac-
tic morphism of L ro-definable.



Sat‘;ng(/l) with A C P(U) (lemma B.5), by induction on | 4| and | SatgﬁgJr (A)|. The
base case |A| = 1 is more difficult than for finite words: we need to prove some
properties on the =;-classes. We use the results of §2.4 (more specifically lemma
2.30) and §2.3. Then, for the inductive case 4| > 2, we study more precisely the
group saturation of A and theorem 2.36 (induction principle) comes into play. Case
(iii) (when the group saturation has a very simple structure) is easily handled. Case
(i) (when one letter makes us fall into a smaller structure) is handled similarly to
what Place & Zeitoun do for finite words (see [PZ16, §6.3] or §B.1). Finally, case
(ii) (when w-words makes us fall into a smaller structure) is handled using what

have already been proven on w-words (lemma B.4). O

Proof of 2.40. Exactly like the proof of 1.21: simply consider an ro-definable ap-

proximation ¢ : AT — Sat;,‘?(ll) of . O

This concludes the proof of our generalisation of Henckell’s theorem to trans-
finite languages.

Exercise 2.43. Deduce from theorem 2.37 the following propositions:
1. Bedon’s theorem: see thm. 2.14.
2. Place-Zeitoun’s theorem: For every w-semigroup morphism ¢ : AY — U
where U is a finite w-semigroup, P1.,(¢) = | Satg, (¢).
3. Perrin’s theorem: An w-regular language is Fo-definable if, and only if, its

syntactic w-semigroup is aperiodic.
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Proposition 2.34 also plays a major
role in the proof. The fact that the
dual of this proposition is false is
the reason why we do not single
out the case

Satg‘?(ﬂ) ‘a g Satgf‘,f(ﬂ)
because this property does not
give us any usable information.

For a formal definition of what an
w-semigroup is, see [PP04, §II].



A. MORE EXAMPLES OF (FINITARY) ORDINAL SEMIGROUPS

A.1. SUCCESSOR AND LIMIT ORDINALS

The equivalence relation on w; defined by x ~ v if, and only if, both x and y
are successor ordinals or both are limit ordinals is a finitary ordinal semigroup
congruence. The quotient @,/ ~ has two elements, denoted by A and ¢, which are
the class of limit ordinal and successor ordinals, respectively. Its egg-box diagram
is represented in figure 10

G* A

*

Figure 10: Egg-box diagram of
W4/~

A.2. BANACH-PICARD & THE SEMIGROUP OF CONTRACTIONS

Let (E, d) be a non-empty complete metric space and let C(E) be the semigroup of
contractions over E — recall that a contraction is a map f : E — E such that there
exists some constant k € [0, 1] such that d(f(x), f(y)) < kd(x,y) for all x,y € E. By
Banach-Picard theorem, every map f € C(E) has a unique fixpoint, which is equal
to lim,,,, f"(x) for all x € E. By defining f as the constant map x +— lim,, f"(x),
we obtain a finitary ordinal semigroup (C(E), o, =%).

Indeed it satisfies (Fos,) since lim,,_, o, f"(x) = lim,,_, . (f)"(x) for every k € N.
Moreover, its satisfies (FOs3) since, if A is the fixpoint of f o g, then f o g(A) = A
and hence by postcomposing with g, it follows that g(A) is a fixpoint (and hence
the unique fixpoint) of g o f. Therefore, (go f)* =go (f °g)“.

A.3. REAL NUMBERS

Equip the open interval ]0, 1[ with the max operator and the omega power defined
by x¥ := szl forallx € ]0,1[. Then (]0, 1[, max, —%) is a finitary ordinal semigroup:
indeed, it satisfies (Fos;3) since

max(x,y) +1 max(y, x) +1

———— =max |[x, —————|.
2 2

Every J-class of ]0,1[ is trivial: indeed, x <; v iff x > y (where > refers to

the usual ordering of the reals), so this ordinal semigroup has uncountably many
J-classes. All of them are regular, yet none are w-stable.
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B. MISSING PROOFS
B.1. PROOF OF THEOREM 1.18

Before proving theorem 1.18, we start by proving the following lemma, which
states that the product in a power semigroup is Fo-approximable.

Lemma B.1. For every alphabet A C P(U), there exists an ro-definable map

AT > Satgrp(/l) such that 7t(w) C 7(w) for all w € A*.

Proof of B.1. Fix a semigroup U. We prove the statement of this lemma by induc-

tion on ISatgrp(./l)l and |A|.

(A)| = 1. The constant map 7t : A" — Satg,,(A)

(A) and (A) are trivial.

« First case: |Satg,
satisfies the property since Sa’tgrp

v Second case: |A| = 1. Let A = {a} and observe that (A) is a cyclic
semigroup. Let n < [(A4)| be the least integer such that a” belong to the maximal
group G in (A). For w = a* € A*, let

= k i
ﬂm:{mm»_mwnlw<¢
Ug otherwise.

M with k < n is the
| k > n}, and we

Then 7t is Fo-definable — indeed, the preimage by 7t of {{a
singleton {a*}, and the preimage of {|J G} is the language {a*
clearly have 7t(w) C 7t(w) for all w € A™.

ay Third case: |Satgrp(./l)| > 2 and | A| > 2. By induction principle (lemma
1.13), either there exists a € A such that a - Satgrp(/l) - Satgrp(/l), or there exists

a such that Sat;p(/l) a ¢ Sat!(A), or Sat} _(A) has a maximum.

grp grp

avay First subcase: a - Sat o(A) G Sat grp(ﬂ) for somea € A. Let B := AN {a}
and observe that A" = B*(a+B+)* *. Since {a} and B are strictly smaller alpha-
bets than A, by induction hypothesis, there exists ro-definable maps f, : a* —
Satg,,(a) and fg : BT — Satg (B) such that n(w) C f,(w) for every w € a™ and
7(w) C f5(w) for every w € B*.

The hypothesis a - Sat;, (A) € Sat}, (A) together with proposition 1.12 yields

grp

(a) - Sat},

grp

(Sat, (B)) Ca-Sat! (A) C Sat’,_(A),

grp grp grp grp grp

so by induction hypothesis, there exists an ro-definable map

g : [Satg, (a) - Satg, (B)]" — Satg,,(Saty, (a) - Satg, (B))

such that t(w) C g,5(w) for every word w € [Satgrp(a) Satgrp(B)]+. We define

: A" — Satg, (A) by, for every w = wg(w, Wy ,)i w0, € A" = B (@ - BY)'a"

(W) = f@ws) - g ((Fa@ws) - fs)ick) - falewy),

which is rFo-definable since f,, f 5z and g are Fo-definable, and since distinguished
positions can be defined in first-order logic. Furthermore, by definition,

f(w) € Saty,,(B) - Satgrp(Satgrp(a) Satgrp(ﬂ)) Saty,,(a) C Satg,,(A),
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(A) is always a subsemigroup of
Sat® (A).

grp

To prove this, given a word

w € A", consider every position
labelled by an ‘a’ that is not
preceded by another ‘a’ — these
positions are called distinguished.

A way of formally proving that 7t
is Fo-definable would be to use an
Fo-interpretation (in the
model-theoretic sense, see, e.g.,
[Grao7, def 3.5.7]).

Why Sat; (-) and not Sat}, (-)?
Because wz, w, and (W, Wy ,);
can be empty — but never all three
at the same time!



and since w is not empty 7t(w) € Satgrp(/l). The inclusion 7(w) C 7t(w) follows

from the monotonicity of the product in a power semigroup.

. + +
away Second subcase: Satg,,(A) - a C Satg,,

symmetric with the first subcase.

(A) for some a € A. This case is

awaw Third subcase: Saty,,(A) has a maximum. Define 7t : A" — Satg,,(A) to
be the constant map, sending every word to the maximum of the group saturation:
it is clearly ro-definable — its preimages are @ and A" —, and over-approximate

the product 7t : A" — (A)’, which concludes the proof of lemma B.1. d

Proof of 1.18. The morphism ¢ : A* — U can be factorised as

lift
projection ,l to
on U AL

where ¢ : AT — U" is the letter-to-letter map induced by ¢ and 7[5 is the
restriction of the product v : P(U)" — P(U) on P(U) to the subsemigroup of
singletons of P(U), and consider the alphabet U*®' — without loss of generality,
we assume that @ is surjective: otherwise, replace U by the image of ¢.

By lemma B.1, there exists an ro-definable map 7 : U — Satgrp(lngl) such
that m(w) C 7t(w) for all w € (U*¥)". Since Satgrp(usgl) = Satg,,(¢) by definition
of the latter object, we define the map ¢ : A™ — Sat} (¢) as [Joft o —s8lo @ it
is then routine to check that p(w) € ¢(w) for all w € A™. The ro-definability of ¢
follows from the rFo-definability of 7t and from ¢ being a letter-to-letter map. [J

B.2. ELEMENTARY PROOF OF THEOREM 2.27

Proof of 2.27 (existence of the ordinal idempotent power). Consider the finite direc-
ted graph whose vertices are the powers {x* | 0 < @ < w;} of x with an edge
y — zifand only if z = y“. Since every vertex has at least one outgoing edge, the
graph has a cycle

Yo—=Y1 = 2 VYu17 Yo

of size n. We want to show that this cycle is a loop, i.e. n = 0. For all i € Z/nZ,
we have:

o a a a k-1 A)n71 0 -1 1
Vi =Yl SV Y S YV S Y Y = e S Y= =y =y
and hence
y?, _ yga)"’1+1)a) _ y;u”,
ie. v, =y; Henceyy, = y; = .. = y,_1 and thus n = 0, i.e. our graph has a
self-loop, from which it follows that x has an ordinal idempotent power. O

B.3. PROOF OF PROPOSITION 2.28

We start by generalising prop. 2.26 as follows.
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Observe that in the third case, we
never used the hypothesis

“| Saty, (A = 27, so we could
have included the first case (when
Satg,,(A) is trivial) in subcase 3 of
case 3.

The first step of this proof can be
understood as “every deterministic
morphism can be seen as a
non-deterministic morphism”.
Observe that the induction of
lemma B.1, even if one starts with
deterministic objects (i.e. A only
consists of singletons), the
induction step will make the
object non-deterministic, because
of group saturation.



Proposition B.2. In a finite ordinal semigroup an element x is ordinal idempotent
if, and only if, x* = x for some limit ordinal A.

Proof of B.2. As usual, the implication from left to right is trivial. For the converse
implication, assume that x* = x where A is a limit ordinal. First notice that x is
idempotent — cf. proof of 2.26 —, and then that we can assume wlog. that A < w®
— see exo. 2.11. It follows that x = x* <, x* <, x, s0 (x)™ R x, and thus by fact.
2.20, x“’2 = x“, from which we get, by trivial induction on n € N_ that X" = x®,
and hence by using Cantor’s normal form on A < w®, we get x* = x*? for some
k,p € N. Thus, x = x¥"*, and hence x <, x%, so by stability x 7/ x“, and thus
x = x“ by prop. 2.23. The conclusion follows from prop. 2.26. O

Note that there are some elements x such that x* = x for every successor
ordinal, yet x is not idempotent: see §A.1.

Proof of 2.28. Letx € Sandn € N. We want to show that the semigroup generated
n n
by x* contains at most |S|—7 elements if X is not ordinal idempotent. We do that
m n m n
by first showing that " ¢ (x*" ) for all m < n: indeed, otherwise x*" = x® ¥ for
m
some 11 € N and hence, by prop. B.2, x* would be ordinal idempotent, and thus
)” wm . . o g
so would x¥" . Then, observe that the elements (x* ),,.,, are pairwise distinct for
the same reason. O

B.4. Proor orF LEMMA 2.30

The proof relies on condensations — see, e.g., [Ros82, §4] for an introduction to the
subject —, and more particularly on the finite condensation. A condensation of an
ordinal & is an equivalence relation ~ over « such that if x ~ zand x <y < z then
x ~ y ~ z. Equivalently, it is an equivalence relation whose classes are convex.
The quotient of an ordinal by a condensation is still an ordinal.
The finite condensation ~, over « is the condensation defined by x ~¢, v
whenever [x,y] is finite. For example, the ordinal w - 3 — see fig. 11 — has 3
equivalence classes under the finite condensation [0, w[, [w, w -2[ and [w -2, w - 3],
and hence w - 3/~5,, = 3. More generally, one can show that for « < w; andn < w,
we have (w - a + n)/~g, = aif n = 0 and a + 1 otherwise. In particular, the three
smallest ordinals f8 satisfying f/ ~;,= p are 0, 1 and w®.

Interestingly, the finite condensation is definable in first-order logic, in the fol-
lowing sense.

Proposition B.3. For every first-order formula ¢, there exists a first-order formula
@' such that for every ordinal @ < w;:

akQ &= a/~ k@
and, moreover, rk((p‘L) = rk(p) + 2.

Proof. Trivial, by using an ro-interpretation — in the model-theoretic sense, see,
e.g., [Gra07, def 3.5.7] — whose domain formula is lim(x), which is a formula of
rank 2. O

As an immediate corollary of prop. B.3, forall o, 8, for every k € N, if o =,
then a/~g, =i f/~fin-
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This has nothing to do with
ordinals: we can define
condensations on any linear order.

8 . ‘M,

Figure 11: The ordinal w - 3.



Proof of 2.30. We prove by induction on n € N that for all k € N_, the language
{w™ - k} is Fo-definable. The base case 11 = 0 is trivial: it follows from exo. 2.10 and
lem. 1.3.

Assume that the property holds for n € N, and let us build a formula defining
{w™! . k}. Observe that (w™*! - k)/ ~;,= @™ - k. By induction hypothesis, there
exists a formula @ € Fo such that ¢ is exactly satisfied by {w" - k}. Then by prop.
B.3, for every ordinal @ € ]0, w;[, we have a £ " iff a/~;, = @™ -kie a = 0" k.
This concludes the induction.

Then one can deduce that [w" - k, @[ is Fo-definable by observing that if ¢
defines exactly {w" - k} then Jx. =" defines Jw" - k, w;[. O

fin

B.5. PROOF OF THEOREM 2.36

Recall that we want to show that either:
: d d
ia- Szztg;(/l) c Sat;;(/i) for some a € A, or
ii. Satgr"(Saty,,(A)) C Satgry, " (A), or
iii. Satg?(/l) consists of a unique £-trivial K-class, and thus the product 7t :

AT Satgng(/l) is Fo-definable.

Proof of 2.36. Assume that (i) and (ii) do not hold. Then let | be a maximal 7-class
in Sat;,‘fr (A). For X € ], by —(i), we have X <, a for every a € A, and hence, by
J-maximality of |, X X a. Hence A C | — from which we deduce the uniqueness
of the maximal J-class — and | is an R-class.

Moreover, for X € ], by —(ii) we get X = Y - Z% <y Z% for some Y,Z €
Sat;ng(/l), so X <, Z and thus, by /-maximality of X, X 7 Z, from which we get
Z J X <;272% <4 Zso]is w-stable.

Since | is w-stable, it is J{-trivial by prop. 2.23, and thus £-trivial since | is
an R-class. Furthermore, since | is w-stable, it is regular, so every £-class must
contain an idempotent. By £-triviality, it follows that | only contains idempotents.

For E,F € ], since E R F are idempotents, we have E - F = F. Together with
the w-stability of |, it yields that any product of elements of | stays in | — more
precisely, if « is a limit ordinal, then 7((w,),.,.) is the unique element of | that can
be written as an w-power, and otherwise m((w,),.,.) = wg where O is the greatest
position in k. Hence, the restriction of the product of Satgng(/l) indeed yields a
map 7 : J°4" — ] — said otherwise, ] is an ordinal subsemigroup of Satg:ff(ﬂ).
The equality | = Satgc;J“(] ) follows from | being an J(-trivial (and hence group-
trivial) ordinal semigroup. But since A C | we get Satgff(/l) c Satgff([ ) =] so
Satd*(4) = ] is indeed an £-trivial R-class.

grp
Finally, the ro-definability of 7t : A" — Satg:ff (A) is straighforward: for
X e Satg‘g+ (A), if X is not the unique w-power of SatngJr(‘/‘l), then the preimage

of X is the set of words that have a last position, and this position is labelled by X
. if X is the unique w-power of Sat®4*(4) — i.e. the unique element of £_(J) —,

grp
then the preimage of X is the set of words that do not have a last position, or that
have a last position and this position is labelled by X. O
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We consider Green’s relations

over Satz:ﬁ"(/l).

In fact the ro-definability of 7 is
also a corollary of Bedon’s
theorem since | is aperiodic — but
this is overkill.



B.6. PROOF OF THEOREM 2.41

As for finite words, we prove that the product can be ro-approximated before
showing the general result. First, we need to treat the case of words of length
. We fix a finite ordinal semigroup U.

Lemma B.4. Forevery A C P(U), there exists an Fo-definable function 7t : A“ —

Satg,,(A) such that i(w) C 7t(w) for every w € A”.

Proof. Proof by induction on |.4| and | Satgrp(ﬂ)l.
av First case: |A| = 1. Then A“ consists of a single word, so every map
whose domain is A“ is Fo-definable.

av Second case: |A| > 2. By induction principle for finite words (lem. 1.13),
either (i) there exists a € .4 such that a - Sat?, _(A) ¢ Sat!_(A), or (ii) there exists

grp grp
+ + oes + .
a € A such that Saty,(A) - a & Saty,(A), or (iii) Satg,,(A) has a maximum.

grp

v First subcase: a - Saty, (A)  Saty, (A) for somea € A. Let B = A~ {a}
and consider the decomposition A = L, + Ly + L,5, with L, = B*(a*B")"a®,
Ly =B+ B ("B a"B” and L,z = B'(a"B*)“. which can be done in first-
order logic. We define 7t : A“ — Satg,(A) by defining its restrictions to L,, L
and L, — we focus on the last language, since the first two are easier to handle.
By lemma B.1 (ro-approximation of the generalised product for finite words), there

exists Fo-definable functions

g A — Saty (A) n(w) C g(w) for allw € A",
S, a4 —Satg (@) st m(w) Cg,(w)forallwea’,
g5 BT — Saty (B) ni(w) C gp(w) for all w € B*.

. + + + + +
Moreover, since a - Saty, ,(A) C Saty,,(A), and hence Saty, (Sat,,,(4) - Satg,,(B)) C

Satgrp(/l) by prop. 1.12, the induction hypothesis yields the existence of an Fo-defi-

nable function

f o (Satg, (A) - Saty, (B))” — Satg, (Saty,,(A) - Saty,,(B))

such that i(w) € f(w) for every w € (Satg,(A) - Saty,,(B))”. Hence, one can
define

N

4 rLaB : L, - Sat? ((A))

grp
Wp(W, W )icw > §Wg) - f8a(Wa) - §5(W5)]ice)-
Moreover, one can define 7t[; and 7t[; , by using the induction hypothesis on the
smaller alphabets {a} and BB. Then 1t(w) C 7t(w) by monotonicity of the generalised
product and 7t is Fo-definable since every function and every decomposition used
to define it are Fo-definable.

cwaw Second subcase: Saty,,(A)-a G Saty

arp (A) for some a € A. Symmetric of
case the first subcase.

p

avay Third subcase: Satgrp(./l) has a maximum. Let X be this maximum. Then
X% is the maximum of Sat;’rp(ﬂ), so take 7t : w — X%. This concludes the induc-
tion. U
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This lemma corresponds to [PZ16,
prop 10.2]

This is not a typo.

Note that a word of .A“ belongs to
L, (resp. Ly) iff its letters
ultimately all belong to {a} (resp.
B).



Observe that the technical details and propositions used for the proof of B.4 are
the same as what were used to prove lemma B.1 (lemma for finite words). Notably,
the tool used to progress in the induction is the “induction principle” for finite
words. The case of all transfinite words — see the following lemma — is trickier:
even if the induction in itself is very similar to the induction for finite and omega
words, it relies on stronger properties — those that were established in §2.3, 2.4 and
2.5. Let 7t : P(U)°“* — P(U) denote the generalised product of the finite power
ordinal semigroup P(U).

Lemma B.5. For every A C P(U), there exists an Fo-definable function 7t :

Aord+ Satg:‘:f(/l) such that 7t(w) C 7t(w) for every w € AT

Proof. Proof by induction on |A| and | Satg:,‘?’ (A)I.

v First case: |A| = 1. Then A°“" is isomorphic to w; \ {0}, so we can see
7| gord+ as a morphism w; N {0} — (A)* =1 §. Forn € Nandk € N_j, if 0" - k
belongs to the maximal group G in the semigroup generated by {w"}, then define
t(w" - k) := | G, and otherwise, let 7t(w" - k) := m(w" - k). Let m € N be such that
n(w™) = m(1)P. Defining

m-1 . ﬂm_l + ... +Cl.)ﬂ1 + [lo) = ﬁ(a)m) . ﬁ(a)m_lam_1) e ﬁ(a)ﬂl) . ﬁ(ﬂo)

lw™ -, +w
for o,, < w; and a,,_4,..,ay € N gives the desired property: we clearly have
7i(w) C fti(w), and moreover, 71 is Fo-definable — see lem. 2.30.

av Second case: | A| > 2. By theorem 2.36, either (i) a- Satord+(/l) - Satord+(/l)
for some a € A, or (ii) Sato3* (Sat?, (A)) € Satd*(A), or (l”) e A </[> w

: grp grp grp
is Fo-definable.

avaw First subcase: a- Satz"”(/l) C Satgngr(ﬂ)forsomea € A. Let B = A~{a}.

Then A°¢ = B (a°'d+B°rd+)°rd °d and proposition 2.34 yields

Sat2rd* (Satd+ (a) SatZdt (B)) € Sat2d*(A) :

thus we can construct 7 (nearly) exactly as what we did for finite words — see §B.1.

avaw Second subcase: SatggJ“(Sa terp(A)) G SatggJ“(/l) First, notice that 4° =

(A“)"9A*. Moreover, by lem. B.1 (finite words) and B.4 (omega words), there
exists two rFo-definable functions

g, A — Saty, (A) ot n(w) C g.(w) for allw € A",

grp

8w AV o Satg (A) T m(w) Cg,(w)forallw e A

Moreover, since Satg?;“(Satgrp(./l)) Satg‘;J“(./l), by induction hypothesis, there

exists a map
. d d
f = Satg,, (A" — Satg " (Satg,,(A))

erp(A grp
such that n(w) C f(w) for all w € Sat‘g"rp(ﬂ)ordJr. Then define 7t as follows:
L. AT S Satga*(A)

(@) w, =[] )8 (w.).
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By convention, if a; = 0, ﬁ(w""lai)
designated the neutral element of
Satord(A).

grp

The equality A = (A©)°.A*
comes from the fact that every
countable ordinal can be written as
w-a+nwitha <w, andn € N.



Then 7t(w) C 7t(w) by monotonicity of the generalised product and 7 is Fo-defina-
ble since f, g, and g, are Fodefinable, and since the first letter of each block of size
@ in the non-ambiguous decomposition A°“ = (A“)°¥.A* can be recognised in
first-order logic by the formula lim(x).

avay Third subcase: Tt is Fo-definable. Then take 7t := 7. This concludes the
induction. O

Finally, theorem 2.41 can be immediately deduced from lemma B.5 — the proof
is the same as what was done for finite words.

28



C. SOLUTIONS OF SOME EXERCISES
C.1. EXERcISE 1.11

1. Let V := Z/27Z X Z/2Z, and consider the semigroup morphism ¢ : A* —
V that sends w to (Jw|, mod 2, |w|, mod 2). Since V is finite and L =
¢ 1[(0,0)], it follows that L is regular. Moreover V is indeed the syntac-
tic semigroup of L since the only semigroups dividing V are (isomorphic to)
the trivial group and Z/27Z, which trivially cannot recognise L.

2. Notice that V is abelian, so J=7(. The groups Z/27Z x {0}, {0} X Z/27Z and
{(0,0),(1,1)} all belong to Satgrp(V), and since it is closed under product, it
follows that Satgrp(V) contains every subset of V of cardinality 2. Moreover,
since V is a group, V € Satgrp(V). Then, one can check that by product and
by group merging, we cannot obtain a set of cardinality 3.

Hence, the Satgrp(V) has three /(-classes, that are linearly ordered: the max-

imal J(-class contains every singleton, the intermediate class contains every

subset of cardinality 2, and the minimal /{-class contains only V.

C.2. EXERCISE 1.20

The syntactic semigroup Sy of a(aa)” is represented in figure 12. Then Satg,,(S;)
has four elements: {a}, {#%}, {a®} and {4?, a%}). There is not a unique map ¢ that
is rFo-definable and such that ¢(w) € @(w) for all w: for example, one can take
¢1(a) = {a} and ¢,(a") = {aa, aaa} for n > 2, or one can take ¢,(a") := {a"} for
n < 42 and ¢,(a") := {aa, aaa} for n > 42. In all cases, there is always some 7 such
that both ¢(a) and ¢(a") are singletons while (ﬁ(u”“) is a 2-element set. It follows

that p(@)(@") # Pa"*).
C.3. EXERcCISE 2.11

1. This amounts to showing that for every ordinals a, € wy, if @, f < w® then
a+p < w’and a-w < w”. Both inequalities follow from the fact that
a < w® implies @ < w" for some n € N — see, e.g., [Deh17, prop. 11.3.3.3].

2. If L; = L,, then they coincide on words of length strictly less than . Con-
versely, if L; N A0l = L,N AL et @ : A9 — S be a surjective
morphism recognising both L; and L,. The previous question and thm. 2.8
yields

@ [A" ] € S = (p[AD™ = (p[A])™ = p[(A)*] € @ [AI“"]]
from which the conclusion follows.
C.4. EXERCISE 2.16
Let L; := (ab)°" and L, := A9 \ (A%9aaA° + A°ppA°).
First, notice that L, 2 L, since L, contains words like (ba)® or even (ab)“ (ba)“.

Then the syntactic ordinal semigroup of L,, whose egg-box diagram is represented
in figure 13, contains seven elements:
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Figure 12: Egg-box diagram of the
syntactic semigroup of a(aa)*.

a | ab,|(ab)¢
ba,| b |a)
|
0.

Figure 13: Egg-box diagram of the
syntactic ordinal semigroup of L,.



0, recognising words that do not belong in L, ;

a, recognising words that must be followed by a ‘b’ and preceded by either
an ‘b’ or a limit ordinal — in this context, by “limit ordinal”, we mean “a word
of L, whose domain is a limit ordinal, i.e. either (ab)* or (ba)“” ;

b, recognising words that must be followed by an ‘a’ and preceded by an ‘a’
or a limit ordinal ;

ab, recognising words that must be followed by an ‘a’ and preceded by a ‘b’
or a limit ordinal ;

ba, recognising words that must be followed by an ‘b’ and preceded by a ‘a’
or a limit ordinal ;

(ab)”, recognising words that can be followed by anything, and must be pre-
ceded by a ‘b’ or by a limit ordinal ;

(ba)”, recognising words that can be followed by anything, and must be pre-
ceded by an ‘@’ or by a limit ordinal.
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