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Finite words : monoid and monadic second-order logic
Theorem [Biche- Elgot - Trakthenboot ≈ '

58] :

Éor LEE? the following are equivalent :
- L is regular ;

- L is recognised by a finite monoid :
- L is described by a formula of MS0E] .

Def MS0H] on finite words : Def language defined by ⑤EN0E] :

free I u 1=10 }.
Signature : { (a)ace .

< >
↑

unary binary
predicate predicate

É : UF7X. ]-y . ✗ < y
nation blyl

Models : words ueE*
variables no positions (⇒ a =I
acx) -9 Use = a

←
x- th letterof a ⇔ we E*aE*bI*

✗ < y was natural order



set neutral
f

Def monoid (M
.

.

.

E)
"""

Ex : -

any gap
↑ - - [*

associative - 110,13
,
max

,
o )

law

Ex [ = ha ,b} elements

L = Caa)* of themonoid✗

•é•#of:[
*
→ M ever even odd

u '→

{
even if uecaa)*
odd if uecaa)*a %,¥j
1- if u contains a

' b
'

Def A monoid M recognises L≤ [
*

←IYI.fmiff there exists f:[*→ M morphism
and TEM st if

- ' [⇒ =L
.



theorem LBichi-Elgot-Trakthenboe.tt :
For LEE? the following are equivalent :
- L is regular ;

- L is recognised by a finite monoid :
- L is described by a formula of MS0E] .

E± L = Caa)* on E- hall .
Goal : Find

'

Io c- MS0E] that defines L.

1) Check that the word does not contain a
' b '

⇒
the . > blxl aaaa ✓

aaaaa
×

2) Guess a set ✗ of post a = 0 mod 2; "

is the last position odd ?

IX. the first polio belongs a ✗ contains every ^ the last post
to ✗ other position is not in ✗



K la logiqve qiilFirst - order logic FOR] vous faut ! "
- Thomas C.

F0E] ≈ MS0R] with no set quantifiers.

Question :
-

Which languages L≤ can be defined in FOR] ?

Ex aI*bI* can be Co=e✗ Caa)* cannot be

defined in Food defined in F0E]

Theorem [Schitzenbogo
'

65 & McNaughton - Papert '71]
-

For any LEFT the following are equivalent :
- L is definable in F0K]

- L is star- free ←
not the topic
of this talk

- L is recognised by a finite Edie monoid



Aperiodic monoids

Def A finite monoid M is aperiodic when every group GEM
is trivial .

E± (syntactic) monoid of coat on[= ha ,b}

%-odd odd even

Groups : he} , hewn , odd } , levers , todds



Deciding first - order definability
Def A morphism f : ⇒ → M is F0E] - definable when it can

be written as

"

finite

f :
[
*
→ m

u { ?
≥ if we 4-

where L1
.
. . .
. Lne FOR] .

Mn if we Ln

¥ f. ⇒ → M

µmu -

ye:* : :*: ÷:÷:÷÷÷"1- if u contains a
' b

'

is not FOR] - definable .

(Reformulation of) Schitjabogo - McNaughton- Papert theorem :

A morphism f:[*→ M
' I F0K] - definable iff

M is aperiodic .



Qualitative vs quantitative results

IfsFT
schitgaboserf@I-Tewaugfha-Maperiod.id.Papert

fifty
↑

In this case
,

could we

extract all F0E] - definable
information from f ?

E f : E
'
→ m

u '→

{
even if u c- Caa)*
odd if u c- Caa)*a

1- if u contains a
' b

'

g: ⇒ →
u ~ { haohodd} if ne Laa)*u(aaFa = a*his if u contains a ' b '



Def An Fotis - approximate of f:[
*
→ M is a function g :[

*
→ PCM)

such that :
-

g is F0K] - definable
- tweet

, flute glu)

[
* → PCMIRI

g ; u
is always an FQT] - approximate

→ notion of
" mind

"

approximate (not detailed here
. )it's technical

T_hm [Hackett
'

88] The following specification is computable .

( f:[*→ M / / g :[
☒
→ Pcm)

mince FOR] - approximation)

idea g is obtained from f by
"

merging groups .
"



Finite words ._

- Qualitative characterises of F0E] Tschitzenbeger
'65 & McNaughton-
Papert '71 ]

"
Fool ≈ no /non-trivial/ grip

"

- Quantitative characterise of F0E] [Hackett
'

88]
"

to obtain something in FOR]
, get rid of groups

"

ever heard .

[Perrin
'

84 ] & [ Place - Zeitoun '

16) : extension to w-words
" I:L " %É⑤?⃝Ariane ✓ ?! §ÉÉ



Beyond finite / w- words

Goal : understand logics (FOR] , MS0E] . . . . ) on ¥.?⃝yf?⃝É%-

complex structures
.

Cantabile ordinals :

111 / ii. . . _ . Fifi ! ↑! It . . - ti - - .
.
. . .

3 W 7+2 W2

MS0E] /F0E] on
countable ordinal words :

"

words with no last position
"

: the
. ]-y, ✗ <y

' '

every a is followed by infinitely many b's " :



Countable linear orderings

"
'

Ii _ . .
. I. _ .

. I

w.us .

.
.
- -1111 "

y
123 4 5 I"""

"
"" "

.
.
.
.
. .MY.

- H"
" \

W2
3+0+1

0 6 .

. .

finite
stuff
cantabile

ordinals
'antable

scattered
linear

order

all countable linear
orderings



FOR] is not very expressive . . .

° Can we find a formula ☒ c- F0K] defining all finite words ?

i.e. f) a word over
at € if we

.countable linear ,

order

/ / I ' " ÷ -111 /
W w

't



Conclusion : characterisations of F0E]
Recall : given a morphism f:[*→ M for f :

a" words are
some domain

→
"

%ebras )
-

we are interested in :

- is f definable in F0K] ?
-

can we compute an

"

optimal
"

F0K]- approximate of f ?

This is always decidable !

Domain
characterisation :

forbidden patterns Qualitative Quantitative

Finite no groups [Schifferberger
'

65
[Hackett ' 887

&McNaughton - Papert
'

717

Omega no groups [Perrin '843 [Place- Zeitoun ' 16]

Fcokanbet-
Cnt. ordinals no gaps [Bredon '

01]
von Gool - Morvan '22]

Cnt scattered words
no groups, no gaps [Bet-Carton '

11] [Cokombet - Morvan
(unpublished)]

Cnt .
linear order"" no groups. no gaps , no shuffle [cdcanbet-freej.lk '

15] arsons work
. .


