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Goal: to better understand on countable ordinals. Warm-up: finite words.

Letu € ¥* where X = {a,b,c,...}.
uE . 3y.x <yAalx)Ab(y)

X y
i.e.u € X*aX*bxr*.
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Input:

Question:
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Theorem [Schiitzenberger '65 & McNaughton-Papert '71]:
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Corollary: FO-DEFINABILITY is decidable.

every group in
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Example!

f:{a,b}*

T. Colcombet, S. van Gool, R. Morvan

aa

M
ifu=¢
if u € a(aa)*,
if u e (aa)?,

if u contains a ‘b’

aa O
aa O
aa 0
aa | aa aa O
0 0 0 0 O
ad,
O*

3/10



Finite words
000800

Example!

f:{a,b}* — M
ifu=¢
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Henckell's theorem: motivation & statement

Idea behind (M)*:8"P: “saturate” your monoid with groups.

Definition: (M)*:¢'P is the smallest submonoid A of P(M)
containing all singletons and such that:

IF G C Nisagroup,
THEN UG eN.
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Example: bca, cabc(ab)®”, (ab*c)”, etc.

3Ix. last(x) A a(x) where last(x) :=Vy.y <x.

The word has a last position, and it is an 'd\

“cb*¥c (ab)*b @
no no

FO cannot capture group-like phenomena over countable ordinals:
[Bedon '01] (qualitative)
[Colcombet, van Gool & M., '22] (quantitative).
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1 if uis the empty word
ifuis Goal: Extract as many FO-definable information
fruw{aa ifuisénte & ewen from f: £°¢ — M as possible.
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Time for the conclusion...

wasn't the title of this tak “First-order separation over countable ordinals'

and L, are FO-separable whenever there exists ¢ € FO
such that

ukpforallu e vEpforallv el

FO-SEPARABILITY:
Input: ,L, regular languages
Question: Are L, and L, FO-separable?
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Domain Characterisation of FO: Qualitative Quantitative
(count. linear order) non-trivial ... are forbidden
. [Schiitzenberger '65, ,
Finite groups McNaughton & Papert 7] [Henckell '88]

w groups [Perrin '84] [Place & Zeitoun '16]
Ordinals groups [Bedon '01] [Colcombet, van Gool & M. '22]
Scattered groups, gaps [Bés & Carton '11]

groups, gaps, I
Countable shuffles [Colcombet & Sreejith '15]
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