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« Non-trivial: (aa)* is not Fo-definable.
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FO-SEPARABILITY:

Input: Ly, L, regular languages

Question:  Are Ly and L, Fo-separable? (\
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What about non-finite words?

Domain ) . .
Fo-definability Fo-separability
(countable linear order)
1) dec. [Perrin ’84] dec. [Place-Zeitoun *16]
Ordinals dec. [Bedon '01] dec.
Scattered dec. [Bés-Carton ’11] 5
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Words of even length

Every monoid recognising (a2a)* must contain a non-trivial group

~» not Fo-definable.
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Fo-separability: example

Ly = b*(aa)*
L, = (aa)*
Ly = (aa)*

Ly and L, are Fo-separated by Jx. b(x).
L, and L3 are not Fo-separable (Schiitzenberger-McNaughton-Papert thm).
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submonoid Sat(M) C (M) such that:
Ly and L, are Fo-separable
IFF
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Saturation: definition & example

Proof (correctness):
If X € Sat(M), then the

elements of X cannot be

distinguished by Fo. BrTiafi s Sei)s
« Singletons cannot be distinguished.

Proof (completeness): o Elements of a group cannot be

If the elements of X cannot
be distinguished by Fo, then
X € Sat(M).

distinguished.

 Closed under product and subsets.
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Lemma: Either
« ¢(a) - Sat(M)

.+ Sat(M) - p(a)
« Sat(M) has a maximum.
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Finite words: a, bca, ccabc, etc. (non-exhaustive list)

Words of length w: a® ,cabcc(ab)®, etc.

o Transfinite words: all of the above, a”cb®ca, (ab®c)®, etc.

(¢ b bbb el

Example of first-order formula: =3x. last(x).
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Transfinite words
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Generalising Henckell’s theorem

« Algebraic notion: S finite ordinal semigroup.
« Sat®"(S): now closed under w-power.
+ Generalisation of Henckell’s theorem:
“Sat®™(S) is the collection of subsets of S whose points cannot

be distinguished by Fo”
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Technical difficulties...

Lemma: Either
i. ¢(a)-Sat®(S) ¢ Sat°™(S) for some a € A, or

ii. Sat°(S) - p(a) € Sat®d(S) for some a € A, or
iii. Sat°d(S) has a maximum.

B B B

For ordinals, knowing that Sat®™(S) - ¢(a) ¢ Sat°™(S) for

some a € Ais useless.
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Magnificent solution!

Lemma: Either
i. ¢(a)-Sat°(S) ¢ Sat°™(S) for some a € A, or

ii. Sat°"d(Sat®(S)) ¢ Sat°'(S), or
iii. Satd(S) is a L-trivial Z-class.
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