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Preface

Organization

The chapters of this thesis have been written so that they could mainly be
read independently from one another.

The introduction (Chapter I) is targeted at anyone with a reasonable un-
derstanding of theoretical computer science—corresponding roughly to a
Master’s degree in theoretical computer science. This chapter is not technical
and introduces as few definitions as possible. Its goal is to provide an overview
of the foundational results of the field, the questions we studied in this thesis,
our contributions, and the key open questions that remain unsolved. If you
should only read one chapter of this thesis, let it be Chapter I!

The next chapter presents the general preliminaries (Chapter II): it serves
no other purpose but to make all notions unambiguous. We suggest that
readers skim it initially and return to it as needed.

This thesis is then divided in two independent parts: the first one focuses
on database theory (Part 1), and the second one on automatic structures
(Part 2). Each part starts with a quick survey of the domain (Chapters III
and VII), followed by two chapters presenting our main contributions in this
domain (Chapters IV and V for database theory, and Chapters VIII and IX for
automatic structures). Each part concludes with a discussion (Chapters VI
and X) that highlights open problems and reflects on the techniques we
explored, including those that proved unsuccessful. See Figure P.1 or the
dependency graph of these chapters.

A succinct global table of content is presented after this preface, and each

chapter is preceded by a more detailed one.

Knowledge & Knowledge-Clustering

This thesis was written using Thomas Colcombet’s knowledge package,
allowing one to click on a notion (be it textual or symbolic) to go to its
definition: for instance try clicking on ‘automatic structure’, or on the brackets
of []* ! Most pdf viewers allow you to go back to where you previously
were in document before clicking.

The extensive use of knowledge was permitted by knowledge-clustering,

a command-line tool I developed to help streamline and scale the use of the
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Figure P.1: Dependency graph of the
chapters of this thesis.


https://ctan.org/pkg/knowledge
https://ctan.org/pkg/knowledge
https://github.com/remimorvan/knowledge-clustering/

knowledge package in large LaTeX documents. I would like to thank all the
people that provided me with suggestions, feature requests or bug reports,
with a special thought for Thomas Colcombet, Aliaume Lopez and Antonio
Casares. Antonio was the first person to write his thesis with knowledge-
clustering: thanks to him, the tool can handle unreasonably long docu-

ments!

Proofs

For the sake of readability, elementary proofs—which are often the result
of elementary set manipulation or applying the previous propositions—are
sometimes omitted by a nonchalant “it immediately follows that”. Naturally,
we reserve this logical blasphemy to statements that are not harder to prove
than1+1 =2, see [WR10, * 54.43] to [WR12, * 110.643].

On Black Holes

Many results of this thesis assume the undecidability of the halting problem:
we hence assume that the reader lives in our usual universe. Should the reader
be in a Malament-Hogarth spacetime [Hog94], we kindly suggest that they
momentarily set aside this thesis and focus on resolving the more pressing

astrophysical situation, see Figure P.2.

Acknowledgements

Figure P.2: Computer scientists tend

to do badly around black holes. 1I-
lustration by 852278-MCS, licensed
under CC BY SA 4.0.
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CHAPTER |

Introduction

ABSTRACT

This chapter serves both as an introduction and as an extended abstract of the
thesis. It provides an accessible overview of the broader research area, the specific
questions addressed, and the contributions made in this work. Homomorphism
problems lie at the heart of many foundational questions in logic, database theory
and programming. After exposing the foundational results of these domains in the
framework of homomorphisms, this chapter then summarizes the key contributions
of this thesis.

While this chapter is intended for readers with a background in theoretical computer
science, it avoids formal definitions in favour of intuition and high-level explanations.
Formal definitions can be found in Chapters II, IIl and VII. When needed, terms
and symbols can be clicked to navigate directly to their definitions elsewhere in the

document.
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I. INTRODUCTION

L1 The Two Sides of the Homomorphism Problem

This thesis is devoted to studying variations of the HOMOMORPHISM PROBLEM,
a central concept in theoretical computer science. Homomorphisms capture
the idea of maps preserving relational information between mathematical
structures. They arise naturally across a variety of domains: in logic, as
the mechanism behind model-checking of primitive-positive formulas; in
database theory, as the semantics of conjunctive query evaluation; and in
constraint satisfaction, as the formalization of whether a structure satisfies a
given set of rules. This thesis approaches the HOMOMORPHISM PROBLEM as a
unifying framework, by emphasizing its complementary role in data querying
and constraint solving.

To introduce this problem, we present a range of examples: automata
acceptance, SQL query evaluation, and Sudoku solving that can all be encoded
as HOMOMORPHISM PROBLEMS.! Interestingly, they reveal a dichotomy on how
problems are encoded: in some, the query appears on the left-hand side of
the homomorphism, while on others it appears on the right-hand side. The
first type of encoding correspond to what we call existential problems, and are
rooted in the field of database theory: we introduce this domain in Section L.2.
On the other hand, the dual encoding deals with universal problems studied
in the domain of constraint satisfaction: it is the focus of Section I.3. This dual
perspective on the HOMOMORPHISM PROBLEM forms the basis for the two-part

division of this thesis.

Homomorphisms. The simplest mathematical structure is perhaps that of
a (directed) finite graph: it consists of a finite set V of vertices (also called
domain), together with a set of edges & € V X V. A homomorphism between
two graphs is then a function f between vertices that preserves the edges, in
the sense that if (u, v) is an edge, then (f (1), f (v)) must also be an edge: we

depict an example of graph homomorphism in Figure L.1.

To enrich the structure—but also, perhaps more enjoyably, to add a splash of
colour to this thesis—we will consider more complex structures by allowing for
multiple edge relations, or even relations of higher arity linking the vertices.

The types and arities of relations allowed in a structure are specified by its

12

T We will see even further examples—
3-colourability and SAT-solving—in
the next sections.

Figure 1.1:  Two graphs (in black)
and a homomorphism (blue dotted
arrows) from the graph on the left-
hand side to the right one.



I.1. THE TWO SIDES OF THE HOMOMORPHISM PROBLEM
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signature o. These richer structures are known as o-structures or relational
structures—see Figure 1.2—, and homomorphisms between o-structures are

asked to preserve all relations in the signature o.

The HoMOMORPHISM PROBLEM over ¢
Input: Two finite o-structures A and B.

Question: Is there a homomorphism from A to B?

In the problem above, we refer to A as the source structure and to B as the
target structure, and we denote by A 1%, B the existence of a homomorphism
from A to B.

More than a mere decision problem—which is easily seen to lie in NP—,
the HomoMORPHISM PROBLEM should rather be understood as a framework or

language to formalize many problems arising in computer science.

Example 1.1.1 (Non-deterministic automata). A non-deterministic automa-
ton A can be seen as a relational structure on the signature with two unary
predicates (one for describing initial states, one for final states), and one bi-
nary predicate for each letter of the alphabet X describing the transitions. As
expected, its vertices are its states, and each predicate is naturally interpreted.
Any finite word # € X can in turn be seen as a relational structure W, with
[[0, |ul] as its domain, where O is initial, |¢| is final, and for each i € [[1, |ul],
there is an edge from i —1 to i whose type is given by the i-th letter of u, see
Figure 1.3.. Then, there is a homomorphism from W, to A if, and only if, the
automaton A accepts u. <&

Note that in Example 1.1.1, not only is the existence of a homomorphism
equivalent to the existence of a solution, but the set of homomorphisms
naturally corresponds to the set of solutions: homomorphisms from W, to A

exactly correspond to accepting runs of the automaton over u.
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Figure 1.2: A relational structure
with two kinds of binary relations
(represented by simple and double
arrows) and three kinds of unary re-
lations (represented by small red, yel-
low and blue circles next to the ver-

tices).
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Figure .3: Automata acceptance as
a HOMOMORPHISM PROBLEM: struc-
ture representing the finite word aba
(above), structure representing the
minimal automaton of (a + b)*a(a +
b)* (below) and a homomorphism
from the former to the latter (blue
dotted arrows). Vertices with a dou-
ble circle (resp. incoming dangling
arrow) represent final (resp. initial)
states.



I. INTRODUCTION

MovViEs
id title length director
197 Eyes Wide Shut 159 Stanley Kubrick
205 Jai tué ma meére 96 Xavier Dolan
304 Amadeus 161 Milo$ Forman
321 120 Battements par minute 143 Robin Campillo
Roowms ProjeECcTIONS
id  capacity movie_id room_id time
1 108 197 2 2025-03-28 14:00
2 124 205 3 2025-03-28 14:30
3 96 321 4 2025-03-28 14:30
4 102 197 1 2025-03-28 17:00

Example 1.1.2 (SQL queries). A relational database, such as the one depicted
on Table 1.4, can easily be seen as a relational structure whose domain is the
set of elements occurring somewhere in a table, with one relation for each
table.?

Consider the following SQL query, which outputs all pairs of movie titles

together with their projection time.

SELECT title, time
FROM Movies, Projections
WHERE Projections.movie_id = Movies.id;

This query ¥ can in fact be seen itself as a relational structure Q,: its
domain has six elements, corresponding to the attributes of the MoviEs
and PrRoJECTIONS table, merged on the attribute Projections.movie_id =
Movies.id. Both relations MoviEs and PROJECTIONS consist of a single tuple,
and the relation RooMms is empty, as depicted in Figure I.5.

Then, the set of pairs (x, y) such that there is a homomorphism from QV to
the relational database, sending title to x and time to y is exactly the output
set of the SQL query on the database. <&

We now provide a last example: Sudoku grids. While it is also encoded as
a HOMOMORPHISM PROBLEM, we will see in fact it is of a different nature than

the reductions of Examples [.1.1 and 1.1.2.

Example 1.1.3 (Sudoku grids). We represent an empty sudoku grid as the
relational structure whose domain is [[1,9] X [1, 9] —corresponding to coor-
dinates in the grid—with three kinds of binary predicates: R, € and &, that
describe when two coordinates are on the same row, column or 3*3-square,
respectively. To deal with prefilled grids, we add nine unary predicates Py
(k € [[1,9])), and if coordinate (i, j) is prefilled with number k, then predicate
P must hold on the element (i, j). Given a prefilled grid G, we denote by S
the associated relational structure.

We then define the target structure T to have [1,9] as its domain, with

each vertex representing a possible value filling a cell. The binary relations

14

Table I.4: A relational database con-
sisting of three tables, representing
data stored by a cinema.

movie_id

title

length

director

room_id

time

Figure 1.5 A SQL query seen as
a relational structure. The yellow
potato represents the single tuple of
the MoviEes relation, and the blue
potato surrounds the only tuple that

belongs to the PRoJECTIONS relation.

2 |n fact the only difference between
relational databases and relational
structures precisely lies in the fact
that in the case of the former, the do-
main is implicit, while for the latter
it is explicit. While this difference
alters the theory, the difference is
mostly negligible for the query lan-
guages we will study, see Chapter III.

2 5 1 9
8 2 3 6
3 6 7
1 6
514 119
2 7
9 3 8
2 8 4 7
1 9 7 6

Figure 1.6: A prefilled Sudoku grid.



I.1. THE TWO SIDES OF THE HOMOMORPHISM PROBLEM

R, € and § all three consist of all pairs (x, y) s.t. x # y. This translates the
fact that, if two cells are on the same row, column, or 33 grid, then they must
have different values. Moreover, each unary relation Py (k € [1,9])) is defined
to hold only on {i}.

Then, a prefilled grid G can be completed if, and only if, S; has a ho-
momorphism to T.> More precisely, homomorphisms f: S; — T exactly
correspond to complete Sudoku grid that extend G, with f({7,)) giving the

number contained in cell (7, ).

FounDATION. The HOMOMORPHISM PROBLEM is a natural framework
in which we can express many logical questions, ranging from database

evaluation to Sudoku solving.

All three problems we presented can actually be seen as instances of model-
checking: part of the input represents some data—or model—and part of it
represents a query—or logical question/specification. However, as depicted in
Table 1.7, the encodings of these problems into HOMOMORPHISM PROBLEMS can
either be of two types:

« the query is encoded in the source structure, and the data in the target
structure: we denote this family of problems by ‘query Lom,? data’;
« in the other cases, the data is encoded in the source structure and the query

is the target structure: we denote these problems by ‘data Jom,? query’.

data query hom problem
ExI11  automata is u accepted?  query Lom,? data
ExI1.1.2 database SQL query query Lom,? data
Ex1.1.3 Sudoku grid is solvable? data 2227 query
Ex13.1 graph is k-colourable?  data -7 query
Ex13.2 SAT formula is satisfiable?  data —2%7 query

The two situations are far from symmetric: in model-checking, the size of
the data is usually much larger than query: for instance, when analysing the
documents in the Panama Papers scandal, the data represented 2.9 TB, while
the queries were a few lines long [Neo]. Hence, we often study problems where
the query is fixed: accordingly, not only does this fundamental asymmetry
between data and query roles motivates the structure of this thesis in two

independent parts, it also underlies distinct research domains.

FounbpaTioN. Encodings of model-checking problems as HOMO-
MORPHISM PROBLEMsS are dual by nature, leading to two schools that
developed different techniques to tackle them: database theory and

constraint satisfaction problems.

15

3 In fact, for this example we could
use only one binary predicate in-
stead of three. Note that this encod-
ing is actually quite close to graph
colouring (Example 1.3.1) with an ex-
tra trick to force some values. This
trick—formally called marked struc-
ture—will actually prove crucial in
Chapter VIII.

Table 1.7:  Summary of the encod-
ings of some natural model-checking
problem into HOMOMORPHISM PROB-
LEMS. The last column indicates
whether the structure encoding the
data (resp. the query) is on the left-
hand side (i.e. acts as the source
structure) or the right-hand hand
(the target structure) of the Homo-
MORPHISM PROBLEM. The last two
examples will be described in Sec-
tion I.3.
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L2 Existentialism is a Database Theory

I12.1 Conjunctive Queries

We now turn to the query Lom.? data side of the homomorphism problem.
This perspective captures classical database evaluation and highlights how
such queries naturally express existential, monotonic properties. For instance,
if G is the graph with two nodes # and v and a single edge from u to v, then
asking if there is a homomorphism from G to a graph H amounts to asking if
there exists at least one edge in H.

As we would expect for any existential problem, they are monotonic: if
a solution exists, and we add more data, then a solution still exists. More
formally, for any structure A, B and B’, if B is a substructure of B’ and
A I B, then A 2% B’

SQL queries (Example 1.1.2) actually represent more than a mere exam-
ple: every HOMOMORPHISM PROBLEM A o™, B can be seen as a SQL query
evaluation problem where A encodes a query in the SELECT-FROM-WHERE
fragment of SQL and B is encodes a relational database. This fragment can
also be characterized as the fragment of first-order logic where neither uni-
versal quantification, nor negation nor union is allowed. For instance, the

SQL query of Example 1.1.2 can be expressed by the formula

¢(title, time) = dmovie_id. Jlength. director. Iroom_id.
Movies(movie_id, title, length, director)

A ProJECTIONS(mOovie_id, room_id, time).

Yet another characterization of these queries as conjunctive queries, that
consist of a relational structure together with a tuple of vertices, called “out-
put’—this tuple plays the same role as the SELECT statement in SQL. For
instance, the previous query can be expressed as the conjunctive query of
Figure 1.9. The semantics of such a query y = (G, ) is defined as follows:
given a relational database, seen as a relational structure D, it returns every
possible tuple d of elements of D such that there exists a homomorphism from
G to D that sends X to d. Notice how this formalism uses the connection with
homomorphisms described in Example 1.1.2 to define a semantics. Overall,

these characterizations show this query language to be quite robust.

FouNDATION. Problems of the form query 1om,? data exactly corre-
spond to the evaluation of conjunctive query. Finite unions of con-
junctive queries can also be described as the SELECT-FROM-WHERE
fragment of SQL, or as the primitive-positive fragment of first-order

logic.

We now turn to the complexity of evaluating these queries. As we have seen,

16

Figure 1.8: Looking glass room, by
John Tenniel.

movie_id

title

length

director

room_id

time

output: title, time

Figure 1.9: A conjunctive query.
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I.2. EXISTENTIALISM IS A DATABASE THEORY

CONJUNCTIVE QUERY EVALUATION boils down to HOMOMORPHISM PROBLEMS
of the form query Lom? data. Assuming that the query if fixed, the naive
algorithm to solve the HOMOMORPHISM PROBLEM—consisting in enumerating
every possible function from A to B and checking whether some of them
define a homomorphism—works in polynomial time, as there are only |B[
such functions. In fact, it is straightforward to devise an algorithm in uniform-
ACY—actually, the depth of the circuit does not even depend on A: there
is roughly one layer simulating the existential quantifiers, and another one
simulating the conjunctions.

While |BY is indeed polynomial when A is fixed, recall that B represents

a database: even though most theoreticians pretend that polynomial-time

is tractable, a polynomial-time algorithm of degree seven, run over a 2.9 TB

database, will execute more instructions than there are atoms in the observable
universe. This leads to two natural directions:

« optimizing the size of the exponent, i.e. replacing the query with a seman-
tically equivalent one of smaller size,

« studying the parametrized complexity of evaluating SQL queries, when
parametrized by the size of the query. This provides a finer complexity
notion than the classical NP/AC? approach; our previous remark shows
the result to be slicewise polynomial (XP), which is not as well-behaved in

practice as fixed-parameter tractable (FPT) problems.

\OI
7 <

VAVAVANEERVAN

Query minimization. The problem of optimizing the SELECT-FROM-WHERE
fragment of SQL is well-understood, precisely by using the framework of
conjunctive queries and relational structures. This problem amounts to, given
a finite o-structure A, deciding if there exists a strictly smaller o-structure

A’ s.t.,* for any finite o-structure B, then
A B i A B
The property above is in fact equivalent to
A% A and A5 A (L.1)

and is hence decidable. The optimization procedure then goes as follows:
starting from A, we check for every possible vertex a € A if A \ {a} is
equivalent to A in the sense of Equation (L.1). If some a satisfy the property,
we let A \ {a} be our new query and start the process again. Otherwise, we
get a minimal query, called core of A. This core is unique—which is not
obvious since we defined it with a greedy procedure—and is, by construction,

a substructure of A, see Figure 1.10. In particular, it implies that the core

17

Figure 1.10: On the left-hand side a
graph, and its core on the right. The
colours are not part of the structure,
but are used to describe a homomor-
phism from the original structure to
its core.

4 Here, our size measure is simply the
number of vertices of the structure.
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I. INTRODUCTION

does not only minimize the number of vertices of A while being semantically
equivalent: it also minimizes any parameter that is closed under taking
substructures, such as e.g. the number of edges or the tree-width! Therefore,
this notion of core, together with seeing SELECT-FROM-WHERE queries as
relational structures/conjunctive queries provides a remarkably robust tool

for solving most optimization problem on these queries.

FounbpaTion. Conjunctive queries can be minimized by computing
their core. This process minimizes the number of variables/vertices,
but also many other parameters, such as the number of edges, the
path-width, the tree-width, etc.

FPT algorithms. In short, the field of parametrized complexity studies the
computational complexity of decision problems in a finer way than classical
complexity theory: each problem is associated to a parameter—which is
smaller than the size of the whole instance—and the goal is to understand
the influence of the size of this parameter on the complexity of the problem.
Let us mention the parametrized classes FPT and W([1], which are roughly
the parametrized equivalent of P and NP. The problem of whether a graph
contains a k-clique, when parametrized by k, is known to be W[1]-complete:
in some sense, it means that this problem is hard, and that this parameter k
plays a crucial role in the hardness of the problem.

The problem of whether a graph contains a k-clique easily reduces to a
HOMOMORPHISM PROBLEM where the source structure is fixed—and equal to
the k-clique. It follows that the HOMOMORPHISM PROBLEM, parametrized in
the size of the source structure is W[1]-hard. Unfortunately, assuming that
W[1] # FPT,? it follows that there cannot be an FPT (i.e. “efficient”) algorithm
for evaluating conjunctive queries. Hence, a quest emerged to find classes of
conjunctive queries with an FPT evaluation.

First, one can notice that if said query is tree-shaped, such as the conjunctive
query of Figure 1.11, then the naive bottom-up evaluation algorithm works
in time that is polynomial both in the size of the query and in the size of the
database. Now, assume that y is a conjunctive query that is not tree-shaped,
but that is equivalent to a tree-shaped query. This is the same as saying that
the core of y is tree-shaped. Hence, to evaluate ), one can instead:

. first compute its core,’

« then evaluate this core on the database.

The interest of this approach is that, while databases are big and ever-changing,
queries are short and fixed. Hence, spending effort optimizing them can be
beneficial, since it might lead to performance gain for every evaluation of
the query: this is why studying the complexity of the evaluation problem

parametrized by the size of the query is relevant. Formally, the previous

18

5 This is the parametrized counter-
part of P # NP.

N

% N7 9
AN b

Figure 1.11: A tree-shaped conjunc-
tive query over a signature with three

binary relations denoted by a,b and c.

6 To quote K-Maro: “Donne-moi ton
coeur, baby, ton core, baby..”



I.2. EXISTENTIALISM IS A DATABASE THEORY

procedure yields an algorithm that works in time
O(f (Iquery]) - poly(|core|, |databasel)).

This precisely means that evaluating conjunctive queries that are semantically
equivalent to tree-shaped queries is FPT.

In fact, for this reasoning to work, the notion of “tree-shaped” need not
be as restrictive as what is shown in Figure 1.9: for instance, edges could
be reversed. More generally, if the query has tree-width” at most k, then
we still get a polynomial-time evaluation algorithm—where the order of the
polynomial depends on k. In turns, it means that for every k € N, evaluating
conjunctive queries that are semantically equivalent to a queries of tree-width
at most k is FPT.8

Remarkably, this is exactly the limit of tractability for these queries: Grohe

showed that a class of conjunctive queries has FPT evaluation when parametrized

in the size of the query iff it has bounded “semantic tree-width”—meaning that

there exists k € N s.t. every query in the class is semantically equivalent

to a query of tree-width at most k [Gro07].%-1¢

FounpaTIioN. Conjunctive queries of bounded semantic tree-width

are exactly the classes of conjunctive queries with tractable evaluation.

L[2.2 Adding Regular Path Predicates

Overall, the previous result prove that the theory of conjunctive queries is
well-understood. However, even when considering other features from SQL,
such as aggregate functions—COUNT, SUM, etc.—, the query language of
conjunctive queries faces a big limitation: it is intrinsically local. Consider two
structures A and B, and two elements a and a’ of A. For any homomorphism
f from A to B, the distance from f(a) to f(a’) in B is at most the distance
from a to @’ in A.11 Now assume that B is a graph, whose vertices are humans,
and whose edges represent the ‘is a child of” relation. For any k € N, it is
easy to build a conjunctive query (Ay, {a,a’)) outputting all pairs (b,b’) s.t.
b’ is a depth-k descendant of b—see Figure .12 for k = 2. However, since
homomorphisms contract distances, there is no conjunctive query (A,, {(a, a’))
outputting all pairs (b, b’") s.t. b’ is descendant, at any depth, of b. In other
words, conjunctive queries are not closed under transitive closure.

More generally, human-centered data does not usually go well with rela-
tional databases, as they are not designed to allow graph traversal. To face this
issue, graph databases have been introduced: they can essentially be modelled
as relational structures whose relations are all binary. In other words, they
correspond to edge-labelled graphs, see Figure 1.14.12 To illustrate this point,
we consider Wikidata, which is a graph database containing more than one

hundred million vertices, whose data is used amongst others on Wikipedia.
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7 Tree-width is a graph-parameter
that measure how far a graph is from
a tree. The notion can be extended
to relational structures.

8 In fact, they can even be evaluated
in polynomial time, but the argument
is more involved [CR00].

9 Technical point: Actually for the
equivalence to hold, the class of
queries needs to be recursively enu-
merable.

0 The same equivalence holds for
polynomial-time evaluation.

Q person

O child
Q grand_child

output: person, grand_child

Figure [.12: A conjunctive query out-
putting all pairs of people with their
grandchildren.

" This follows from the definition of
a homomorphism, by using a trivial
induction on the distance.

12 If the reader is familiar with know!-
edge graphs, everything we are say-
ing about graph databases also ap-
plies to knowledges graphs. While
the two notions are distinct in prac-
tice, their fundamental concept—and
hence our theoretical modelling of
them—is identical: story data as a
graph.


https://www.wikidata.org/
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Figure 1.13: A SPARQL query
(above), together with a human-
friendly translation (below).

{ [1=° Run the query.]
?work P31/ P279+ Q7725634;

label ?workLabel;
P577 ?date;
P50 ?author.
?author label ?authorLabel.
FILTER(LANG(?workLabel) = "fr” && LANG(?authorLabel) = “fr”).
FILTER(CONTAINS(?workLabel, "exist™)).
FILTER(YEAR(?date) <= 1990).

}
LIMIT 7

SELECT ?workLabel ?authorLabel
WHERE

SELECT ?workLabel ?authorLabel
WHERE
{
?work ’is instance of’/’is sublcass of’+ ’literary work’;
’has label’ ?workLabel;
‘was published on’ ?date;
’was authored by’ ?author.
?author ’has label’ ?authorLabel.
FILTER(LANG(?workLabel) = "fr” && LANG(?authorLabel) = "fr”).
FILTER(CONTAINS(?workLabel, "exist”)).
FILTER(YEAR(?date) <= 1990).

}
LIMIT 7
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https://query.wikidata.org/#SELECT%20DISTINCT%20%3Fwork%20%3FworkLabel%20%3FauthorLabel%0AWHERE%0A%7B%0A%20%20%3Fwork%09wdt%3AP31%2Fwdt%3AP279%2a%20wd%3AQ7725634%3B%0A%20%20%20%20%20%20%20%20rdfs%3Alabel%20%3FworkLabel%3B%0A%20%20%09%09wdt%3AP577%20%3Fdate%3B%0A%20%20%20%20%20%20%20%20wdt%3AP50%20%3Fauthor.%0A%20%20%3Fauthor%20rdfs%3Alabel%20%3FauthorLabel.%0A%20%20FILTER%28LANG%28%3FworkLabel%29%20%3D%20%22fr%22%20%26%26%20LANG%28%3FauthorLabel%29%20%3D%20%22fr%22%29.%0A%20%20FILTER%28CONTAINS%28%3FworkLabel%2C%20%22exist%22%29%29.%0A%20%20FILTER%28YEAR%28%3Fdate%29%20%3C%3D%201990%29.%0A%7D%0ALIMIT%207
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We would like to obtain all literary works published before 1990 and whose
French title contains the string “exist”. This can be done using the SPARQL
query language, which is roughly the equivalent of SQL for knowledge bases:
the query is represented in Figure 1.13. The central notion in knowledge graphs
and SPARQL is the notion of triplets: x R y. refers to an edge of the R-relation
going from x to y. Then x Ry; S z. is an abbreviation for the conjunction x R y. x
S z. Hence, the central part (L. 4-8) of the SPARQL query of Figure 1.13 should
be understood as follows: we are looking for variables ?work, ?typeOfWork
(implicit), ?workLabel, ?date and ?authorLabel s.t.:
« there is a path from ?work to ?typeOfWork obtained by taking an edge ‘is

instance of’, and then an arbitrary number of edges of type ‘is subclass of’,
« ?typeOfWork should exactly correspond to the vertex called ‘type of work’,
« ?work and ?author have label ?workLabel and ?authorLabel, respectively,
« ?work was published on ?date, and
« ?work was authored by ?author.
The key feature of query languages for graph databases is illustrated by the

P31/wdt:P279+ instruction: this expression does not refer to a single edge of

the knowledge graph, but rather to a regular expression formed from these
edges. These regular expressions are in fact precisely what allows for easy
graph traversal! An example of a match of this expression is provided in red
in Figure 1.14. The output of the query of Figure 1.13 is provided in Table I.15.

non-fiction work QO
A~ knowledge orga-

. nization system
- reference work

biographical work literary work
e Q On“--.,,-.\on O fterary

biography O O - ) O catalogue
I

“ dictionary A

biographical
dictionary T
instance of
é Statistique des gens de lettres et
Ve | \\ des savants existant en France

author language
' date N
(0] (0]
Francois-Fortuné l French
Guyot de Fere (o)
1892
workLabel authorLabel

Statistique des gens de lettres
q & i Francois-Fortuné Guyot de Fere

et des savants existant en France

Le Chevalier inexistant Italo Calvino

L’existentialisme est un humanisme Jean-Paul Sartre

Ennui existentiel Anton Tchekhov
Les Ennuis de I'existence Anton Tchekhov
La tentation d’exister Emil Cioran
Inexistence David Zindell

21

Figure 1.14:  Part of the Wikidata
graph database. Dotted arrows rep-
resent the relation ‘subclass of’. The
red path matches the expression wdt
: P31/ wdt : P279 «. For readability,
labels are written next to the ver-
tices rather than as separate vertices
linked with a ‘has label’ relation.

Table 1.15:  Output of the SPARQL
query of Figure 1.13.


https://www.wikidata.org/wiki/Q112061434
https://www.wikidata.org/wiki/Q112061434
https://www.wikidata.org/wiki/Q66023922
https://www.wikidata.org/wiki/Q66023922
https://www.wikidata.org/wiki/Q150
https://www.wikidata.org/wiki/Q1787111
https://www.wikidata.org/wiki/Q1787111
https://www.wikidata.org/wiki/Q36279
https://www.wikidata.org/wiki/Q23622
https://www.wikidata.org/wiki/Q2352616
https://www.wikidata.org/wiki/Q6423319
https://www.wikidata.org/wiki/Q6423319
https://www.wikidata.org/wiki/Q13136
https://www.wikidata.org/wiki/Q15706467
https://www.wikidata.org/wiki/Q20540385
https://www.wikidata.org/wiki/Q7725634
https://www.wikidata.org/
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We formalize the core features of SPARQL as conjunctive regular path
queries: they consist of conjunctive queries, except that their atoms are no
longer of the form x N y (for some binary relation R € o), but can be more

generally of the form
x5 y  for some regular language L over o.

For instance, 11. 1-8 of the SPARQL query of Figure 1.13 can be modelled by the
conjunctive regular path query of Figure 1.16: notice the regular expression

in red.

r

FounpATION. Graph databases/knowledge graphs store information
as edge-labelled graphs. To allow for graph traversal, we extend con-
junctive queries to conjunctive regular path queries by adding regular

expressions.

2.3 Minimization and Structure of Conjunctive Regular Path Queries

While conjunctive regular path queries share some enjoyable properties of
conjunctive queries—for instance the decidability of semantical equivalence,
in contrast to e.g. first-order logic—its semantics is more complex: graph-
like phenomena (homomorphisms) intertwine with regular languages. Not
only does this lead to a complexity blow-up—semantical equivalence is NP-
complete for conjunctive queries but ExpSpace-complete for conjunctive
regular path queries—, it also breaks the nice theory of cores.

As a consequence, optimizing conjunctive regular path queries poses a
significant challenge to untwist graph properties from automata-theoretic
ones. This first part of this thesis is dedicated to this problem. After exposing
the basic theory of conjunctive regular path queries in Chapter III, we study
the MINIMIZATION PROBLEM in Chapter IV: given such a query and k € N,
we can decide if it is equivalent to a query of size at most k, and if so we can

produce it.

CoNTRIBUTION. Whether a conjunctive regular path query can be

minimized is decidable, and minimization is effective.

We notice that, somewhat unexpectedly, there are some conjunctive regular
path queries that are minimal in the sense above, but that are equivalent to a
finite union—in the semantical sense—of strictly smaller conjunctive regular
path queries.'®> We argue that measuring a union of such queries by the
maximal size of a query in the union is a sensible thing to do—because the
complexity of evaluating such a union depends mostly on this parameter—,

and prove that given a conjunctive regular path queries and k € N, we can
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Q typeOfWork
T

instance - subclass®

I
/O{ork

label date author
O{ ,l, \O author
workLabel O |
date label
¥
o

authorLabel

output: workLabel, authorLabel

Figure 1.16: A conjunctive regular
path query modelling the core part
of Figure 1.13.

Figure 1.17: Gulliver a Lilliput : Le
réveil sur la plage, by André Devam-
bez.

'3 This contrasts with the case of con-
junctive queries, where the notion of
core and the order-theoretic proper-
ties of relational structures precisely
prevents this phenomenon from ap-
pearing. In other words, this phe-
nomenon precisely emerges by inter-
lacing the graph structure and the
automata of the query.


https://www.musee-orsay.fr/fr/oeuvres/gulliver-lilliput-le-reveil-sur-la-plage-248152
https://www.musee-orsay.fr/fr/oeuvres/gulliver-lilliput-le-reveil-sur-la-plage-248152
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decide if it is equivalent to a finite union of queries which are all of size at

most k.

CoNTRIBUTION. Whether a conjunctive regular path query can
be minimized as a union of strictly smaller queries is decidable, and

minimization is effective.

Both algorithms are essentially brute-force, and the main technical diffi-
culty lies in proving that there are finitely many candidates to test, which
is not trivial because we do not ask for any bound on the size of the regular
languages.!* The idea behind the two algorithms are in fact surprisingly
different:

« in the first case—when union is not allowed—, we prove that if a query is
equivalent to another one with few atoms (but potentially big languages),
then it must be equivalent to a query with few atoms and small languages.
This property is proved by understanding the subtle interactions between
languages and the graph structure;

. in the second case—when union is allowed—, we build a canonical finite
union of queries, corresponding to the maximal under-approximation by
a finite union of small queries: it is the best under-approximation—in the
sense that it logically entails the query—and so, if the original query is
equivalent to a finite union of small ones, then it must be equivalent to
this maximal under-approximation. The difficulty there lies in proving
the existence of maximal under-approximation, or rather that it can be
expressed by a finite union. This construction can essentially be seen as a
smart brute-forcing, obtained by agglomerating all possible smaller queries.
One reason we resolve to using brute-force algorithm is that it is remark-

ably hard to understand when a query cannot be minimized. The case of

conjunctive queries is much simpler: if the core of the query has k edges (resp.
tree-width k), then any conjunctive query semantically equivalent to it must

use at least k edges (resp. have tree-width at least k).

Another of our contributions is to identify a sufficient condition on a
query so that any query that is semantically equivalent to it must contain a
“complex pattern”. The strength of this theorem lies in its general applicability,
as the notion of “complex pattern” is formalized as a “minor-closed class of
graphs”—examples include the class of all graphs with at most k atoms, or

the class of all graphs of tree-width at most k.

g 3

CoNTRIBUTION. We introduce the semantical structure theorem,
that provides a way to prove lower bounds on the number of atoms,
or tree-width, or in fact any minor-closed property, that is necessary

to express a query.

This tool proves useful to show minimality of specific examples—i.e. for
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4 Again, this is motivated by
the complexity of evaluating a
conjunctive regular path queries,
which mostly depends on how many
atoms/edges it has, and not so much
on how complex these languages are.
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proofs—, and to prove complexity lower bounds for our problem. However,
this only provides a sufficient condition, that is often not necessary, it fails to
provide a simple algorithm to test minimality—hence our brute-force algo-

rithms.

Then, in Chapter V, we turn to the question of tree-width. Similarly
to conjunctive queries, finite unions of conjunctive regular path queries of
bounded tree-width can be evaluated in polynomial time. It begs the question

of deciding when a query is actually equivalent to a query of small tree-width.

FounpATION. Barceld, Romero and Vardi [BRV16] devised an algo-
rithm to test if a conjunctive regular path queries is equivalent to a

finite union of “acyclic’—meaning of tree-width 1—queries.

The general question for tree-width k is left open in their paper as the
authors did not know how to extend their technique to this more general
setting. We extend their result, relying again on the notion of maximal under-

approximation:!®

we prove the existence and computability of the maximal
under-approximation by finite unions of queries of tree-width of a given

conjunctive regular path query.

CoNTRIBUTION. Given k € N, and a conjunctive regular path
queries, we can decide if the latter is semantically equivalent to a finite

union of queries of tree-width (resp. path-width) at most k.

The proof of existence of this maximal under-approximation is much harder
than in the case minimizing the number of atoms. It needs to deal with two
kinds of information: the structure of the query, i.e. its underlying graph,
and its languages, and so the proof precisely massages the query to preserve
information, at the same time, about the tree decomposition—serving as a
witness of the small tree-width of the query—and about the semantics of the
query.

Amusingly, we originally thought that our proof was not able to capture
the case k = 1 that was already handled, and that the constructions of Barcelo,
Romero and Vardi and ours were orthogonal. While writing the journal
version of this paper—that was originally published at ICDT ’23—, we wanted
to extend the results to path-width,'® but part of our construction broke.
Introducing the technical tool to fix it!”
that handles both the case of tree-width k (including k = 1) and path-width.®

Lastly, all these algorithms rely on testing the equivalence of conjunctive

actually leads to a unified solution,

regular path queries, which is ExpSpace-complete. It leads to resource-hungry
algorithms—although it has to be noted that it is worth running exponential
algorithms on smallish queries in order to optimize their evaluation on huge
databases!—which leads to a natural quest for identifying subclasses of queries

that admit more efficient algorithms.
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15 The paper of Barceld, Romero and
Vardi also relies on maximal under-
approximations, and this notion al-
ready existed for conjunctive queries.

16 The main motivation behind this
is that the evaluation of queries of
bounded path-width is not only poly-
nomial but even NL!

17 See the notions of contractions and
contracted path-width.

'8 The order of presentation of these
results does not follow the timeline of
their discovery: our work on seman-
tic tree-width was done in 2022-23
and published at ICDT ’23, while the
one on minimization was done in
2024-25 and published at PODS ’25.
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As witnessed by the example of Figure 1.13, the regular expressions used in
practice are often much simpler than the one required to obtain the ExpSpace-
hardness of the equivalence problem. Fortunately, conjunctive regular path
queries over simple regular expression, where the regular languages allowed
are restricted to be concatenations of edge labels and reflexive-transitive
closure (a.k.a. Kleene star) of edge labels, were already known to have a more

efficient algorithm for testing semantical equivalence.

CoNTRIBUTION. We prove that the problem of minimizing the num-
ber of atoms (resp. tree-width) of conjunctive regular path queries

over simple regular expressions lies in the polynomial hierarchy.

A consequence of our work on tree-width is that, given a conjunctive
regular path query that is promised to be equivalent to a query of tree-width
k, we can first compute said equivalent query of small tree-width by using
our algorithm, and then evaluate it on any database. This proves that the
evaluation problem for conjunctive regular path queries of bounded semantic
tree-width is FPT when parametrized by the size of the query.!

Whether the converse holds remains a mystery: many attempts have been
tried to extend Grohe’s proof for conjunctive queries to this setting, but all
failed, precisely because of the difficulty posed by the intertwining of the
graph structure and the automata. We conclude this part of the thesis by a
discussion of this problem, as well as whimsical ideas related to conjunctive

regular path queries in Chapter VL.

OreN ProBLEM. Characterize the classes of CRPQs with FPT evalua-

tion when parametrized by the size of the query.

To summarize, the query 1om,? data formulation of the HOMOMORPHISM
PROBLEM provides a robust foundation for classical database theory. The first
part of this thesis extends this framework to a richer context: graph databases

and queries extended with regular path predicates.

L3 Everyone Who Wants to Do Constraint Satisfaction Al-
ways Ends Up in Universal Problems

I[3.1 Constraint Satisfaction Problems

This second part explores the complexity of the HOMOMORPHISM PROBLEM
when the data is fixed and the query varies, focusing on constraint satisfaction

problems and automatic structures.

Constraint Satisfaction Problems. Going to the other side, encodings of model-

. hom _?
checking problems as HomoMORPHISM PROBLEMS of the form data —* query
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" This result was in fact already
known—but proven differently, with
an incomparable complexity (better
preprocessing but worst polynomial
exponent)—by Romero, Barcel6 and
Vardi [RBV17].

Figure 1.18: Looking glass room, by
John Tenniel.


https://commons.wikimedia.org/wiki/File:Aliceroom2.jpg
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can be thought of as “universal problems”—here “universal” does not refer to
some form of completeness, but simply to universal quantification. Notice e.g.
that they are anti-monotonic with respect to the data: for all structures A, A’ ﬁ
and B, if A 22 B and A’ is a substructure of A then A’ 2% B. Moreover, O\%O
while problems of the form query 1om,? data can be solved locally—whether

. . . Figure 1.19: The 3-clique Kj.
a vertex of the data is part of a solution (a homomorphism) only depends on

vertices at a bounded distance—, problems of type data Jom,? query cannot.

Example 1.3.1 (Graph colouring). Let k € N_,. We let the k-clique, denoted N / Rozo\ /‘O

by Ky, to be the graph whose vertices are [1, k]|, and with an edge from i to Oy O/‘ N &0

j (with i,j € [1,k])) iff i # j, see Figure 1.19. The classical graph-theoretical \\‘o'{ /
O MV N/

notion of k-colouring of a graph G consists of a map from vertices of G to / O\,
[1, k]l s.t. no two adjacent vertices are sent on the same colour/number. We o

then say that a graph is k-colourable when it admits at least one k-colouring. o /\ /0\ 7\ o
In other words, a k-colouring corresponds precisely to a homomorphism ©

) ) Figure 1.20: A 3-colouring of some
from G to K, where colours correspond to the vertices of the clique, see beetle-shaped graph.
e.g. Figure 1.20. Hence, a graph is k-colourable if, and only if, there is a

homomorphism from G to K. <&

For instance, 3-COLOURABILITY is a global property of a graph and cannot
be solved by gluing local solutions, or with greedy algorithms. In particu-
lar, this implies that fixing the query does not necessarily result in a drop
in the complexity: the 3-coLouraBILITY PROBLEM—Which takes as input a
finite graph and asks whether it is 3-colourable—is already NP-complete!
The next example shows that, even when the target structure is fixed, the

HOMOMORPHISM PROBLEM provides a flexible framework to encode problems.

Example 1.3.2 (SAT solving). We consider a 3-SAT instance, namely a finite

conjunction of disjunctions of three literals, say

n
¢ = /\ GiaViElip Vi,
i=1
where each ¢ i is either a variable, or the negation of a variable. We assume
w.Lo.g. that in each clause, positive variables appear before negative ones: this

20

of course can be achieved by a simple syntactical rewriting of each clause. 20 Meaning e.g. that x V =y V z iis not

We let B be the structure whose domain has two elements {0, 1}, equipped allowed, contrary to x V2V -y.
with four ternary relations X, through 3, where X; encodes clauses with

exactly j negated literals. They are formally defined as

‘%O = {011}3 N {<0/ OI 0>}I Rl = {011}3 N {<1I 0/ 0>}r
WZ = {0/1}3 N {<1/11 0>} and -%3 = {0/1}3 N {<1/1/1>}

We then encode ¢ into the relational structure F,, whose domain is the set of
variables of ¢, and for every i € [[1,n]], W]- (j € [[0, 3]]) consists of all triplets
of variables (x, 1, z) s.t. there is a clause of ¢p containing variables x, y and

z (with multiplicity), and exactly j of these variables occur negatively. For

26
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instance, (x,y, —x) € R;, and (—x, Y, -z) € R;3. A function f from the
domain of F,, to the domain of B amounts to picking a Boolean valuation
of the variables occurring in ¢. Observe that, by definition of the relations
R;, given a clause { containing variables x, y, z, f is a homomorphism from
F,toB iff f,seen as a valuation, satisfies 1.2! By taking conjunction, the
conclusion follows: homomorphisms from Fy to B exactly correspond to

valuations satisfying ¢. In particular, there is a homomorphism from F,, to B

iff ¢ is satisfiable.?? &

However, contrary to 3-coLOURABILITY and SAT solving, not all of these
problems are NP-hard. For example, 2-colourability is not only polynomial-
time, but can be solved using a greedy algorithm. This begs the question of
understanding what makes a relational structure hard for the HomoMORPHISM
PROBLEM when it is used as the target structure. This question is not only
motivated by theory: constraint logic programming has emerged in the 1980s
with Prolog IT and IIT; and modern programming languages such as answer-set

programming provide an efficient way of doing constraint solving.

x(1..9). % abscissa
y(1..9). % ordinate
n(1..9). % value

{sudoku(X,Y,N): n(N)}=1 :- x(X), y(Y).
subgrid(X,Y,A,B) :- x(X), x(A), y(Y), y(B), (X-1)/3 == (A-1)/3, (Y-1)/3 == (B-1)/3.

:- sudoku(X,Y,N), sudoku(A,Y,N), X |- A.
:- sudoku(X,Y,N), sudoku(X,B,N), Y '~ B.
:- sudoku(X,Y,V), sudoku(A,B,V), subgrid(X,Y,A,B), X |~ A, Y |- B.

#show sudoku/3.

Answer-set programming can be thought of, albeit caricaturally, as a
human-readable SAT-solver. It deals with variables, relations between these
variables, and logical rules between these variables. These rules take the
form ‘A - B’, which can be understood as ‘if B, then A’. The right-hand side is
parsed conjunctively while the left-hand side is parsed disjunctively: ‘A, B :- C,

D’ should be understood as ‘if C and D, then A or B’. Figure 1.21 provides an

example of a Clingo program for solving Sudoku grids:

« it starts by declaring three types of variables: abscissa x, ordinates i and
values 1 (representing a value in the grid), as well as their range;

« it introduces a sudoku ternary relation, where sudoku(x, y, 11) represents
the fact that entry (x,y) of the grid has value 7, and it says that there
should be exactly one value per entry;

« it introduces a subgrid relation, saying when two entries belong to the
same 3=3-square;

« finally, it says that any two values on the same column, row or subgrid
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21 For instance, if all variables are pos-
itive, then all valuations except the
one putting all variables to false sat-
isfy the formula. This is why R is
defined on B as {0, 1}* \ {(0,0,0)}.
22 Note that this example can be eas-
ily generalized to k-SAT for any k €
N.g. However, the signature de-
pends on k.

Figure 1.21: A Clingo program
(answer-set programming) to solve
Sudoku grids.  Written by En-
rico Hoschler [source]. Try run-
ning it on https://potassco.org/

clingo/run/!


https://ddmler.github.io/asp/2018/07/10/answer-set-programming-sudoku-solver.html
https://potassco.org/clingo/run/
https://potassco.org/clingo/run/
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must be different.?3

To solve a specific grid using the program of Figure 1.21, it suffices to add
declarations of the form ‘sudoku(4,1,5).", where ‘A.’ is a shorthand for ‘A :-’. This
specifies that the cell at position (4,1) has value 5.

Contrary to more classical programming languages, this paradigm does
not explain how things should be computed, but what constraints the memo-
ry/solution should satisfy. In HOMOMORPHISM PROBLEMS, the target structure
precisely plays this role of encoding constraints. For instance, the only con-
straint for a graph 3-colouring is that adjacent vertices must be mapped to
distinct colours: this constraint is reflected in K5 by the fact that the edges of
Kj are exactly the pairs of distinct colours.

The field of constraint satisfaction problems precisely aims at classifying
the structures B w.r.t. to the complexity of the HOMOMORPHISM PROBLEM
when the target structure is B. One of the earliest and most impactful re-
sult of the domain was found by Schaefer [Sch78], who proved that such
problems are either in P or NP-complete when the domain of B has two
elements—this already captures the example of SAT-solving (Example 1.3.2)
from earlier. A decade later, Hell and Nesettil [HN90] proved a similar result
for undirected graphs. Moreover, in both cases, these dichotomies are effec-
tive: given a structure, we can decide if its HOMOMORPHISM PROBLEM is in P
or is NP-complete. These results, together with the importance of constraint
satisfaction in computer science led Feder and Vardi at the end of the 1990s to
state their celebrated dichotomy conjecture: “for any finite structure B, the
HOMOMORPHISM PROBLEM with target structure B is either P or NP-complete”
[FV98]. Despite receiving lots of attention, the conjecture remained wide
open for two decades, until Bulatov [Bul17] and Zhuk [Zhu20] independently
showed the conjecture to be true.?*

However not all problems in P are complete for this class: some are even
simpler and are complete for NL or L, or even FO'"—i.e. when it is a first-order
definable class of finite structures. One result that will be of major impor-
tance in this thesis is a dichotomy theorem by Larose and Tesson separating
structures in FO'™™ from those that are L-hard [LT09].

FounpATION. The field of constraint satisfaction problems classifies
target structures depending on the complexity of their HoMoMORPHISM

PROBLEM.

3.2 Automatic Structures: The Dream Is Not Over Yet

The second part of this thesis is dedicated to pushing these results to their limit.
The structures handled by the HoMoMORPHISM PROBLEM, like most problems in
computer science, are usually assumed to be finite. We discuss in this section
the generalization of the problem to infinite structures. This motivated by

two facts: not only infinite structures naturally arise as from computational
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23 Recall that the left-hand side of
rules is understood disjunctively, and
hence - A, B’ reads as ‘if A and B,
then false’.

24 Both papers have in fact been first
published in 2017 in the same confer-
ence: [Zhu20] refers to Zhuk’s later
journal version.

Figure 1.22: Flowers for Algernon, by

Marshall P Baron. Licensed under
CC BY SA 4.0.
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models—the runs of a machine usually form an infinite structure—, they can
also model ‘mathematical universes’.

Von Neumann would have said “It’s all over”2?

after hearing Godel expose
his infamous incompleteness theorem in 1930: any effective (recursively enu-
merable) consistent theory that is expressive enough to express the arithmetic
is incomplete—i.e. it contains statements that are neither valid (true in all
models), nor unsatisfiable (false is all models). In other words, there is no
reasonable set of axioms to capture all mathematics: some statements must
necessarily fall outside the scope of the theory.

Completeness is perhaps best understood as follows: if a theory (a set of
axioms) is consistent—i.e. it has at least one model—and complete, then pick
any of its models. A statement is then valid in the theory if and only if it is
true in this model. Dually, if you are given a theory for which there exists a
model with this property (a statement is valid in the theory iff it is true in the
model), then the theory is complete. In essence, not only does Godel’s result
put a dent in Hilbert’s dream (“Wir miissen wissen. Wir werden wissen.’?®) of
building solid foundations for mathematics: in fact, it shatters the Platonistic
idea of an unequivocal and universal mathematical world, or at the very least
of one that can be captured by axioms.

Ironically, what makes Godel’s incompleteness theorem a proper abomi-
nation for computer scientists is probably another theorem of Gédel, known
as Godel’s completeness theorem and that he proved only a year earlier in
his Ph.D. dissertation: first-order logic admits a complete proof system. Or,
said differently, what is valid—that is, true on every model satisfying the
axioms—is exactly what can be proven. Hence, the Godel of 1929 could have
dreamt of a complete theory for mathematics. If a such theory existed, to
determine if a statement ¢ was valid, it would suffice to enumerate in parallel
all possible proofs of ¢ and of =¢. By completeness, this procedure would
always stop, and either conclude that ¢ is valid, or that —¢ is valid. Are
there cardinals strictly between 8, and the continuum? Start Turing’s nifty
device—invented in 1936—, and you would (eventually) get an answer! In this
strange world, automatic theorem proving would be a reality, and this thesis
would probably look very different.

Sadly for the Godel of 1929, the Godel of 1930 came, and so... “It’s all over”!
Since then, theories—such has Zermelo-Fraenkel set theory plus the axiom
of choice—have been developed, and while not being complete, they manage
to capture most of the parts of mathematics we are interested in.?’

Yet, after half a century of efforts to build solid foundations, the incom-
pleteness of this consolation prize is actually frustrating, and mathematicians

still often resort to denial.

“On foundations we believe in the reality of mathematics, but of course when
philosophers attack us with their paradoxes we rush to hide behind formalism
and say: “Mathematics is just a combination of meaningless symbols,” and

then we bring out Chapters 1 and 2 on set theory. Finally we are left in peace
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5 This quote is mentioned as histor-
ically accurate by [DPPDP09], how-
ever this claim seems undocumented
[Man11].

26 “We must know. We will know”

“Another case of men devoting their

lives to studying more and more
about less and less” —Daniel Keyes,

Flowers for Algernon.

27 For the sake of sanity, we assume
throughout this introduction that the
pronoun ‘we’ excludes set theorists.

Tv-elJA’elJA”

Figure 1.23: The first-order sentence
dAx.(x ¢ A’)V (x € A”) as written
by Bourbaki in [Bou06, § 1].

e

xeA”

xeA

Figure 1.24: The first-order sentence
of Figure 1.23 written using Frege’s
notations (1879).
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to go back to our mathematics and do it as we have always done, with the
feeling each mathematician has that he is working with something real. This
sensation is probably an illusion, but is very convenient. That is Bourbaki’s

attitude towards foundations.” —Jean Dieudonné [Die70].

For the reader intrigued by what could possibly frighten philosophers in Bour-
baki’s first volume, we refer them to the formula of Figure I.23—interestingly,
this is not the most frightening way to write formulas, see Figure 1.24!

However, not all hope is lost: while the Platonistic mathematical world
might not be understood, some of it restrictions might be axiomatized. In
1929, Presburger proved that a natural set of axioms for doing arithmetic with
only addition is also both complete and decidable—the formulas that are valid
in this theory exactly correspond to the sentences that are true on (N, +).
Around the same time, Tarski formalized Euclide’s geometry as a first-order
theory, and proved that is was complete and decidable, see [TG99].

Hence, logic is not completely useless at capturing complex infinite struc-
tures! Interestingly, generalizing the idea behind the decidability of Pres-
burger’s arithmetic, mathematicians and computer scientists kept rediscov-
ering the notion of automatic structures during the second half of the XXth
century.?® This notion captures the idea on why (N, +) can be simply axioma-
tized: in this sense automatic structures salvage the shards of mathematicians’
shattered dreams. Given an automatic structure and a first-order sentence,
we can decide whether it holds on this structure. These structures can be
infinite, but are, by definition, describable by finite-state automata—which is

what makes decidability possible.

FounpATION. The first-order theory of every automatic structure is
decidable.

Unsurprisingly, the foremost example of an automatic structure is (N, +).2
On the other hand, it should be noted that Peano’s arithmetic, namely natural
number with addition and multiplication (N, +, -) is not automatic, as it is al-
ready undecidable. While automatic structures cannot express “mathematical
universes” serving as foundations for a universal mathematical theory, they
are surprisingly adequate to express infinite structures arising from computa-
tional models. For instance, the graph of runs of a finite-state automaton is
automatic, since the unfolding of any finite graph is automatic. Even more
generally, the configuration graph of any Turing machine is automatic...3°

Hence, in Chapter VIII, we naturally study the HOMOMORPHISM PROBLEM
when the source structure is allowed to be any automatic structure. Surpris-
ingly, very little was known about this problem: the only known result by
Kocher states that whether an automatic graph is 2-colourable is undecidable
[K6c14]. Said otherwise, it is undecidable whether an automatic graph admits
a homomorphism to the 2-clique. This led us to conjecture that actually most

HOMOMORPHISM PROBLEMS on automatic structures should be undecidable,

30

28 1t should be noted that while the
most common way of proving the de-
cidability of Presburger’s arithmetic
today is by using automata, this is
not Presburger’s original proof, who
relies on quantifier elimination.

2 See Example VII.3.1.

30 See Example VII1.3.13.
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since K, is actually somewhat “simple”.

While the HoMOMORPHISM PROBLEM seems quite natural at first glance, a
homomorphism f from an automatic structure A to a finite one B does not
live in the same world as A and B, in the sense that it might not be finitely
presentable—its domain is infinite and so, a priori require infinite information
to be described. We introduce the notion of regular homomorphisms, that
corresponds to homomorphisms that are finitely presentable in the same
fashion as automatic structures, and show that this notion differs from the
notion of homomorphism, see Figure VIII.15 and Example VIIL3.9.

Our first contribution is to show that whether a graph admits a regular
2-colouring is undecidable. We then notice that a particular type of HO-
MOMORPHISM PROBLEM is decidable: for instance, if the target structure is a
transitive tournament. This is best understood on an example: consider the
3-transitive tournament depicted in Figure 1.25. A homomorphism f from a
graph G to T5 amounts to a function from the set of vertices of G to [0, 3] s.t.
for any vertices 1 and v, if there is an edge from u to v, then f(u) < f(v). Itis
clear that the existence of such a mapping is in fact equivalent to asking that
there is no path of length 4 in G. In turn, this property can be expressed by a
first-order formula, and is hence decidable on automatic graphs. More gener-
ally, this property can be extended to any target structure B with the property
that the class of (finite or infinite) structures A that admit a homomorphism to
B is first-order definable. Luckily for us, this class has been well-studied, and
is known as the class of structures with finite duality [Ats08]. In particular, let
us cite the result of Larose and Tesson who proved that any HOMOMORPHISM
PROBLEM whose target structure does not have finite duality must be L-hard
[LT09].

The HOMOMORPHISM PROBLEM on automatic structures is undecidable when
the target structure is a finite clique. Yet, it becomes decidable when the
target is a finite transitive tournament. This contrast leads to conjecture that
finite duality represents the frontier of decidability for automatic structures.
In Chapter VIII, we manage to prove this result, and extend it to regular

homomorphisms.

' 3

CONTRIBUTION. We provide a dichotomy theorem for automatic
structures: for any finite structure B, the HOMOMORPHISM PROBLEMS
with target structure B is either in NL or is undecidable. The same
holds for regular homomorphisms. Moreover, in both cases, these two

problems are decidable precisely when B has finite duality.

Part of the proof, namely the ‘undecidability’ part, are proven by generaliz-
ing Larose and Tesson’s reduction, although proving that the ‘base problem’
of the reduction is undecidable is non-trivial. For proving the decidability of
regular homomorphisms when B has finite duality, we provide two alterna-

tive proofs: a logical-one—which is quite abstract but somewhat short—and a
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graph-theoretical one—the algorithm is much more concrete, but the proof of
correctness is quite long. This last proof actually provides new hindsights
on an existing algorithm from the literature, called hyperedge consistency
algorithm.

Since the configuration graph of any Turing machine is an automatic graph,

31 can be understood as a variation

it follows that this dichotomy theorem
on Rice’s theorem, that states that any non-trivial semantical property of a
Turing machine is undecidable. Our dichotomy theorem hence implies the

following result.

e A

CONTRIBUTION.  Any non-trivial—i.e. non-first-order defin-
able—property on the configuration graph of a Turing machine is
undecidable, provided that this property can be expressed as a HOMO-

MORPHISM PROBLEM.

One of our motivations for studying this problem was actually originating
in the AUT/REC-SEPARABILITY PROBLEM, which takes as input two automatic
relations—namely are binary relations over finite words described by syn-
chronous automata—and asks if they can be separated by a recognizable
relation, i.e. a finite union | J, K; X L; of Cartesian products of regular lan-
guages. We prove this problem to be equivalent to the one taking an automatic
graph and asks if it has a finite regular colouring, which amounts to testing if
there exists some k € N for which the graph admits a regular homomor-
phism to K. We still don’t know whether this problem is decidable, even
if the results of Chapter VIII hints at its undecidability. Our undecidability
result for regular homomorphisms actually yield, when translated back to
the vocabulary of separability, that it is undecidable whether two automatic
relations are separable by a recognizable relation that can be written as a

finite union of k Cartesian products, whenever k > 2 is fixed.

[3.3 Language-Theoretic Properties of Automatic Structures

When dealing with regular languages, separability problems are quite com-
mon: given a class € of regular languages, understanding when two regular
languages can be separated by a language from € usually requires a much
deeper understanding of the class € than solving the membership problem for
C. In some sense, solving this latter problem only requires a qualitative under-
standing of €, while the separability problem requires quantitative knowledge
on the class. A remarkably efficient tool to prove them decidable is algebraic
language theory: this theory associates to every language a canonical algebra,
called syntactic monoid, with the property that it is finite if, and only if, the
language is regular. Moreover, the language-theoretic and logical properties
of the language can be translated to algebraic properties of this monoid: more
formally, there is a natural bijection between classes of finite monoids and

classes of regular languages under mild closure assumptions.
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31 See Theorem VII1.4.1 for a formal

statement.
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FounDpATION. Algebraic properties of finite monoids correspond to

language-theoretic and logical properties of regular languages.

In Chapter IX, motivated by the AUT/REC-SEPARABILITY PROBLEM, We
introduce an algebraic theory for automatic relations: these algebras are called
synchronous algebras. We prove that each finite-word relation®? admits a
syntactic synchronous algebra, and that this algebra is finite if, and only if|
the relation is automatic.

We then prove that classes formed of these algebras are in bijection with

the classes of automatic relations, under some mild closure assumptions.

CoONTRIBUTION. We extend algebraic language theory to handle

relations of finite words rather than only languages of finite words.

Furthermore, we show that this algebraic theory is relevant, in the following
sense. A synchronous automaton encodes a pair (from a binary relation) as a
finite word. This encoding is injective, but not surjective: not all finite words
correspond to encodings of pairs. Hence, the semantics of a synchronous
automaton can be precisely seen as the semantics of a classical automaton,
together with the promise that it will be only fed inputs that corresponds
to valid encodings. In other words, the behaviour of such an automaton on
words that do not correspond to a valid encoding plays no role whatsoever in
its semantics, see Figure 1.26.

This approach is ubiquitous in mathematics, and especially in logics: for
instance, first-order logic over finite structures is precisely defined as first-
order logic over all structures, restricted to finite structures! While being
natural and ubiquitous, this construction fails to preserve most properties
of the logics: for instance, first-order logic over all structures admits a com-
plete proof system, but does not when restricted to finite structures. The
model-checking problem is coRE-complete over all structures, but goes to RE-
complete—an incomparable complexity class—for finite structures. Proving a
meta-theorem on such a restriction that explains how some property behaves
in the restricted universe simply by knowing how it behaves on the larger

universe is hence somewhat unexpected but very welcomed!

( )

CONTRIBUTION. We prove that, for any class of regular languages
satisfying mild closure properties, assuming we can decide if a lan-
guage belongs to this class, then we can decide if an automatic relation
can be written as the restriction of a regular language in this class to

the set of all valid encodings of pairs of words.

Let us point out that actually, to arrive at this result the notion of syn-

chronous algebras is somewhat intricate. While a more naive definition exists
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32 A finite-word relation is simply a
subset R € X* X X for some finite
alphabet X.

semantic of
synchronous auto.

semantic of

“classical” auto.\y

“padding symb. at
the right pos®”
Figure 1.26:  Semantics of a syn-

chronous automaton.
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and makes sense, we show that such a result cannot be proven using this
simpler notion.

This algebraic theory could provide an interesting framework to study the
AUT/REC-SEPARABILITY PROBLEM. While the class of recognizable relations
has some desirable closure properties we need, it lacks others: unfortunately,
it implies that proving the decidability of the AUT/REC-SEPARABILITY PROBLEM

via this framework would be highly non-trivial.

OprEN ProOBLEM. Can we decide, given two automatic relations, if

they are separable by a recognizable relation?

In summary, this thesis explores two fundamental perspectives on HoO-
MOMORPHISM PROBLEMS: the first extends the theory of conjunctive queries
in database theory by adding regular path predicates, to capture natural
query languages for human-centered graph-shaped data. It focuses on the
problem of query minimization, both in terms of its total number of atoms,
or its tree-width, which is a relevant parameter to capture the complexity
of its evaluation. The second part focuses on the complexity of problems
related to constraint satisfaction over automatic structures. We show that
most structural problems, probing the shape of the infinite object at hand,
are undecidable. In contrast, language-theoretic problems, dealing with how
these infinite structures are represented—or rather how easy it is to represent

them—, remain decidable.
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Notations. We try to use notations that syntactically reflect their type: for
instance, given a set X, we use Roman lowercases (x, 1, z, ... ) to denote ele-
ments of X, Roman uppercases for its subsets (A, B, C, ... ), and cursive letters
(X, ...) for sets of subsets of X. Functions are denoted by f,g,h, etc. and
relations by uppercase cursive letters (%, S, ...).

Tuples (xq, ..., x;) are sometimes denoted by X. Machines (Turing machines,
automata, etc.) are also denoted with uppercase cursive letters (7, A, ...).
On the other hand, Greek letters are used to either denote queries (3,9, ...),
formulas (¢, x, ¢, ... ) or monoid morphisms (¢, x, ¢, 7). When possible, we
try to use the letter to recall the semantics of the object: for instance in
Chapter V, y will be used to denote a base query, « for one of its approximation,
p for a refinements and x for an expansion. We reserve boldface letters for
‘complex objects’ (e.g. a relational structure A or a monad S), and blackboard
bold for canonical objects (e.g. the natural numbers N) or pseudovarieties.

We will use A, B, ... to denote alphabets in Part 1 and X, T, ... to denote
them in Part 2.! Lastly, decision problems are typesetted in small caps (e.g.
FINITE REGULAR COLOURABILITY), complexity classes and categories in sans-

serif (coNP, ExpSpace, Set, Pos).

II.1 Set and Functions

We denote by N, N, and Z the sets of natural numbers—that naturally con-
tains zero—, of strictly positive natural numbers, and of integers, respectively.
For any n € N, Z/kZ denotes the set of integers modulo k, and for any
i,j € Z, [[i,]]l is the set of integers from i to j, bounds included.

The powerset—i.e. the set of all subsets—of a set X is denoted by P(X),
and P, (X) is defined analogously except that subsets are required to be
non-empty. The disjoint union of two sets is denoted by LI.

While a function f from set X to set Y is denoted by f: X — Y, we reserve
— and -» for partial functions and surjections, respectively. The restriction
of a function f to a subset A of its domain is denoted by f|,, and the identity
function x > x over a set X is denoted by idy. The domain of a function, be it
either total or partial, is denoted by dom(f). Given a function f: X — Y and
a subset A C X, we denote by f[A] the direct image of A by f.2 Similarly,
given a subset B C Y, f1[B] denotes the inverse image of B by f, and when
B is a singleton {b}, we will write f ~1[] instead.

A binary relation X over sets X and Y—i.e. a subset X € X X Y— is said
to be functional when for every x, there exists at most one y s.t. {x,y) € X.
When moreover X = Y, we say that it is:

« reflexive when (x, x) € R for all x;

+ symmetric when (x,y) € R iff {y,x) € X for all x, y;

« transitive when (x,y) € R and (y, z) € X imply (x,z) € R for all x, y, z.
An equivalence relation over X is any binary relation satisfying the three

previous axioms. Given an equivalence class ~ over a set X and an element
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2In the literature, f[A] is often abu-
sively denoted by f(A), although this
gives rise to an ambiguity between
function application and direct im-
ages, when there exists an element
A € X s.t. A C X: this happens for
instance when dealing with von Neu-
mann’s ordinals.



x € X, we denote by [x]™ the equivalence class of x under ~. Lastly, = denotes

the definition symbol: x = iy means that x is defined as y.

II.2 Relational Structures

II1.2.1 Basic Notions on Structures

Relational structures generalize the concept of graphs by allowing (1) mul-
tiple kinds of relations and (2) relations of higher arity. This data is made
explicit in the signature—also called vocabulary or even schema. We start
by defining a purely relational signature, which consists in a set of elements,
called predicates, together with, for each of these elements, a strictly positive
natural number, called arity. We denote by R, € o the fact that predicate %,
of arity k, is part of signature o. Then, a relational signature, or signature for
short, consists of a purely relational signature together with a set of constant
symbols.*

Then, given a signature o, a o-structure A consists of:

. aset A, called domain,

« for each predicate R(k) € 0, a k-ary relation R(A) C AF. and

« for each constant ¢ € 0, an element c(A) € A.

We call R(A) (resp. c(A)) the interpretation of predicate Ry (resp. constant c)
in A. By analogy with graphs, elements of the domain are sometimes referred
to as vertices. See Figure 1.2 for an example of o-structure.

The graph signature is a purely relational signature consisting of a single
binary predicate, either written & in prefix notation or — in infix notation.
Then, the o-structures over this signature exactly consists of directed graphs.

An element of X j)(A) is called an R-tuple of structure A. We also use the
terminology edge in place of tuple for binary predicates. An hyperedge of A
will designate any of its R-tuples, indifferently of the predicate X.

A o-structure A is said to be finite when its both its domain and its set
of hyperedges are finite. In particular, note that this last condition amounts
to asking that (1) for every predicate R € o, the relation ) (A) is finite,
and (2) there exists only finitely many predicates Ry € 0 s.t. Ry(A) is
non-empty.

A substructure of a o-structure A is another o-structure A’ s.t.:

« the domain A’ of A’ is a subset of A,
- each interpretation of a predicate in A’ is a subset of its interpretation in

A, and
« every constant of A belongs to A’, and the interpretation of the constants

in both structures coincide.

A proper substructure is a substructure for which at least one of the inclusions
in the first two points above is strict: in other words, such a substructure
should miss at least one element, or one hyperedge. Given a subset X of the

domain A of a o-structure A, the substructure of A induced by X is:
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3 We do not assume this set to be fi-
nite.

4 Usually the notion of signature also
allows for function symbols beyond
the degenerate case of constants.
However all the signatures consid-
ered in the thesis will be relational,
justifying the abuse of terminology.
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« undefined if not all constants of A belong to X,
« otherwise, it is obtained from A by restricting its domain to X, and by
intersecting its k-ary relations with X
The roles played by constants and predicates are obviously not symmetric.
For this reason we will often rather deal with pointed structures. Formally,
given a purely relational signature o, a pointed o-structures consists of a 0-
structure together with a tuple of elements of its domain. Note that pointed
o-structures with tuples of size k € N are in natural bijection with the set of

o’ -structures, where ¢’ is obtained from o by adding a set of k constants.

11.2.2 Constructions on Structures

The disjoint union of two structures over a purely relational signature is
obtained by taking the disjoint union of their domain and of their predicate
interpretations, and is denoted by W. Over other signatures, we same apply
construction but then identify the constants in both structures.’

Let again o to be any signature. Given two o-structures A and B, their
Cartesian product A X B is defined by taking the Cartesian product of their
domain, of their predicate interpretations and of their interpretations of
constants. Their block product has the same domain and constants, but now

the interpretation of predicate R in the block product consists of all tuples

(ay,by), . (b)) st

« either (ay, .., a;) € R(A)and by = ... = by, or

e a7 = .. = a; and (by, ..., by) € R(B).

See Figures I1.1 and I1.2 for examples. The k-fold iteration of A is denoted by
A¥ and is defined as

AX..XA.
—————
k times

Note that by construction, the disjoint union, Cartesian product and block

product of two structures over a signature yields a structure over the same

signature.®

I1.2.3 Adjacencies

Given a o-structure A and a € A, we define the adjacency’ of a in A to be the
tuple of sets

Adj[ie’i(a) = {<a11 ey Ai 1, Q517 ooe s ﬂk> S Ak_l
| <a1/ vee Iai—ll a, ai+1, ey ak> € .W(A)},

when X ranges over predicate of arity k of 0 and i € [[1,k]. For graphs, the
adjacency of a vertex corresponds to its set of predecessors and its set of

Successors.
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3> Hence this union is not entirely dis-
joint, however we keep the name for
uniformity. As we will see in Sec-
tion [11.1.3, this construction actually
satisfies the universal property of co-
products.

O—0—0

i) O\O\O
(©) (@) @) e}
Figure Il.1: Two graphs (above and

left) and their Cartesian product (be-
low right).

O0—0—0

[ [T
(©) O—0—0
Figure 11.2: Two graphs (above and
left) and their block product (below
right).
® This is what motivated the some-
what strange definition of disjoint

union for structures over signatures
that are not purely relational.

7We do not use the terminology
neighbourhood since it usually refers
to a set of elements, namely the set of
elements occurring in the adjacency.



I1.2.4 Undirected Paths

An undirected path in a o-structure A consists of a sequence

<a0, ]jlo, al, e y hi’l—l’ an>, with n € N,

where a; € A and each ; is a hyperedge of A s.t. both a; and a,,; occur in /;.
When such an undirected path exists, we say that there is an undirected path
between a, and 4,,, or equivalently that a, and a,, are connected.® A connected
component of A consists of an equivalence class under this relation.

An undirected graph consists of a domain, together with a set of (unordered)
pairs of elements of the domain. The incidence graph of a o-structure, for
some signature o, is the following undirected graph:

« its domain is the disjoint union of A and the hyperedges of A;
« there is an edge between two vertices iff one of them is a vertex a of A,
and the other is an hyperedge / of A, with the property that a € /.

The distance between two vertices of a o-structure is defined as half of their
distance in the incidence graph.” The diameter of a structure is the maximum
over u of the minimum over v of the distance between vertices u and v.

The ball B’ (a) centred at vertex a € A and of radium r € N of a o-structure
A is the substructure of A induced by all vertices at distance at most r. A
structure is said to be locally finite when every ball of finite radius is finite.

A simple path in a o-structure is a simple path in its incidence graph—in
other words, such a path should alternate between vertices and hyperedges,

and visit each of them at most once.

I1.2.5 Graphs

A directed cycle in a graph consists of a non-empty directed path from a vertex
to itself. A directed acyclic graph, or DAG for short, is any graph that contains
no directed cycle.

A directed tree is a non-empty graph s.t. there exists a vertex r with the
property that for every vertex v, there exists exactly one directed path from
to v: see Figure IL3.

The chromatic number of a graph is the least cardinal k s.t. it is k-colourable.

We say that a graph is finitely colourable when its chromatic number is finite.

I1.2.6 Homomorphisms

A homomorphism from a o-structure A to to a o-structure B consists of a
function f from A to B, s.t. for every Ry € o, for every (ay, ..., ar) € R(A),
we have (f(a;), ..., f(a;)) € R(B). Moreover, for every constant c € g, we
must have f(c(A)) = c(B).

An embedding is an injective homomorphism, whereas a strong onto ho-
momorphism is a homomorphism that is both surjective on the domain and

on the hyperedges. The existence of a strong onto homomorphism from a
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8 Note that this defines an equiva-
lence relation.

9By construction the incidence
graph is bipartite and hence the
distance between two vertices of the
structure is even.

o‘/o\‘o
VA"
o (l) o

Figure I1.3: A directed tree.
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structure A to a structure B is denoted by A LN B, and we say that Bis a
homomorphic image of A.

An isomorphism from A to B is a homomorphism f: A — B s.t. there
exists another homomorphism g: B — A with the property that go f =id,
and f o ¢ = idg. Equivalently, it is a strong onto homomorphism that is also
an embedding. Two structures are isomorphic, denoted by =, if there is an
isomorphism between them, and an automorphism is an isomorphism from a
structure to itself.

Given structures Ay, ..., A sharing the same signature, the i-th projection
from the Cartesian product A; X ... X A to A;, defined by {ay, ..., a;) — a;
(i € [1, k])), is a homomorphism, and is denoted by ;.

Given a o-structure A, a congruence on A is an equivalence class ~ of A s.t.
for every ﬂ(k) € o, for every (ay, ..., a) € R(A), for any tuple (a}, ..., a;) €
Ak st a; ~ a; for each i € [1,k], then ¢aj, ..., a;) € R(A). The quotient
structure defined by a congruence ~ on a structure A has the equivalence
classes of ~ as its domain, and natural interpretation of the predicates and
constants.

Given a homomorphism f: A — B, the congruence induced by f, and
denoted by kery is defined by a ker; a” iff f(a) = f(a’) foralla,a” € A. Itis
routine to check that it is indeed a congruence on A.

We will often implicitly use Noether’s first isomorphism theorem: the
substructure of B induced by the image f[A] of A is isomorphic to the quotient
of A by kery.

11.2.7 Cores

Two o-structures A and B are homomorphically equivalent it A 1om, B and
B % A
A retraction of A is a substructure A’ of A together with a homomorphism

from A to A’ with the property that any vertex of A’ is sent on itself.

Proposition II.2.1. Any finite o-structure A admits a unique minimal (in the

number of vertices) retraction.

\ol
7 <

VAVAVAVNEERVAN

Proof. The existence is trivial. For the uniqueness, consider two retractions
:A — Bjan : A — B,. We want to prove tha an are
1Ah0m Bl d 2Ah0m Bzw ttp thtBl dB2
isomorphic. Since B; is a substructure of A, consider f,|p, : B om, B,. By
minimality of B,, this homomorphism must be surjective. By symmetry,
hom . . . . ey
filp,: By — By is also a surjective homomorphism. By composition, we
obtain surjective homomorphism from B to itself and from B, to itself. By

finiteness, these surjective homomorphisms must actually be automorphisms.
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Figure I1.5: On the left-hand side a
graph, and its core on the right. The
colours are not part of the structure,
but are used to describe the retrac-
tion of the original structure onto its
core. (Replica of Figure 1.10.)
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Hence, it follows that f|p, and fi|p, are isomorphisms, and hence B is

isomorphic to B,. O

This unique minimal retraction of A is called core of A and is denoted
by B. By construction, the core of A is a substructure of A to which it
is homomorphically equivalent, see Figure II.5. In general, a core is any

o-structure such that is the core of some structure—or equivalently of itself.

Proposition I1.2.2. A finite o-structure C is a core if, and only if, every

homomorphism from C to itself is an automorphism.

Proof. For the left-to-right implication, we let f: C — C be a homomorphism.
Then f[C] must be isomorphic to C, otherwise we would obtain a strictly
smaller retraction. Hence, f is a strong onto homomorphism from C to itself,
and hence is an automorphism.

Conversely, assuming that any homomorphism from C to itself is an auto-
morphism we get in particular that any retraction must be an automorphism,

and hence that C is isomorphic to C. O

Proposition I1.2.3. Two finite structures are homomorphically equivalent if,

and only if, their core are isomorphic.

Proof. The right-to-left implication is trivial. For the converse one, denote
the two structures by A; and A,, and suppose that A; is homomorphically
equivalent to A,. Using the homomorphical equivalence of A; and A,, we
get retractions of A, onto A; and of A; onto A,. It follows that we have
surjective homomorphisms from A, to A, and conversely. Hence, A; and

A, are isomorphic. O

Proposition I1.2.4. Given a o-structure B, if B is a core, then two elements

by and b, of B have the same adjacency iff b; = b,.

Proof. The right-to-left implication is trivial. For the converse one, consider
the homomorphism from B to itself which maps b, to b;, and all elements
of B \ {b,} to themselves. Since we assumed that b; and b, have the same
adjacency, this is indeed a homomorphism, which is clearly not bijective, and

B is not a core. O

IL.3 Logic Related Notions

I.3.1 First-Order Logic and Beyond

We fix a purely relational signature 0. A Boolean (semantical) query is any
subclass of the class of all o-structures. More generally, a k-ary query is a
function that maps any o-structure to a (potentially empty) set of k-tuples of

vertices. We now turn to more syntactical definitions of queries.
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We assume that we are given a countable infinite set of variables. A first-

order formula is any formula generated by the grammar

¢ = Ry, ) | =0 | OV | GAG | x| V.,

where the x;’s ranges over the set of variables and ;) over the signature o.

HyroTHESIS. We assume that, even when not mentioned explicitly,
the signature contains a binary predicate = that is interpreted over all

structures as equality.

A first-order sentence is any first-order formula with no free variable. Given
a first-order formula ¢ with free variables X, denoted by ¢(X), and a pointed
o-structure (A, @) where the arity of i coincide with the one of X, we denote
by (A, a@) £ ¢(X) the fact that (A, 7) is a model of ((X): this can be defined by
a trivial induction on the formula, by interpreting:
« the free variable x; as a;,
« the predicates R as the relation K(A),
o =, V, A, dand V as the Boolean operators of negation, disjunction and
conjunction, and as the existential and universal quantifiers, respectively.
Given a o-structure A, we then denote by [((X)]* the set of tuples 7 s.t.

(A, ) F 9(X).

Remark II.3.1. Strictly speaking, the data ¢(X) is richer than just a formula,

however we will abusively still call this pair a formula. &

We now define the classes I, and X, (n € N) of first-order formulas as
least fixpoints, with the property that Xy € X1 C ... and dually for I'T,. We
let Xy = I1; be the set of quantifier-free formulas. Then for all n € N, we

consider the following rules:

per, ¢ ell,
T -7n d L -
—@EHH o _‘Qbezn

moreover II, € X, .1 and X, ,; is closed under disjunction, conjunction
and existential quantification, and dually 2, C II,,; and II,,; is closed
under disjunction, conjunction and universal quantification. Formally, the
hierarchies

Yol Xy and ITy € II; € -

are defined as the smallest sets of formulas satisfying these rules. Then, the
quantifier alternation rank of a formula ¢(%) is the least n € N s.t. ¢(X) belongs
to either X, or I'l,,. Formulas from Y., are called existential formulas, and
we define a few important fragments of this logic in Table IL.6 by restricting
which operators are allowed to build formulas.

For instance, dx. dy. =R(x, y) is an existential formula but is not existential-

positive. On the other hand, Ax. Ay. R(x, y) is primitive-positive, and hence
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Fragment of existential FO Operators allowed

existential-positive formulas 4 AV

primitive-positive formulas A
positive quantifier-free formulas A

also existential-positive.

A relation over a o-structure A is said to be first-order definable when it can
be written as [(p(X)]* for some first-order formula ¢(¥). Moreover, a class of
o-structures is said to be first-order definable, when there exists a first-order
sentence ¢ s.t. the class of structures A s.t. A k ¢ is precisely the class itself.

First-order logic simply consists of the syntax of first-order formulas to-
gether with their semantics. Lastly, monadic second-order logic (resp. second-
order logic) is obtained from first-order logic by also allowing quantifications
over subsets of the structure (resp. relations of arbitrary arity over the struc-

ture).

I1.3.2  Automata Theory

Given a set X, we denote by X* and X" the set of finite words over X, and of
non-empty finite words over X, respectively. The empty word is denoted by
€. An alphabet is nothing else but a finite set, and we denote by 2 the binary
alphabet {0, 1}.

In an automaton A, we denote by p -5 g € A the fact that there is an
a-labelled transition from p to gq. A regular language is any language—i.e.
subset of X for some alphabet Y —that can be recognized by a finite-state
automaton.

The signature of words over X has a binary predicate < as well as a unary
predicate 4 for each a € X. A word w, --- w,_; of length 7 can be seen as a
structure over the signature of X-words by taking [0, — 1] as its domain,
interpreting < naturally, and interpreting a € X as the set of i € [0, —1]
s.t. w; = a. It is well-known!? that a language is regular if, and only if, it
is definable in monadic second-order logic. When £ = 2, the signature of

Y-words is also called the signature of binary strings.

I.3.3 Monoids

We refer the reader to Pin’s seminal lecture notes [Pin22] for an introduction
to algebraic language theory.

A monoid M = (M, -,1) is a set M together with an associative binary
operator - called product, and an element 1 € M, called unit, s.t. x-1 =x=1-x
forall x € M. A monoid morphism is a function between monoids that preserve
the product and unit.

Monoids—or rather monoid morphisms—can be used to recognize lan-
guages as " is itself a monoid under concatenation—actually, it is the free

monoid over L. A language L is regular if, and only if, there exists a finite
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Table 11.6: A few fragments of exis-
tential formulas defined by restrict-
ing the operators that are allowed.

10 See Section VII.1.1 for details.
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monoid M, and subset Acc € M (called accepting elements), and a monoid
morphism ¢: Z* — M s.t. L = ¢![Acc]. Another way of thinking of the
pair (¢, M) is as follows: a deterministic complete semiautomaton can be
described as a set Q together with a monoid right action of £* over Q. On
the other hand, a surjective monoid morphism ¢: X* - M consists of both
a monoid left action and a monoid right action of X" over a set M, with the
property that u - (x-v) = (u-x)-vforallx € M and u,v € L*. In other
words, while automata states represent some information on the word that is
updatable by appending letters on the right, monoid elements represent an
information on the word that is updatable both by appending letters on the
left or the right.

Unsurprisingly, there is a notion of “minimal information” required to rec-
ognize a monoid, giving rise to the notions of syntactic monoids and syntactic
morphisms, see e.g. [B0j20, Theorem 1.7].

Submonoids and quotient structures are defined analogously to substruc-
tures and quotient structures for relational structures. We say that a monoid
divides another one if it is a submonoid of one of its quotients. A pseudovariety
of monoids V consists in a set of finite monoids closed under finite Cartesian
products and monoid division.!! For more details on these, see [Pin22, §XL1,
p. 189] under the name “variety”. On the other hand, a *-pseudovariety of reg-
ular languages consists of stream, i.e. a function V: X + Vy from alphabets
to languages over this alphabet, with the following properties:'2
« it is closed under Boolean operators;

« it is closed under preimages by monoid morphisms, in the sense that for
every monoid morphism ¢: ['* — Z*, for any L € Vy,, then ¢p—[L] € Vr,
and

« itis closed under residuals, in the sense that for any L € Vy, forany u € X,
thenu 'L 2 {v € X" | uv € Lyand Lu™' 2 {v € £* | vu € L} both belong
to Vy.

A seminal result by Eilenberg shows that, mapping a pseudovariety of monoids

V to the stream associating to X the set of languages over X that are rec-

ognized by a monoid from V yields a *-pseudovariety of regular languages,

and moreover, this operation is a bijection! This result generalizes Schiitzen-
berger’s infamous theorem, showing that star-free languages are exactly those
recognized by aperiodic monoids: for this reason, this bijection is called the

Eilenberg-Schiitzenberger correspondence.!3
Lastly, given a stream of regular languages V, the 17-MEMBERSHIP PROBLEM

takes as input an alphabet X and a regular language L € X%, and asksif L € Vy.

When V is a pseudovariety of regular languages, a powerful technique to solve
this problem is to prove that the membership problem of the corresponding

pseudovariety of monoids is decidable.
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T “Pseudovariety of foo” and “variety

of finite foo” are used interchange-
ably in the literature.

12 See also [Pin22, §XII1.3, p. 226].

BSee [Pin22, Theorem XII1.4.10,
p- 228] for more details.
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II.4 Computability and Complexity

I1.4.1 Turing Machines

We assume that the reader is familiar with Turing machines, see e.g. [AB09,
§ 1]. Unless stated otherwise, a Turing machine is assumed to have a single
tape, which is bounded on the left but not on the right. The configuration
of a Turing machine consists of the content of the tape at a given point,
the position of the machine’s head, at well as its current state. It can be
summarized by a triple (u, g, v), where q denotes the current state, u is the
word written strictly on the left of the head, and v is the word written to
the right of the head (head included). The initial configuration of a Turing
machine M refers to the configuration (¢, gy, €) where g, is the initial state of
M. A configuration is reachable whenever it can be obtained from the initial

configurations by applying a finite sequence of transitions of the machine.

I1.4.2 Elements of Complexity Theory

We assume familiarity with basic complexity classes, see e.g. [AB09, § 2-5].
We say that two decision problems are computationally equivalent when there

are many-one reductions between them.

Complexity Classes. Here are the most important classes that appear in
this document—the other ones will all point to their respective entry in the
Complexity Zoo:

« FO'I refers to first-order definable classes, see Section VIL2.2 for the defi-
nition;

« L and NL refer to problems solvable in deterministic and non-deterministic
logarithmic space; for hardness we usually consider first-order reductions;

o P (resp. PSpace) refers to problems solvable in deterministic polyno-
mial time (resp. polyomial space); hardness is usually considered under
logarithmic-space reductions;

« NPand coNPrefer to the first level of the polynomial-time hierarchy [AB09,
§ 2], and Zg , 1_[57 to its second level, see e.g. [AB09, § 5]; hardness is usually
considered under logarithmic-space reductions;

o k-ExpTime and k-ExpSpace are the problems solvable in time and space

.2poly(1)
ne 22" ,

—————
k times

respectively; hardness is considered under polynomial-time reductions;

« Tower is the class of problems that can be solved in time # +— tower(f (1))
for some elementary function f 14 where tower(n) £ t(n,n) and t is the
function defined recursively by t(p,q) = 2!?~14) and +(0, q) £ g: in other
words tower(n) it is a tower of exponentials whose height is given by the

input; hardness is defined under elementary reductions, see [Sch16] for
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“Mais dans ce sandwich absurde en-
tre mon initialisation et ma terminai-
son, que m’aura-t-il vraiment man-
qué ? Peut-étre un corps... un corps
qui ressent et tutti quanti!” —Gilles
Dowek, Laurence Devillers & Serge
Abiteboul, Qui a hacké Garoutzia.

14 Recall that an function is said to be
elementary when it is bounded by a
tower of exponentials of fixed height.
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more details on this class.

Computability Classes. We now turn to undecidable classes: all hardness
result are considered up to many-one reductions, i.e. instance-preserving
computable functions. We denote by RE and coRE the classes of recursively
enumerable and co-recursively enumerable problems, respectively. The next
levels £0 and IT{ of the arithmetical hierarchy can be defined as the classes
of sets that are definable by a first-order formula from the fragments ¥, and
I1,, respectively, in the structure (N, +,-). It can be shown that 28 = Hg
corresponds to the class of all decidable problems, and Z? = RE and H? =
coRE. The only other levels that will be of interest to us will be £ and I').
The analytical hierarchy is defined analogously, by replacing first-order logic

with second-order logic.

Decision Problems. CONNECTIVITY IN FINITE GRAPHs is the decision problem
that takes as input a graph and two vertices s and ¢, and asks if they are
connected. REACHABILITY IN FINITE GRAPHs is defined analogously, but
asks rather if there is a directed path from s to ¢. Surprisingly, despite their
resemblance, these two problems have a distinct complexity: REACHABILITY
IN FINITE GRAPHS is NL-complete, see e.g. [AB09, Theorem 4.18], while
CONNECTIVITY IN FINITE GRAPHS is only in L by Reingold’s theorem, see e.g.
[AB09, Theorem 21.21]. In fact, the problem is L-complete: Etessami even
proved that the problem was L-hard under first-order reductions even if the
graph is restricted to be a directed path [Ete97, Theorem 3.2]!

I1.4.3 Parametrized Complexity

A parametrized language is any subset L € X* X N: the first component
represents an instance, and the second a parameter. We define FPT as the class
of fixed-parameter tractable problems, for which there is a Turing machine
M s.t.
M accepts (x, ky iff (x,kyelL,
—

input parameter

and, moreover, M runs in time O(f(k) - |x|°), for constant ¢ that does not
depend on x nor k, and where f: N — N is a computable function.

XP is the class of slicewise polynomial-time problems L € X* X N: s.t., for
every bounded value of the parameter, then the resulting language must be

in P. Formally, for each k € N, we ask that the (classical) problem
{ue Xl | (u,kyel}

belongs to P.
Note that FPT is, by construction, included in XP. However, an algorithm

that runs in time O(|x|*) is a typical example of algorithm that is XP but not
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FPT.

The class W[1], which we will not formally define here, can roughly be seen
as the equivalent of NP. See [Cyg+15] for a formal definitions. Some problems
in XP belong to FPT, and are considered to be tractable, i.e. efficiently solvable
in practical. On the other hand, others problems, such as the k-clique problem,
when parametrized by k, are in XP but are W([1]-hard, and hence conjectured

not be in FPT. We think of these problems as non-tractable.
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CHAPTER

Query Languages for Relational and Graph Databases

ABSTRACT

This preliminary chapter briefly surveys the literature on the notion of conjunctive
queries, conjunctive regular path queries and related notions. We start by presenting
the notion of duality for conjunctive queries, and how it can be used for the static
analysis of this language. We then turn to the more complex language of conjunctive

regular path queries designed for graph databases, which will be the focus of the rest
of this part of the thesis.
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III.1 Relational Databases

We assume familiarity with basic SQL and the concept of tables—however a
very high-level understanding of these notions should be more than enough

to follow this chapter.

1.1 SQL and First-Order Logic

The most common model of databases is by far that of relational databases,

in which data is stored in tables: an example is depicted in Table IIL.1.

MoVIES
id title length director
197 Eyes Wide Shut 159 Stanley Kubrick
205 J’ai tué ma meére 96 Xavier Dolan
304 Amadeus 161 Milo§ Forman
321 120 Battements par minute 143 Robin Campillo
Rooms PROJECTIONS
id  capacity movie_id  room_id time
1 108 197 2 2025-03-28 14:00
2 124 205 3 2025-03-28 14:30
3 96 321 4 2025-03-28 14:30
4 102 197 1 2025-03-28 17:00

Formally, a pointed relational database (D, d) over a purely relational sig-
nature o consists of, for each predicate X of arity k in o, a finite k-ary relation
R (D), as well as a tuple d of elements, called constants. A relational database
is a pointed relational database whose tuple is empty.! The data consisting of
a tuple occurring in some relation (D), together with its predicate R,
is called a fact. From a practical perspective, relations model the tables, while
each fact corresponds to some row: for instance the database of Table III.1
has three relations, twelve facts and no constants.?

Naturally, each pointed relational database yields a o-structure whose
domain is the set of elements occurring in some fact of the database or as a
constant. This structure has the property that each vertex either belongs to
some hyperedge or is a constant: in other words, it has no isolated vertices.
This mapping is in fact one-to-one: pointed relational databases over ¢ are in

bijection with pointed o-structures with no isolated vertices.

HyproTHESIS/NoTATION. We identify (pointed) relational databases

with (pointed) relational structures with no isolated vertices.

As mentioned in Chapter I, from a theoretical perspective, a very natural

way of querying these structures is via first-order logic. Remarkably, it is
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Table 111.1: A relational database con-
sisting of three tables, representing
data stored by a cinema. (Replica of
Table 1.4.)

It is often asked that at least one
R ) (D) is non-empty. Whether this
condition is imposed does change the
theory—for instance the first-order
sentences that are valid over all non-
empty structures is a strict supset of
those valid over all (possibly empty)
structures. However, this condition
is mostly required for historical rea-
sons, and whether the databases are
allowed to be non-empty will be of
little importance for the query lan-
guages we will consider.

2 Many variations on the defini-
tion above exists: for instance the
columns of the table are often given
a name (called attribute), see e.g.
[AHV95, § 3.1-3.2]. This is usually
done to make the syntax of relational
algebra easier on the eye, however
this is only syntactic sugar [AHV95,
Proposition 5.1.2].
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exactly as expressive as the fragment of k-ary SQL queries generated by

(P(k) = SELECT DISTINCT attributey, ..., attribute,

FROM ¢(11), .ee ,qb(ln)
WHERE some condition (1)

| some table of arity k

| Oy UNION oy | Py EXCEPT | Py INTERSECT ¢y,

where i; + ... + 1, = k and the condition after WHERE is a conjunction of
equalities between attributes and/or constants. Dealing with the arity k € N
is required to ensure e.g. that the union is homogeneous—i.e. that all facts in

the union have the same arity.

Proposition II1.1.1 (Codd’s theorem [Cod72, § 4]).% First-order logic over o-
structures with no isolated vertices is equally expressive to the SQL fragment

defined in (IIl.1). Moreover, this equivalence is effective.

Proof sketch. Warning: dealing with all the subtleties of the proof is actually
somewhat tedious. Hence, we provide an informal proof, which prioritizes
intuition over formalism.
%@ From SQL to FO. Expressing a SQL query as a first-order formula is
intuitive, by generalizing the idea given in Section 1.2.1:
« UNION, EXCEPT AND INTERSECT are interpreted as the union, set dif-
ference (i.e. — A (=—)) and intersection;
« a table of arity k, modelled as a relation R, is encoded as the atomic
formula

(P(k)(xl, ,xk) = W(k)(xl, ,xk)

with k free variables which are all fresh;

+ aquery

SELECT DISTINCT attributey, ..., attribute;
1

FROM ¢ ), - "PZ‘”)

WHERE 6

is encoded as

v(yq, -, yy) = 3. é(lil)(x%, ,xill) A A @Zn)(x’f, ,x;’;) ANO,

with yq, ..., y; being the variables associated to the attributes—e.g. if
attribute, is the third attribute of ¢?, theny; = x%— and X is the tuple of all
variables of the form x; that are distinct from the y;’s. Moreover, each ¢’
and 0 denotes the encodings of ¢' and 0, which can be defined recursively
for qbi and trivially for 6.

%@ From FO to SQL. The converse encoding, i.e. from first-order logic to

SQL queries, is a little more tricky:
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3 Also, the DISTINCT keyword is only
necessary because SQL has a multi-
set semantics rather than a set-based
semantics...

4 Codd’s theorem actually deals with
relational algebra rather than SQL.
The equivalence between relational
algebra and the fragment (IIL.1) of
SQL is however straightforward. See
also [AHV95, Theorem 5.4.6].



« union is encoded with UNION, intersection and existential quantification
with SELECT DISTINCT-FROM-WHERE;

+ we encode negation using EXCEPT and a SQL query that outputs every
k-tuple of vertices of the structure—this query can be written as a big union
of SELECT DISTINCT-FROM queries;

« lastly, universal quantification can then be obtained using the tautology
Vx. ¢(x) = ~Ix. ~p(x). O

A crucial ingredient that ensures the correctness of these encodings is actu-
ally the fact that relational databases are encoded as relational structures with
no isolated variables.’ Take for instance the first-order formula ~Room(x, y):

we translated it to the SQL query
All pairs EXCEPT (SELECT DISTINCT x,y FROM Room)

where ‘All pairs’ is a query outputting all pairs in the database. This latter
query can actually be expressed as a union of SELECT DISTINCT-FROM
queries precisely thanks to the lack of isolated vertices in the structure: for
more details, we refer the reader to the term “active domain” in [AHV95].°
The expressiveness of this fragment of SQL however comes to the cost of

computational efficiency.

Proposition III.1.2 (Folklore). Given a first-order formula ¢(X), a relational
structure D with no isolated vertices, and a tuple d, deciding if d € [¢(x)]P

is PSpace-complete.

Proof sketch. The upper bound can be proven by considering the naive algo-
rithm that recurses on the formula. The lower bound follows from a trivial

reduction from the quantified Boolean formula problem. O

Even worse, when turning to the static analysis of these queries, the prob-
lems become undecidable. Given two (semantical) queries ¢ and 1, we
say that they are semantically equivalent—implicitly over finite relational
databases—when for every finite relational databases D, we have D € ¢ iff
D € ¢’. This fact is denoted by ¢ = ¢'.

Proposition III.1.3 (Trakhtenbrot, see e.g. [AHV95, Theorem 6.3.1 & Corol-
lary 6.3.2]).” It is undecidable whether a first-order formula is satisfiable over
finite relational databases. In turn, validity and semantical equivalence are

also undecidable.
In turn, it means that there is no hope to optimize a SQL query from the

fragment (IIL.1), in the sense of Section 1.2.

Corollary III.1.4 (Folklore (but not often mentionned), see e.g. [AW12,
Remark 5.3]). Given a first-order formula ¢ and k € N, it is undecidable

whether ¢ is semantically equivalent to a formula with at most k variables.
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5 The restriction of first-order logic to
relational databases is usually called
relational calculus.

® The query =Room(x, ) is actually a
good example of why there is no built-
in negation in SQL, even though it
would not change its expressiveness:
it is actually very hard to imagine a
situation where knowing that ‘Xavier
Dolan’ is not the id of a room with
capacity 2025-03-28 14:00’ would be
useful...

7 Stricto sensu Trakhtenbrot’s theo-
rem deals with all relational struc-
tures, and the notion of semantical
equivalence differs when considered
over relational databases or all rela-
tional structures. But the proof of
undecidability in the two settings do
not differ substentially.
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https://en.wikipedia.org/wiki/Trakhtenbrot%27s_theorem
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II.1.2  Conjunctive Queries to the Rescue

The undecidability results of Proposition II1.1.3 and Corollary III.1.4, together
with the fact that queries occurring in practice—see Section 1.2.1—are much
simpler than the formulas occurring in the undecidability proofs motivate
the study of well-behaved query fragments. We will focus on conjunctive

queries, which arise from the grammar

(P(k) = SELECT DISTINCT attributey, ..., attribute,
FROM ¢(i1)/ [ (P(l'n) (HIZ)
WHERE some condition

| some table of arity k

of SQL, where, once again, i; + ... +i,, = k and the condition after WHERE
is a conjunction of equalities between attributes. From the proof of Proposi-
tion I11.1.1 it actually follows that this fragment is exactly as expressive as the

fragment of first-order logic, restricted to relational databases, generated by

¢ u= Ry (xq, o, x) | AP | x. @, (II1.3)

where ) ranges over the signature.
Now observe that, when dealing with the fragment (II1.3), the first-order
formula (Jx. ¢(x, 7)) A P(2) is equivalent to x’. (Pp(x’, §) A P(Z)) where x’

is any variable that occurs neither in i nor in Z. For instance, we have
(Fx. P(x)) A Ax. Jy. R(x,y)) = Az. Ax. y. P(2) A R(x,y).

This leads to a simple rewriting system that puts every formula from (II1.3) in

so-called prenex form.

Proposition II1.1.5 (Prenex form). Every formula from (IIL.3) can be written

in the form

Ix. /\ Rl W, Y- (IIL4)

i=1

Translating back the formulas in prenex form to SQL queries, it implies that

the fragment (III.2) is no more expressive than its induction-free fragment

¢y = SELECT DISTINCT attributey, ..., attributey
FROM table(il), ey table(in) (IHS)
WHERE some condition.

Hence, we define a conjunctive query to be any first-order formula in
prenex form—see Equation (IIL.4). Recall that, as mentioned in Remark I1.3.1,
we assume that formulas come with a tuple of variables, containing all free

variables. Hence, a k-ary conjunctive query over a purely relational signature
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o, or CQ for short, amounts to a finite set of atomic formulas of the form
R (X1, - , Xg), called atoms, with Ry € o, together with tuple of k variables

8

X, called free variables or output variables.° The set of atoms is denoted

conjunctively. So, an example of conjunctive query is

y(title, time) = MovIEs(movie_id, title, length, director)

A ProjeECTIONS(movie_id, room_id, time).

Semantically, it is interpreted as the first-order formula in prenex form in
which every variable that is not an output variable is quantified existentially,

giving in our case

dmovie_id. dlength. Adirector. Aroom_id.
Movies(movie_id, title, length, director)

A ProjeEcTIONS(movie_id, room_id, time).

Interestingly, the semantics of conjunctive queries can be described using
homomorphisms, via the theory of duality@@CQ: this was first noticed by
Chandra and Merlin in their seminal 1977 paper [CM77].

Definition III.1.6. The canonical database associated to a conjunctive query

n
y® = N\ Ry G, - )
i=1

over the purely relational signature o is the pointed relational database over
o with tuple X and whose facts are Réki)(yli, ,y};i) fori e [[1,n].

Since it is somewhat impractical to graphically depict k-ary relations for k >
3, and since signatures that consist only of unary predicates are a degenerate
case, we will often consider examples in which all relations are binary. We will
denote these relations by =, where a ranges over some alphabet A: moreover,
we will often not make the effort to precise what alphabet we are using, as any
alphabet containing all letters occuring in the example will do. For instance,

the canonical database of the conjunctive query

>

Y02xSx AxDyrySy
is the pointed relational database of Figure IIL.2.

Naturally, Boolean queries are denoted by y(). In this case, its canonical
database is not only a pointed relational database but in fact a relational
database. We will sometimes denote some queries (either Boolean or not) by
y (with no brackets): this is simply to ease the notations when no ambiguity
can arise—we will often explicitly mention the tuple of output variables when

introducing the query, and then simply the notation in a second time.

Proposition III.1.7 (Duality). Let y(X) be a conjunctive query, and let (G, X)

denote its canonical database.’ For any pointed relational database (D, d),
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8 A k-ary CQ over a purely relational
signature is equivalent to a Boolean
CQ over a relational signature with
k constants.

b

x y
I

x/ yl

Figure I11.2: The canonical database
of ¥() ﬁxﬂx’/\xgy/\yipy’.

9By convention, we denote the
canonical database using the Roman
uppercase associated with the Greek
letter used to denote the query.
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we have

dely@I° iff (G,x) =5 (D,d.

Proof. This follows from the definition of homomorphisms and the semantics

of first-order logic. O

For instance, consider the relational database of Figure II1.3. It satisfies the

Boolean query

1>

xS AxDyaySy

70)

asking if there is a b-edge (x LR y) whose extremities have outgoing a-edges
(x 5 ¥ and y 5 v'): indeed, there is a b-edge from u to v, and both u
and v have outgoing a-edges. In terms of duality, this is witnessed by the
homomorphism from the canonical database of Figure IIL.2 to the database of
Figure IIL.3, that sends x and x” onto u, i onto v and ¥’ onto w. As witnessed
by this example, the homomorphism G — D actually has a natural meaning
when thinking about model checking. For this reason, such a homomorphism
is also called an evaluation map—or even abusively homomorphism—from y
to D.

Duality has many consequences. The first one is that the following evalua-

tion problem lies in NP, as it can be encoded into a HOMOMORPHISM PROBLEM.

CONJUNCTIVE QUERY EVALUATION
Input: A purely relational signature o, a conjunctive query y(X)

over 0, and a pointed relational o-database (D, d).
Question: Does d € [y(x)]P?

For Boolean conjunctive queries, both tuples are empty, and so this amounts
to asking whether the query is true on the database.!? It is fact NP-complete
[CM77, Theorem 7]. More importantly, duality has the consequence that se-
mantical equivalence, as well as the finer notion of containment, are decidable
for CQs.

Given two queries y(X) and y’(X’), we say that y(X) is contained in y’(X’)
whenever (1) ¥ and X’ have the same arity, and (2) [y(®)]P < [y’ &)]P for
every finite relational database D. This is denoted by y(X) € y’(X’); the
notion of containment is also known as entailment or logical implication.
Clearly, semantical equivalence can be obtained as the symmetric closure of

containment.

Proposition ITL.1.8.11 Let (%) and ¥’(X’) be two conjunctive queries. The
following are equivalent:

L y® SV E);

2. (G, x) Ey'(X');

3. (G, %) 2% (G, %),

where (G, X) and (G, ") are the canonical database of y(X) and )’ (X’), re-
spectively.
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Figure 111.3: A relational database
satisfying the conjunctive query of
Figure 111.2.

10 ndeed, for Boolean CQs, [[)/()]]D
is either empty (that we interpret as
false), or equal to the singleton con-
sisting of the empty tuple (that we
interpret as true).

" In fact, another consequence of du-
ality is that the quantification over
finite relational databases in the def-
inition of containment can be equiv-
alently replaced by a quantification
over finite structures, or even over all
structures!



Proof. W@ (1) = (2). By duality, (G, X) is a model of y(X), and so, since this
query is contained in )’ (x’), it follows that (G, X) £ " (X’).

W (2) = (3). By duality.

@ (3) = (1). Assume that (G’,%’) Lom, (G, x), and let us prove that
y(%) € 7' (¥). Let (D, d) be a pointed relational database, and assume that
(D, d) £ y(x). By duality, we get (G, X) Lom, (D, d), and by precomposing
with any homomorphism witnessing that (G’,X’) hom, (G, Xx), we get that
(G’,x) hom, (D, d). Once again, by duality, this amounts to (D, d) k y'(X),
which concludes the proof that y(X) € y’(X'). O

Corollary III.1.9. Containment (and hence semantical equivalence) of con-

junctive queries is decidable, and in fact is NP-complete.

II1.1.3 The Preordered Set of Conjunctive Queries

Duality takes its name from the fact that Proposition III.1.8 can be simply
rephrased as “the preordered set of conjunctive queries over ¢ under contain-
ment is dually isomorphic to the preordered set of relational databases over ¢

under the homomorphism ordering.” Symbolically:

(CQ_, ) = (RelDb,, &),
Naturally, to go from relational databases to conjunctive queries, we associate
to any pointed relational database (G, g) a canonical conjunctive query y(3)
with one atom Ry (xy, ..., X;) for every hyperedge (x;, ..., X¢) € Ry (G). This
map is precisely the inverse of the construction defining canonical database.
This dual isomorphism has many consequences: essentially every the-
ory that deals with relational databases can be applied to study conjunctive

queries!

Corollary ITI.1.10 (of duality and Proposition II.2.3). Two conjunctive queries
are semantically equivalent iff the core of their canonical database are iso-

morphic.

Graphical depiction of the preordered set of relational databases. Note that for
each conjunctive query (%), the class of pointed relational databases (D, d)

satisfying the query is closed under homomorphisms, i.e.
if (D,dyry(X) and (D,d) Lom (D', d’y then (D/,d')E y(X).

We represent the preordered set of relational databases ordered by Lom, as
follows: each equivalence class of homomorphically equivalent relational
databases is represented by a single point. In other words, points are in one-to-
one correspondence with cores. Then, we represent a point G below another
point D whenever G 1o%, 1. For Boolean queries, this ordering!'? admits
a unique minimal element, which is the empty database. For non-Boolean

queries, there is also a minimal relational database with no facts, but that has
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Figure 111.4: Bond of Union, M. C. Es-
cher, © The M.C. Escher Company.

2 Formally, from the preordering
over relational databases we ob-
tained a partial order over the quo-
tient of relational databases by the
equivalence class induced by E’Ln—),
which happens to be the poset of
cores. Hence, we will interchange-
ably use to terms preordering and
(partial) ordering.
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constants. Similarly, there is always a unique maximal element: the database
with a unique vertex x and such that ®(x, ..., x) holds for every R € o,
and all constants are interpreted as x. We now prove that this poset has a

non-trivial structure, provided that the signature is itself non-trivial.

Proposition IT1.1.11. Assume that o contains at least one symbol of arity
at least 2. The poset of relational databases admits infinite chains, infinite

co-chains and infinite antichains.

VARRN .
\1 —)O/ O/

Proof. For the sake of simplicity, we assume that we actually have a binary
predicate: this assumption is w.Lo.g. since we can encode the binary relation
used in these constructions into any k-ary relation provided that k > 2 by
encoding £(x,y) as Ry (X, Y, ... , Y)-

Clearly, directed paths provide an infinite chain

p, lom, p, fom, . lom, p lfom p o hom,
We now let C,, (n € N ) denote the directed cycle with domain Z/n7Z and
with an edge from i to j iff i +1 = j, see Figure IIL5. It is then routine to
check that for n,m € N, we have C, Jom, C,, iff n is a multiple of m. In

particular,13 we have

h h h h h h
(:1 om C2 om C4 om  hom Czn om (:2”_'_1 om

Finally, (Cp) is an infinite antichain. O

p prime

Based on Proposition III.1.11, we provide an illustration of the ordered
set of relational databases in Figure IIL.6. Notice that, since the semantics of
conjunctive queries is closed under homomorphisms, they are represented by
upper-closed sets. Moreover, this set has a unique minimum, corresponding
to its canonical database. Notice how this representation naturally represents
the concept of duality:

« points of the poset (i.e. relational databases) are in natural bijection with
upper-closed sets that admit a minimum (i.e. conjunctive queries);

- aconjunctive query is contained in another iff the canonical database of
the first is below that of the second in Figure IIL6.
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Figure 111.5:  The graphs Cg (left)
and C; (right) and a homomorphism
from the former to the latter, de-
scribed by colour coding.

3 |n fact, we obtain a projective sys-
tem. We will discuss projective limits
in Chapter VI.
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For the sake of simplicity—and compilation time of this document!—, we

abstract the picture of Figure III.6 into Figure IIL.7.

Remark II1.1.12. A propos relational databases vs. relational structures,
these posets are actually isomorphic since a relational structure is always
homomorphically equivalent to the structure in which we removed isolated
vertices. &
The Distributive Lattice of Relational Databases. Proposition III.1.11 shows
that the poset of relational databases has a somewhat complex structure, in
the sense that it has infinite height, co-height and width. However, we next
show that it has a rich algebraic structure.

In light of Remark II1.1.12, the Cartesian product of two relational databases
(D4, d;) and (D,, d,) whose tuples have the same arity is well-defined: we
consider their product (D, d; ) X (D,, d,) as relational structures, and remove
all isolated vertices. We slightly abuse the notation and still denote this
product by X. It is routine to check that this Cartesian product in indeed a
Cartesian product in the categorical sense, i.e. that it satisfies the universal
property that it has homomorphisms 77, and 77, to both (D4, d; ) and (D5, d,),
and that moreover it is the smallest object satisfying this property, in the sense

that for every relational database (U, #1) with homomorphisms f; and f, to
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Figure I11.6: The poset of relational
databases over a signature contain-
ing at single binary predicate, where
homomorphisms go from bottom to
top. An infinite chain is represented
in red, and an infinite co-chain in
blue. A large yellow dot represents
the canonical database of a conjunc-
tive query, while the semantics of
this conjunctive query is represented
with normal-size yellow dots. This
picture only depicts some of the com-
plexity of this lattice: for instance
there might also be infinitely many
minimal elements just above one ele-
ment.

@

Figure l1l.7: A more abstract view of
the poset of relational databases: we
represent two conjunctive queries y
(in red) and 6 (in blue). The seman-
tics of each query is represented by
a filled diamond, and its canonical
database by a large dot.

(Dy,dy) (Dy, dy)
(Dy,dp) % (Dy, dy)
fi 0 f2

I
g
I
|

(U, )
Figure 111.8: Universal property sat-
isfied by the Cartesian product.
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(Dy,d,) and (D,,d,), then there exists a unique homomorphism G from
(U, ) to (Dy,d;) X (D,,d,) such that the diagram of Figure II.8 commutes:
this homomorphism G is actually f1 X f,: u = (f1(u), fo(1)). Going back to

the poset structure, this implies that any pair of points must have an infimum.

Fact I11.1.13. Given two finite relational databases, their Cartesian product

is their greatest lower bound in the poset of relational databases ordered by

hom

Similarly, the disjoint union satisfies the property dual to Figure IIL.8.

Fact II1.1.14. Given two finite relational databases, their disjoint union is

hom

their least upper bound in the poset of relational databases ordered by —.

o

VAR
\/

Put together, these facts imply that the poset of relational databases is
actually a bounded lattice, as depicted in Figures I11.9 and II1.10. It is moreover

distributive since the isomorphism (and hence homomorphic equivalence)
AX(BWC)=(AxB)w(AxCQC)

holds for any databases A, B and C. Then, by duality, we get that the poset
of conjunctive queries under containment is also a distributive lattice! We
shall see that the greatest lower bound and least upper bound have a natural
logical interpretation, and that moreover this structure of distributive lattice

will help us deal with CQs: and in particular solve the SYNTHESIS PROBLEM.

The Distributive Lattice of Conjunctive Queries. Given two CQs y(X) and
0(), where X and i have the same arity, we define their disjoint conjunction,
denoted by y(X) ® 6(¥), to be the CQs obtained by taking the disjoint union

of atoms of the CQs and then identifying the elements of X and j pointwise.

For instance, letting (x) = x5 y be the query asking for all elements with
an outgoing a-edge, and 6(x) = x KR y be the query asking for all elements
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Dl 0< >0 D2

Figure 111.9: The distributive lattice
structure of relational databases: we
represent two structures, as well as
their least upper bound and greatest

lower bound.

Figure 111.10:  Two databases (left
and right), their Cartesian product
(below) and disjoint union (above).



with an outgoing b-edge, then their disjoint conjunction y(x) @® 6(x) is
a) 2xSyaxdy,

which outputs all elements with both an outgoing a-edge and an outgoing

b-edge.'*

Fact III.1.15. The canonical database of the disjoint conjunction equals the
disjoint union of the canonical database. By duality, it follows that the disjoint

conjunction is the greatest lower bound of two CQs.!>

The other operator (the dual of Cartesian product) does not have such a
nice intuitive interpretation—however it does not mean that it will be less
useful, on the contrary! While conjunctive queries are not closed under
semantical union—we will see this in Section III.1.6—, this operator acts as

the best approximation of it.

Definition II1.1.16. We define the weak union ) of two CQs with the same
number of output variables as the canonical CQ of the Cartesian product of

their canonical database.

By construction, it is their greatest upper bound, in the sense that y(X) €
y(X) ©06(7), 6(77) € y(X) @ 6(7), and y(X) @ 6(V) is the smallest CQ satisfying
this property.

For instance, if y() £ x -5 y asks for the existence of an a-edge and
o) =«x ER y asks for a b-edge, then y() @ 6() is the empty CQ, i.e. the CQ that
always true: knowing that a database contains either an a-edge or a b-edge is
as good as knowing nothing in terms of CQ expressivity. On the other hand,
if y(x) 2 x5 y—b> z outputs the source of all ab-paths and 6(x) 2 x5y z
outputs the source of all ac-paths, then y(x) @ 6(x) will be homomorphically
equivalent to v(x) £ x - y which outputs all sources of a-edges.

The distributive lattice structure of conjunctive queries is depicted in Fig-
ure III.11. Observe how this choice of representation makes obvious the fact
that (1) the disjoint conjunction of two CQs is actually its conjunction in
the semantical sense, but (2) their weak union is strictly bigger than their
semantical union, unless we are in a degenerate case.

We summarize the properties of the two distributive lattices in Table III.12.
Note that all notions occurring in this table, be it the orders or the binary
operators, require the CQs to have the same number of output variables, and
the (pointed) relational databases to have tuples of the same size, and so in
fact we obtain two lattices for every possible arity/tuple size.

Amongst bounded distributive lattices, the better behaved are the Boolean
algebras, in which every element has a complement. In our case, this would
be an operator — s.t. for every database D, then D X =D would be homo-
morphically equivalent to the empty database and D & =D to the greatest

database, consisting of a single vertex and all possible hyperedges over it.

Proposition I11.1.17. The distributive lattice of databases (and hence of
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14 As for disjoint union, the name dis-
joint conjunction is slightly abusive
but justified by its universal property.

15 Careful: duality is precisely a dual
isomorphism, ie. it reverses the or-
der. Hence, a least upper bound (dis-
joint union) becomes a greatest lower
bound (disjoint conjunction).

The distributive lat-

tice structure of Boolean conjunctive

Figure 111.11:

queries: we represent two structures,
as well as their least upper bound and
greatest lower bound, and the natural
homomorphism they come equipped
with (projections and canonical em-
beddings).
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Conjunctive Queries  Relational Databases

) existence of
preorder containment & . hom
homomorphisms —
weak union ©

least upper bound disjoint union ¥

greatest lower bound disjoint conjunction ®  Cartesian product X

o single vertex
greatest element true” (empty CQ)

will all hyperedges

ingl iabl
least element simgle vaniab'e empty database

will all hyperedges

conjunctive queries) does not admit complementation.

Proof. Assume that the signature is non-trivial and let D be a non-trivial
database, i.e. neither the least nor greatest element of the lattice. To ensure
that D W =D is homomorphical equivalent to the greatest database, =D must
actually be homomorphical equivalent to the greatest database itself, but then

D X =D would be non-empty. Hence, =D cannot exist. O

However, conjunctive queries still have a bit more structure: we shall see
that they form a Heyting algebra, namely that it is a bounded distributive
lattice with the extra property that for every y(X) and 6(7), where X and ¥

have the same arity, then there exists a greatest element x(2) s.t.

Y@ @ x(®) < 6(2).

This greatest element x(Z) is denoted by y(X) = 0(J), and is called implica-

tion.10

Proposition I11.1.18.17 The bounded distributive lattice of conjunctive queries

is actually a Heyting algebra.

Proof. We use duality to prove this and show that relational databases form
a “co-Heyting algebra”, in the sense that for any database (G, g) and (D, d),

there exists a least element (X, X) s.t.
(G,2)w(X,x) &= (D, d) :

(X, X) is actually obtained by taking the disjoint union of all connected com-
ponents of (D, d) that cannot be mapped homomorphically to (G, g). The
operator = can then be explicitly constructed by duality. U

By construction of =, it comes naturally equipped with some form of

Currying, in the sense that

A @ ry@ =01 iff (A DY(G,X)F D),

for any CQs y(X) and 6(7) and any relational database (A, @), where (G, X)
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Table 111.12: The distributive lattices
of conjunctive queries and relational
databases. By duality, one can go
from one lattice to the opposite of the
other by taking canonical database
or canonical conjunctive queries.

16 Heyting algebras were introduced
to model intuitionistic logic. It is not
hard to see that the implication ¢ =
Y does satisfy the property that it
is the greatest formula x s.t. ¢ A x
entails 1.

7 The fact that relational databases
and conjunctive queries form a
bounded distributive lattice is folk-
lore.



denotes the canonical database of y(X). Similarly, as expected, we have

Y@ O () = 6@)) = 0(H).

In Sections III.1.4 and III.1.6, we will apply some of the theory we developed

here to better understand the expressivity of conjunctive queries.

II.1.4 Static Analysis of Conjunctive Queries

Minimization. As we have already seen, the first consequence of duality is
that containment and semantical equivalence are both decidable, see Corol-
lary I11.1.9. We shall now see that the rich theory of relational structures, and
in particular the concept of cores trivializes the question of minimization.
Fix a relational signature 0. A subquery of y(X) is any CQ over o obtained
by removing variable and/or atoms from y: to ensure that we still obtain
a CQ over o, output variables cannot be removed. In terms of duality, this
amounts to taking the canonical conjunctive query of a substructure of the
canonical database.!® We then say that a class € of conjunctive queries over
o is monotone if for any CQ y(X) € C, for any subquery y’(X) of y(X), we
must have y’(X) € €. Monotone classes of CQs naturally model the notion of
“simplicity”, in the sense that a CQ is “simple” w.r.t. € whenever it belongs to C.
The monotonicity assumption precisely ensures that the class formalizes an
idea of “simplicity” and not “the CQ has exactly fourteen atoms, two ternary
hyperedges, three legs, a moustache and a mustard watch.” Typical examples
of monotone classes of CQs include:
« CQs with at most k € N atoms,
« CQs with at most k variables,
« CQs of tree-width at most k (defined in Section IIL.1.5),
« CQs of path-width at most k,
« CQs in which all cliques are of size at most k, etc.
We define the core of a conjunctive query, still denoted by ~, to be the

canonical conjunctive query of the core of its canonical database.

Proposition III.1.19. Let y(X) be a conjunctive query and € be a monotone
class of CQs. Then y(X) is semantically equivalent to a CQ in € if, and only
if, its core y(X) belongs to €.

Proof. This follows from Proposition II.2.3 and the fact that the core of a

structure is always a substructure of it. O

Not only does this imply that we can solve the C-minimization problem,
but actually that all these problems can be solved simultaneously, in the sense

that if a solution exists to each problem, then a common solution exists!

CQ MINIMIZATION PROBLEM OVER €
Input: A conjunctive query.

Question: Is it semantically equivalent to a CQ of C?
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18 Careful: if y” is a subquery of y,
then y C y’! The fewer constraints
there is, the easier it is to satisfy
them...
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Corollary III.1.20. For each monotone class of CQs €, assumed to be de-
scribed as an oracle, the CQ MINIMIZATION PROBLEM OVER ( is NP. Further-

more, it is NP-hard for some classes C.

Proof. & Upper bound. A naive algorithm would be to first compute the
core, and using the oracle to test if it belongs to €. However, computing the
core is not in NP: intuitively, we first need to guess a substructure that is
homomorphically equivalent to the whole—which is NP—, and then check
that no strictly smaller structure satisfies the property—which is coNP.’
So, let us not be naive! We start with a conjunctive query y(X), guess a
subquery 9’ (%), and then check if (1)2° y’(X) = (%) and if (2) ' (%) € €. The
algorithm is clearly in NP, and moreover it is correct by Proposition II.2.3 and
monotonicity.

%@ Lower bound. We prove that the minimization problem is NP-hard
for the class € of conjunctive queries with at most 3 variables. In fact, by
duality, we rather prove that the problem of, given a structure, deciding if it is
homomorphically equivalent to a structure with at most 3 vertices is NP-hard.
We reduce 3-COLOURABILITY to this latter problem. Given an instance G of
3-COLOURABILITY, we reduce it to the instance:

+ GWKj; if G does not contain any self-loop;
« any negative instance otherwise, e.g. Kj.

hom

If G is 3-colourable, then it has no self-loop and moreover G W K; — Kj
and hence G W Kj Jom, K3, from which we get that G W K; = Kj, and
hence G W Kj is semantically equivalent to a structure with at most 3 vertices.
Conversely, assume that the right-hand side of the reduction is semantically
equivalent to a structure with at most 3 vertices. Then G does not contain any
self-loop and moreover, we get that G & K5 is homomorphically equivalent
to a structure with 3 vertices. In particular, we get a homomorphism from
G to a structure with 3 vertices, and from the assumption that G does not
contain any self-loop, we actually get a homomorphism from G to Kj. This

concludes the reduction.?! O

We now turn to the SYNTHESIS PROBLEM, also called passive learning, reverse
engineering. The idea behind the problem is to infer a query from examples:
these examples take the form of models, taking the form of pointed relational
databases, together with the knowledge of whether this model should be part

of the query (positive examples) or not (negative examples), see Figure I11.13.22

SYNTHESIS PROBLEM FOR CQs

Input: Integers n,p € N, and pointed relational databases
Di,..,D;, Dy, .., Dj.
Question: Is there a conjunctive query y s.t. D & y foralli € [[1, p]]

and D; ¥y forallj € [1,n]?

Proposition I11.1.21. The SYNTHESIS PROBLEM FOR CQs is coNExp.
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9 1n fact, deciding if a structure is a
core is actually coNP-complete, even
for undirected graphs, [HN92, Theo-
rem 7].

2 |n fact ¥ € 9’ always holds so it
suffices to check that y” € .

21 The trick used for the lower bound,
namely that of reducing a homo-
morphism/containment problem to a
minimization problem via a disjoint
union, will be used in a much trick-
ier way in Chapter IV to prove Ex-
pSpace lower bounds on the mINI-
MIZATION PROBLEM FOR CRPQ)s, see
Sections IV.A and 1V.5.

. Di D;
D7 S -
1 > D;
D,y °

Figure [[1.13: An instance of the syn-
THESIS PROBLEM FOR CQs, as well as
one valid solution for this instance.
22 For the sake of readability, we use
the notations for Boolean queries and
non-pointed databases. However, all
results extend trivially to the non-
Boolean case.
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Proof. We denote by 67, ..., 6; the canonical conjunctive queries of D7, ...,

D; . We now consider their weak union
v= 6{@---@6;;.

We then test for each j € [[1, n] if D]T ¥ v: the conjunction of these tests will
be the output of our algorithm!

First, each test Dj_ Z v can be done in coNP in the size of D]T and of v.
Since the size of v is the product of the sizes of the 6;“’5, it is exponential, and
hence we obtain a coNExp algorithm. Then, we prove—or rather notice—its
correctness: by construction, the weak union is the least upper bound of CQs,
see Figure I11.14! Voila. O

In fact there is a matching lower-bound, even if the signature is fixed, but
the proof is far from trivial. Willard proved the coNExp-hardness in [Wil10,
Theorem 3] when the signature is part of the input??, and ten Cate and Dalmau
proved the same lower bound for some fixed signature [CD15, Theorem 2].24

In both cases, the reduction is from an exponential tiling problem.

Active learning. Active learning, a.k.a. Angluin-style learning is a setting

where two players interact (a priori adversarially): Student tries to lean a

query that only Teacher knows. To achieve this, they can ask two kinds of

questions.?>

« Membership questions: they provide a model and asks if it satisfies the
query;

« Equivalence questions: they provide a query and ask Teacher if it is se-
mantically equivalent to theirs; if yes, the game stops, otherwise Teachers
provides a counter-example in the form of a model satisfying one query
but not the other.

Of course, Student always has a winning strategy: enumerate all queries and

ask for equivalence... The difficult and hence interesting question is that of

efficient learning.
Ten Cate, Dalmau and Kolaitis proved that the class of all conjunctive

queries could be learned with polynomially many questions [CDK13, Theo-
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Figure I11.14: A negative instance of
the sYNTHESIS PROBLEM and the con-
struction done in the proof of Propo-
sition I11.1.21.

23 The result is actually phrased for
constraint satisfaction problems.

24 They refer to the SYNTHESIS PROB-
LEM as the “CQ-definability prob-

»

lem”.

% “Questions” are usually called

“queries” but we avoid this terminol-
ogy here for obvious reasons.
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rem A], but not with polynomially many questions of a given kind provided
that the signature is non-trivial [CDK13, Theorem B]—i.e. both kinds of
questions are necessary to be able to learn efficiently! By relying on the
distributive lattice structure of relational databases, ten Cate and Dalmau
then exhibited a subclass of conjunctive queries, known as “c-acylic”, that can
be learned with polynomially many membership queries and no equivalence
query [CD21, Theorem 5.2].

II.1.5 Conjunctive Queries of Small Tree-Width

Recall that, by duality, CONJUNCTIVE QUERY EVALUATION is NP-complete:
this begs the question of finding classes of CQs with faster evaluation. We
will see that queries whose underlying structure looks like a tree—formally,

queries of bounded tree-width—can be evaluated in polynomial time.

Tree-Width. Tree-width is a measure of how much a graph differs from a
tree—the notion was introduced and rediscovered numerous times in the 1970
and 1980s; however the first paper that seems to make a substantial connection
between tree-width and tractability seems to be the work of Arnborg and
Proskurowski [AP89]. For a gentle but thorough introduction to tree-width,
we also refer the reader to [NM12, § 3.6].

Formally, a tree decomposition of an undirected graph G is a pair (T, v)
where T is a tree and v : V(T) — D(V(G)) is a function that associates to
each node of T, called bag, a set of vertices of G. When x € v(b) we shall say
that the bag b € V(T) contains vertex v. Further, it must satisfy the following
three properties:

« each vertex v of G is contained in at least one bag of T,
« for each edge {u, v} of G, there is at least one bag of T that contains both

u and v, and
« for every vertex v of G, the set of bags of T containing v is a connected

subset of V(T).

i H :H: H :

(a) “Full” representation of (T, v). (b) “Concise” representa-
tion of (T, v)

We give an example of tree decomposition in Figure II1.15:
« In Figure III.15a, we give the “full” representation of the decomposition: we

draw T, and inside each of the four bags b of T we represent a copy of G.
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Figure 11.15:  Two different repre-
sentations of the same tree decom-
position (T, v) of a directed graph G
with six vertices. The underlying tree
is a path with four nodes and each
bag contains 3 vertices—hence the de-
composition has width 2.



Nodes of G belonging to b are highlighted, while the others are dimmed.
Sometimes, we will only write the name of the nodes contained in the bag,
instead of drawing the graph.

« In Figure II1.15b, we give a “concise” representation: we draw over G a
coloured shape for each bag of T. This representation is ambiguous—the
structure of T is not made explicit—and will only be used for the most
simple cases.

The width of a tree decomposition (T, v) is the maximum size of a bag
minus one, i.e. max {|v(b)| =1 | b € T}. The tree-width of G is the minimum
of the width of all tree decompositions of G. The notion can be directly
generalized to arbitrary relational structures: instead of asking that every
edge {u, v} is contained in some bag, we require that for every hyperedge
(X1,
naturally defined as the tree-width of its canonical database. The undirected

, X;), there exists a bag than contains all x;’s. The tree-width of a CQ is

graphs of tree-width at most 1 are exactly the forests, i.e. the disjoint unions
of trees. On the other hand, the graph of Figure I1I.15 has tree-width 2. The
k-clique has tree-width exactly k —1 since any tree decomposition of K; must

actually contain a bag that contains all vertices of K.

Proposition II1.1.22 ((CR00, Theorem 3]).26 27 For any fixed signature o, for
every k € N, CONJUNCTIVE QUERY EVALUATION can be solved in polynomial

time when restricted to CQs of tree-width at most k.

Proposition II1.1.22, as most algorithms on structures of bounded tree-width

actually relies on the ability to compute a tree decomposition.

Proposition II1.1.23 (Bodlaender’s algorithm [Bod96, Theorem 1.1]).%8 For
every fixed k € N, there is a linear-time algorithm which takes as input a
finite structure and decides if it has tree-width at most k, in which case it also

outputs a witness of the form of a tree decomposition of width at most k.

Proof sketch of Proposition II1.1.22. We are given as input a CQ y(X) of tree-
width at most k, and a pointed relational database (D, d), and need to decide
if (D, d) F y(X). W.lo.g., using Bodlaender’s algorithm (Proposition II.1.23),
we assume that we also have a tree decomposition (T, v) of the canonical
database (G, X) of y(X).

We do a bottom-up algorithm on the tree T, which maintains a set 7
of partial homomorphisms from (G, x) to (D,d). In light of Figure III.15a,
the idea is to compute for each bag where the variables it contains could
be mapped on the databases. Formally, we want this procedure to satisfy
the following invariant: when dealing with bag b, a partial homomorphism
f:(G,x) = (D, d) belongs to A p if, and only if,

+ the domain of f is v(b), and
+ f can be extended into a partial homomorphism f~ :{G, %) — (D, d) de-
fined exactly on the union of v(b’) where b’ ranges over vertices that are

below b in the tree T.

69

1II1.1. RELATIONAL DATABASES

26 Theorem 3 talks about query con-
tainment of CQs, which is in fact
equivalent to the evaluation prob-
lem for CQs. Moreover, the theorem
deals with “query width”, but this pa-
rameter is equivalent up to a multi-
plicative constant to the tree-width
[CR0O0, Lemma 2] assuming that the
signature is fixed.

27 An equivalent result was in fact
proven a decade ealier by Freuder
[Fre90, Theorem 3] using the vocab-
ulary of constraint satisfaction prob-
lems.

28 The fact that k is fixed is crucial: if
it is also part of the input, the prob-
lem becomes NP-complete [ACP87,
Theorem 3.3]
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For leaves b, the procedure is easy: we enumerate every possible map from
v(D) to D, and only keep those that define a partial homomorphism (G, X) —
(D, d): this yields a set #(}, of partial homomorphisms. Then, when dealing
with a node b whose children are by, ..., by, again we enumerate every possible
map f from v(b) to D, but then only keep those that (1) define a partial
homomorphism (G, X¥) — (D, d), and (2) agree with the children bags, in the
sense that there must exist partial homomorphisms f; € K, , ..., fr € H b
s.t. f and f; agree on their common vertices, i.e. f|,@)nv,) = filvp)nvi,) for
alli € [1,k].

The correctness of this procedure follows from the assumption that, in a
tree decomposition, the set of bags containing any node must be a connected
subset: in some sense this is what allows us to make consistent choices. Then,
to decide if (D,d) £ y(X), we check if the set of partial homomorphisms
associated to the root is non-empty. If so, since every vertex must appear in
some bag, the invariant yields the existence of a homomorphism from (G, X)
to (D, d). Otherwise, there is no such homomorphism. Correctness follows
by duality.

Lastly, concerning the complexity, observe that the tree decomposition

has width at most k, so there at most |DJf*!

maps from any fixed bag to
D: we can enumerate them all in polynomial time since k is fixed! To com-
pute the partial homomorphisms f that agree with some partial homomor-
phisms from J by> H B> We can first sort each table A b, according to
their value on v(b), and then use a dichotomy search. Sorting can be done
in O(D[**1log(ID[**1)) = O(D[**!log(|D|)), and the dichotomy search—
one for each partial homomorphisms that is a candidate for /,—runs in

O(log(IDI1)) = O(log(|D])). Overall, we get an algorithm that runs in time
O(T|-IDI*1) = O(ivars(y)l - IDI*Y),
up to logarithmic factors. O

Note also that, given a tree decomposition of a structure A, and a substruc-
ture B of A, by intersecting each bag with B, we obtain a tree decomposition
of B. It follows that the tree-width of a substructure is always upper bounded
by the tree-width of the full structure. In other words, conjunctive queries of
tree-width at most k € N form a monotone class of CQs.

Grohe, Schwentick and Segoufin proved that there are no graph property
other than tree-width that ensures polynomial time evaluation [GSS01, Corol-
lary 19]. Importantly, this statement deals with graph properties, i.e. with
classes of CQs defined by restricting their underlying structure. We will see

next that actually there are other classes of CQs with tractable evaluation.

Bounded Semantic Tree-Width. As mentioned in Section 1.2, Proposition II.1.22
together with the notion of core actually yields a tractability result for a larger

class of queries than those of bounded tree-width.
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Proposition II1.1.24. For any k € N, the CQ EVALUATION PROBLEM, restricted
to conjunctive queries that are semantically equivalent to a CQ of tree-width

at most k is fixed-parameter tractable when parametrized by the size of the

query.

Proof. The algorithm goes as follows: we start by computing the core (x) of
the CQ y(X), and then instead of evaluating y(X) on the database, we instead
evaluate y(X), using the polynomial-time algorithm of Proposition III.1.22.

Overall, the algorithm runs in time

O(f Iyl - vars(y)l - IDI*),

up to logarithmic factors, and where f(||)||) is the time required to compute

the core of )/.29 Hence, the problem is FPT when parametrized by |[y|. [

In fact, Dalmau, Kolaitis and Vardi improved this result: in a surprising
twist, one does not need to explicitly construct the core to efficiently eval-
uate a CQ that is semantically equivalent to one of small tree-width. They
proved that this class could actually be evaluated in polynomial time [DKV02,
Corollary 5]—importantly, this is a promise problem: we work under the
assumption that the input does have bounded tree-width but we do not need
to verify this claim. Remarkably, Grohe then proved the converse implication:

these are the only classes of CQs that are tractable!

Proposition I11.1.25 (Grohe’s theorem [Gro07, Theorem 1.1]). Let ¢ be a fixed

signature. Assuming that W[1] # FPT, for any recursively enumerable class

of CQs over o, the following are equivalent:

1. there exists k € N s.t. the tree-width of the cores of the queries in the class
is bounded by k;

2. its evaluation problem is fixed-parameter tractable when parametrized by
the size of the query;

3. its evaluation problem can be solved in polynomial time.

The difficult implication in this theorem is (3) = (1). Grohe proves it by
contraposition, by generalizing the ideas of [GSS01]: in short, given a class
whose cores have unbounded tree-width, using the Excluded Minor Theorem
[RS86, * (1.5)] one can find an query in the class whose core contains an
arbitrarily large grid. In turn, the clique problem, which is W[1]-hard, is then
reduced to the evaluation problem for these queries with big grids.

Grohe’s theorem deals with fixed signatures: it was later generalized
[CGLP20, Theorem 1] for characterizing FPT evaluation when the signa-
ture is also part. This is done by replacing the notion of tree-width with that
of “submodular width”, introduced by Marx in [Mar13].

Bounded Path-Width. We now focus on path-width, which is a parameter
upper-bounded by the tree-width. So, if a class of CQs has bounded path-
width, then it has bounded tree-width and so by Proposition II1.1.22 it can be
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2 This can be done in exponential
time.

Figure 1ll.16: E 133, M. C. Escher,
© The M.C. Escher Company.
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(a) Partial homomorphism computed at the fourth step of

the algorithm. algorithm.

evaluated in polynomial time. We shall see that CQs of small path-width can
in fact be evaluated even more efficiently, namely in NL! We define a path
decomposition to be a tree decomposition (T, v) in which T is a path, such as
in Figure II1.15. The path-width of a structure is the minimum of the width of

all of its path decompositions.

Lemma I11.1.26 ([FM25, Lemma 8.10]).3% For each k > 1, the CQ EVALUATION
PROBLEM, restricted to CQs of path-width at most k, is NL-complete.

Proof. <@ Lower bound. We reduce the problem of REACHABILITY IN FINITE
GRAPHS NL-hardness directly follows from the NL-hardness of the REACHA-
BILITY PROBLEM IN FINITE GRAPHS. Given an instance (G, s, t) of this problem,

we reduce it to
(G5, 1) B plaxy, x,) 2 xp = Xg AXy = X3 A AXy g = Xy,

where n = |G| and G’ is the graph obtained from G by adding a self-loop on
t. Clearly, there is a path from s to f in G iff there is a path from s to ¢ of
length at most n in G—by pigeon-hole principle—, which in turn is equivalent
to asking for a path from s to t of length exactly n in G’ thanks to the extra
self-loop. To conclude, note that p has path-width one.

W Upper bound, first part: with the path decomposition. First, we assume
that a path decomposition of width at most k of the query of is also provided
as part of the input. So, we are given as input:

« a database (D, d),

+ aCQ y(x), and

« apath decomposition (T, v) of width at most k of y(X).

The algorithm, illustrated in Figure II.17, maintains a partial homomorphism

f: G — D. We scan the bags of the decomposition from top to bottom.

+ Initially—before even scanning the first bag—f is the map with empty
domain.

+ Then, when scanning the i-th bag b;, we start by restricting f to variables
of dom(f) N v(b;). Then, we extend f so that it is defined on the whole bag
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(b) Partial homomorphism computed at the fifth step of the

Figure I11.17: Algorithm to evaluate
a CQ of path-width at most k (here
k = 2) in NL. Each subfigure repre-
sents a path decomposition of the
CQ (on the left-hand side) and a re-
lational database (on the right-hand
side), together with a partial homo-
morphism from the first to the sec-
ond.

30 [FM25, Lemma 8.10], correspond-
ing to Lemma V.8.9 in this thesis,
actually proved this result over the
larger class of UC2RPQs of bounded
path-width. The proof of the upper
bound is exactly the same, but the
lowerbound is marginally harder.



v(b;). For every variable y in v(b;) \ dom(f):

— if it belongs to X, say y = x;, we let f(x;) = u;;

- otherwise, we non-deterministically guess the value of f(y).

We then check, for every atom Ry (xq, ..., %) of (X) s.t. all x;’s occur in

v(by) i (f (x1), ., f(xp)) € R g (D). If not, we reject.

If the algorithm manages to scan the whole bag decomposition without re-
jecting, it accepts.

Completeness of the algorithm is trivial. Correctness follows from the fact
that if a variable occurs in bags b; and b, with i < k, then it must also belong
to every bag bj forj € [[i, k]|. Asa consequence, a variable x is assigned exactly
one value f(x) during the whole process.

Concerning the space complexity, by construction, at the i-th step of the
algorithm, f is defined exactly on b;, so on at most k +1 variables. And so, f
can be stored in space (k + 1) log(|D]). We also need a counter with log(|T)
bits to scan through the path decomposition. Overall, the algorithm runs
in non-deterministic space O(klog(|D|) + log(|T])) = O(log(|D]) + log(|Tl)),
which is logarithmic in the size of the input.

%@ Upper bound, second part: without the path decomposition. Then, we
claim that the original problem—when the tree decomposition is not part of
the input—also lies in NL. This is because one can compute, from y, a path
decomposition in (deterministic) logarithmic space by®! [KM10, Theorem 1.3,
p. 2]. The conclusion follows since functions computable in non-deterministic

logarithmic space are closed under composition [AB09, Lemma 4.17, p. 88].

O]

II.1.6  Unions of Conjunctive Queries

We now show that the desirable properties of conjunctive queries can be lifted
to finite unions of such queries. As mentioned in Section III.1.3, conjunctive
queries are not closed under semantical union: for instance, the query “the
database contains either an a-edge or a b-edge” cannot be expressed by a
conjunctive query. In fact, our graphical depiction of the distributive lattice
of relational databases precisely helps us understand this.

Formally, we define a union of conjunctive queries, or UCQ for short, as
a finite set of conjunctive queries that all have the same number of output
variables. This set is denoted disjunctively. Its semantics is defined as the
union of the semantics of the conjunctive queries it contains.?? For instance,
if y(x) = x 5 y outputs all vertices with an outgoing a-edge and 6(x) =
x5 y’ = z’ outputs all vertices with an outgoing bc-path, then y(x) V 6(x’)
is the UCQ asking for all nodes that are either the source of an a-edge or of a
be-path. We denote UCQs with capital Greek letters, and we call disjunct of T
any conjunctive query belonging to a UCQI.

Notice that union of conjunctive queries are also closed under homomor-

phisms. Graphically, we represent them as... unions of conjunctive queries:
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31 This result is an adaption of a sim-
ilar statement for tree-width [EJT10,
Theorem 1.1, p. 143]. Note that the
promise that the query has bounded
path-width—in fact bounded tree-
width suffices—is a crucial assump-
tion of [EJT10, Theorem 1.1, p. 143].

o 4 -

Figure 111.18: Semantics of a union
of conjunctive queries (in blue) in

the distributive lattice of relational

databases.

NG S
Figure 111.19: The study of (co-)UCQs
is intriguingly popular amongst fi-
TER en Gare
des Houches, by Florian Pépellin, li-
censed under CC BY SA 3.0.

nite model theorists.

32 Strictly speaking it is not neces-
sarv to assume that these output vari-
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instead of being diamond-shaped, UCQs will hence be depicted as inverted
mountain ranges, see Figure I11.18. By the proof of Proposition III.1.1, we
can notice that unions of conjunctive queries are as expressive as existential-

positive formulas, i.e. first-order formulas built out of 4, A and V.

Proposition I11.1.27. Let I' be a UCQ. The following are equivalent:
1. T is semantically equivalent to a conjunctive query;

2. the semantics of I contains a unique hom-minimal element;

3. some disjunct of I contains all disjuncts;

4. T is semantically equivalent to one of its disjuncts;

5

. T'is semantically equivalent to the weak union of its disjuncts;

0 5

v t
/ 4 @ o)

(a) Two CQs y and 6 whose seman- (b) Two CQs y and 6 whose seman-

tical union is equivalent to a CQ. tical union is not equivalent to a

CQ. We also represented their weak
union.

Proof. All the intuitions are provided in Figure III.20.

@ (1) = (2). IfT is semantically equivalent to a CQ 6, then the canonical
database D of 0 is the unique minimal element in the semantics of I'.

W@ (2) = (3). If the semantics of I" contains a unique minimal element, say
D, then since D E T, there exists a disjunct y of I s.t. D £ ). By minimality of
D, it follows that y is actually the canonical CQ of D, and again by minimality
of D it follows that all disjuncts are contained in .

W (3)= (4). T =y, V.. Vy, has a disjunct, say y;, that contains all

other disjuncts, then
F'=y;v.vy,Sy;v.Vvy,=y; €T

and so I' is semantically equivalent to its disjunct y;.

W (4= (5). IfT =y; V..V is semantically equivalent to one of its
disjuncts, say y;, then for each j we have y; S I' = y;, and so by definition of
the weak union as the least upper bound, it follows that y; @ .. @ 7, = y;.

W (5) = (1)
disjuncts, then since this query is a CQ, it is equivalent to a CQ... O

If I is semantically equivalent to the weak union of its

Proposition II1.1.28. Given two UCQs I' and A, we have I' € A if, and only
if, for every disjunct y € I, there exists a disjunct 6 € A s.t. y S 0.

Proof. The right-to-left implication is trivial. For the converse one, assume
thatI' € A, and let y be a disjunct of I'. Letting G be its canonical database,
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Figure 111.20: When is a union of con-
junctive queries actually equivalent
to a conjunctive query?



we have by duality that G £ I" and since I' C A, it follows that G F A, and
hence G k 6 for some disjunct 6 € A, and so, by duality, y € 6. O

Corollary II1.1.29. Containment and semantical equivalence of unions of

conjunctive queries are NP-complete.

Essentially, these results are permitted, at least in part, by the fact that
semantical union is well-behaved with respect to duality: this is mostly
because their semantics is closed under homomorphisms. Hopefully, one
could hope to find larger query languages satisfying this property, and then
deduce decidability results via duality. Both unfortunately and expectedly, it
turns out that there are no other first-order queries which are closed under

homomorphisms.

Proposition IT1.1.30 (Rossman’s theorem, [Ros08, Theorem 1.7]).3%3% The
semantics over finite relational structures of a first-order sentence is closed
under homomorphisms if, and only if, it is equivalent to a union of conjunctive

queries.

We leave to the reader the care to show that the other properties of CQs
can be lifted to UCQs, for instance:

« starting from a UCQ )¢ V ... V yy, the UCQ obtained by (1) considering the
cores V1, ..., Yk, (2) putting aside those that are contained in another core,
and (3) taking their union yields a UCQ that is semantically equivalent to
the original one, and minimal under most reasonable metrics;

« the evaluation of UCQs of bounded tree-width—we naturally extend the
notion of tree-width to unions by letting it be the maximum of the tree-
width of its disjuncts—is polynomial time.

In the next section, we will deal with a class of queries closed under ho-
momorphisms that strictly extends unions of conjunctive queries, namely
unions of conjunctive regular path queries. Naturally, in light of Rossman’s
theorem, it will be incomparable with first-order logic, but the fact that it is
closed under homomorphisms will help retain a few helpful properties that
UCQs have.

.2 Graph Databases

For a detailed introduction to CRPQs, the reader can also see [Fig21a]. For a
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33 Actually the full statement of the
theorem is slightly more precise and
relates the quantifier-rank of the for-
mulas. The original construction was
far from optimal, and it was recently
shown by the same author that this
rank can actually be preserved by the
construction [Ros25, Theorem 1.4].

34 Both references mention first-
order sentences; however we do not
see any reason why it would not ap-
ply to all first-order formulas.

more general introduction to different query languages for graph databases—including

CRPQs—see [Bar13], and for a more practical approach, see [Ang+17].

II1.2.1 Conjunctive Regular Path Queries

Section III.1 shows that conjunctive queries—and unions thereof—is a reason-
able query language: it is expressive enough to capture many of the queries
that are written in practice in SQL, but small enough to be amenable to static

analysis thanks to duality. However, conjunctive queries, and in fact the larger
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language of first-order logic, or relational calculus, is remarkably powerless

against “graph-traversal queries”.

advised advised
author; author, authors «——— authory ¢——— authorsg
\ / N\ / \ /
wrote wrote wrote  wrote wrote wrote
N v V4 AVERV4
paper; papery papers

We illustrate this idea on a simplified example—to see a real example, see
Figures .13, 1.14 and 1.16 and Table I.15. We depict in Figure II1.21 a relational

database over the purely relational signature with two binary predicates RILCEN

. d 71 d . 7
and =5 Vertices of the structure represent people, and an edge x BIECEN y

indicate that the person x wrote the paper y, while edges x Aadvised, y indicate
that person x was the Ph.D. advisor of person y. While conjunctive queries

can express properties like

wrote wrote

ri(xy) =x zZAY z,

that asks for all pairs of co-authors, it cannot express transitive-based prop-

erties; in fact, even the full first-order logic cannot express such properties.

Proposition IIL.2.1. There is not first-order formula y,(x, y) that ouputs all
pairs s.t. X is a scientific ancestor of y—i.e. s.t. there is a non-empty path from

x to y that only consists of advised edges.

Proof. Assume by contraction that this would be the case. Clearly, y,(x,y)
is closed under homomorphisms, and so by Rossman’s theorem, it would be
equivalent to a UCQ, say 01(x,v) V ... V 8,(x, y). We let n be strictly greater
than the diameter of any 0;, and define (P, p,, p,,) to be the pointed relational

database consisting the facts

wrote wrote wrote

Po P1 Pus

which is actually a shorthand for

(Po —=> P, P1 ~ P2 o) Puct ~— Pl
Then clearly, (P, po, p,.) £ 7V2(x,y) and so (P,,po, p,) E 6;(x,y) for some
i € [[1,k]. By duality, there exists a homomorphism from the canonical
database (D;, x,y) of 6;(x,y) to (P, po, p,). However, the distance from x
to y in G; is strictly upper bounded by 7, since n was chosen to be strictly
greater than the diameter of D;, and the distance from x to i is exactly n. Since
homomorphisms contract distances, we have reached a contradiction. And

hence, the property of Proposition II1.2.1 is not first-order definable.> [

Queries such as the one of Proposition III.2.1 do not arise over all kinds
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Figure 111.21: A relational database
with two binary predicates.

35 A much more common way of prov-
ing Proposition 111.2.1 is by using
the notion of Ehrenfeucht-Fraissé

[Kol07, Propo-
or Gaifman/Hanf-

[Bar09]. In all
cases, the proof relies on an idea

games, see e.g.
sition 2.3.28].
locality, see e.g.

that first-order queries are local. In
our proof, the notion of locality—



of databases: for instance, transitive closures of tables—or of projections of
table— for Table III.1 would not make any sense. On the other hand, it is a very
natural construction for databases such as the ones of Figures .14 and II1.21.
Transitive closures naturally arise in databases whose nodes are homogeneous,
and in particular for human-centered data—see for instance [Neo]. Rather
than encoding this kind of data into relational databases, by inferring from
the examples of Figures .14 and I1I.21, we model graph databases as edge-
labelled directed graphs, or equivalently as relational structures over a finite
signature consisting only of binary predicates. Formally, given an alphabet
A, a graph database over A consists of a pair G = (G, £(G)), where £(G) C
V(G) x A X V(G) is a set of labelled edges—sometimes also called atoms.
This definition was motivated by the need to have database models cen-
tred around the notion of paths. We then naturally extend the language of
conjunctive queries to allow for path navigation: this is done by allowing
these queries to ask for the existence of a path between two variables labelled
by a given regular language. For instance, x @, y asks that there is path

from x to y that alternates between = and > edges.

Definition III.2.2 (CRPQ: syntax). A conjunctive regular path query, or CRPQ
for short, y(X) over A consists of a set of triples (y, L, z) together with a tuple
of variables X, where L is a regular language over A, and y and z are variables.
We denote by x N y the triple {(x,L,y), called atom. The set Atoms(y) of
atoms is denoted conjunctively. We denote by vars()y) the set of variables

occurring in ). As for CQs, variables of X are called output variables.

An example of conjunctive regular path query is

wrote (advised)*  _,

y300y) 2x 25 2 A S 2 Ay z,

which intuitively asks for, in a given graph databases, all pairs of people (x, y)
such that
« X has written some paper z, and some person z’ also wrote z,
+ this z’ can be reached from y by taking an arbitrary sequence of advised,
edges.
Reformulating the constraints, we get that x and z’ should be co-authors, and
that z’ should be a scientific descendant—in the broad sense—of y. Hence, the
query asks for all pairs (x, y) s.t. x is a co-author of a “scientific descendant”
of y.
By definition, conjunctive regular path queries over A can be seen as
finite pointed structures over the infinite signature og.,(4+) that has a binary
predicate L, for each regular language L. € A": this leads to a natural depiction

of these queries, see Figure III.22.

Definition III.2.3 (CRPQ: semantics). Given a CRPQ y(X) and a pointed
graph database (G, 1), an evaluation map from y(X) to (G, #1) is a function

from vars(y) to G that sends X to i1, and such that for every atom x EN y of
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X advised” y

o o< o
\ /

wrote wrote

VY
(e}
Figure 111.22: Graphical representa-
tion of the CRPQ y3(x, v).
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y, there exists a path from f(x) to f(y) in G labelled by some word of L. See
Figure I11.23 for an example.

When such an evaluation map exists, we say that (G, #t) satisfies y(X),
which we still denote by (G, &1} k£ y(%) or & € [¥(X)]C. The set [¥(X)]€ is
called the evaluation of y(X) over G.

advised”
X Y
o o< o
AN\ /o \
wrote wrote
VY
° i T
y "‘_4 advised advised L
author; author, authory ¢——— authory <——— authory
\ / '\ / \ /
wrote wrote wrote wrote wrote wrote
N 7 N/ N v
paperq papery papersg

Evaluation maps are, as Figure I11.23 hints at, well-behaved w.r.t. homo-
morphisms: formally, if f: y(X) — (H,?), and g: (H,0) — (H’,?’) is a
homomorphism, then their composition go f: y(X) — (H’,?’) is still an

evaluation map.

Fact III.2.4. In particular, the semantics of CRPQs is closed under homomor-
phisms.

When y(X) is a CQ, an evaluation maps y(X) — (H,?) exactly corre-
sponds homomorphisms (G, X) — (H, 7), where (G, X) denotes the canonical
database of (%).3¢

Naturally, any CQ can be seen as a CRPQ by identifying = with 19, Hence,
by Proposition II1.2.1, it follows that CRPQs are strictly more expressive than
CQs. An alternative but equivalent definition for the semantics of CRPQs
is to encode them as primitive-positive formulas over the infinite signature

OReg(A+)- Exactly like for conjunctive queries, we encode e.g.

wrote , wrote

Yt y) = x 225 2 Az

Z/\y (advised)* 2

as
) Wwrote

Falr,y) £ Az, Az x 228G 7 Az 20 g gy LD

To evaluate a primitive-positive formula (X) over peg(+), we need to build
a finite 0.2+ -structure out of a graph database G: we let G share the same
vertices as G and, for every regular language L s.t. L occursin ¢, we interpret
the predicate L, as the set of pairs {u, v) of vertices s.t. there is a path from u
to v labelled by a word of L.37 It is then routine to check that the first-order
semantics |I)7(5C)]]C coincides with the CRPQ semantics [(%)] .38
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Figure 111.23: A conjunctive regular
path query (above), a graph database
(below), and an evaluation map from
the former to the latter.

36 Because of this, the terminology
is sometimes abused in the litera-
ture, where evaluations maps for CR-
PQs can be referred to as “homomor-
phisms”... We refuse this etymolog-
ical blasphemy: conjunctive regular
path queries and graph databases are
not of the same type—formally, these
structures do not share the same sig-
nature—so they cannot be homomor-
phic. Partially out of defiance we
actually considered calling evalua-
tion maps “heteromorphisms” since
they are constraint-preserving maps
between objects having a different
structure.

37 This can be computed in NL e.g. by
doing a Cartesian product between
G and an automaton for L, followed
by a suitable projection.

38 Hence, our reuse of F and [ - ]~ is
actually a very reasonable abuse of
notation!



Note however that this does not mean that the theory of CRPQs boils
down to the theory of CQ: one reason is first that the construction G +—
G actually depends on the query—we need to restrict our construction to
languages occurring in the query in order to obtain a finite structure. Even
more importantly, the construction G — G actually fails to preserve any

interesting property: notice e.g. that if G is a directed path

and if only 2, occurs in the query, then G is the k-transitive tournament, see
Figure II1.24. From a very simple structure of path-width 1, we obtained a

structure of unbounded tree-width!

CONJUNCTIVE REGULAR PATH QUERIES EVALUATION
Input: An alphabet A, a conjunctive regular path query (%)

over A, and a pointed graph database (G, i).
Question: Does i € [y(x)]?

When dealing with CRPQs, we will assume in our proofs that the regular

languages are specified by non-deterministic finite automata; however we

will use regular expressions in every example for the sake of readability.

Given a CRPQ v, we denote its number of variables and atoms by |[y||,,, and

var
[y, respectively. On the other hand ||)|| denotes the size of any reasonable
representation of the query: we agree to take the sum of its number of atoms

with the sum of the size of automata used to describe y.

Proposition II1.2.5. The CONJUNCTIVE REGULAR PATH QUERIES EVALUATION

PROBLEM is NP-complete.

Proof. The lower bound already holds for CQs by Proposition III.1.7. The
upper bound can be proven by (1) guess a function from the variables of the
query to the vertices of the database, and (2) checking that it is an evaluation
map. For each atom, each check consists in checking if there is a path from
some vertices to another labelled by a word of some language, which can be
done in NL e.g. by an easy adaptation of the NL algorithm for REACHABILITY

IN FINITE GRAPHS. O

Overall, the algorithms for CQ EvALUATION extend effortlessly to CRPQs.

Let us point out that we defined graph databases as a subclass of relational
structures and not as relational databases: the motivation is behind this
definition is that, in light e.g. of the Wikidata example of Section I.2—or of the

Panama Papers [Neo]!—the vertices of graph databases are first-class citizens!

Variations on Conjunctive Regular Path Queries. We mention here a few
sub/subclasses of CRPQs that will play an important role. Regular path queries
(RPQ) consist of CRPQs with a single atom: the best example of RPQ is perhaps
that of y(x,y) = x EaN y that described a simple reachability constraint.

79

1I1.2. GRAPH DATABASES

!
s
I

Figure 111.24: The 3-transitive tour-
nament Tj. (Replica of Figure 1.25.)
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On the other direction, the languages used in CRPQs can be extended to
navigate edges in both directions. Formally, given a graph database G, we
consider the expanded database G* obtained from G by adding, for every
edge x 5 y in G, an extra edge y 2, x. We obtain a graph database on
the alphabet A* = A U A~ where A~ = {a~ | a € A}. We then define
the syntax of a CRPQ with two-way navigation, or C2RPQ, as a CRPQ on the
alphabet A*. Its evaluation is defined as the evaluation of the CRPQ on G*.
For instance, the evaluation of the C2RPQ

yal,y) 2 x LT,
on the graph database of Figure II1.21 returns all pairs of individuals linked by
a chain of co-authorship. It includes (author;, authors) or (author;, author,)
but not (author;, author,).

Unions of conjunctive regular path queries (UCRPQs) and unions of conjunc-
tive two-way regular path queries (UC2RPQs) are defined analogously to unions
of conjunctive queries. Infinitary unions are defined similarly, except that we
allow for potentially infinite unions. We often use a set notation to denote

the union, especially for infinitary unions.

Fact III.2.6. Infinitary unions of CQs, of CRPQs, or even of UC2RPQs all have
the same expressivity, which exactly correspond to the semantical queries

that are closed under homomorphisms.

Proof. Indeed, it is easy to see that each of these query languages are closed
under homomorphisms. Conversely, given a query ¢ that is closed under
homomorphisms, then ¢ is semantically equivalent to the infinitary union of
CQs

\/{7/ | v canonical CQ of some G € ¢ O}

These infinite objects will mostly appear as intermediate objects in our con-
structions and proofs, on our way to proving that they are actually equivalent

to a finite union.

II1.2.2  Deciding Equivalence of Conjunctive Regular Path Queries

CRPQs form the core navigational mechanism of the new ISO standard Graph
Query Language (GQL) [ISO24] and the SQL extension for querying graph-
structured data SQL/PGQ [ISO23] (see also [Fra+23a; Fra+23b]). Hence, the
static analysis of conjunctive regular path queries is of the foremost impor-
tance: we prove in this subsection that semantical equivalence of CRPQs is
decidable. Notice however that the containment of y;(x,y) = x 5 y into
Vo(x,y) = x L y is equivalent to asking for K C L. Since language inclusion
for non-deterministic automata is PSpace-hard, it follows that there is no
hope for containment to be as easy for CRPQs as it is for conjunctive queries...

Static analysis of conjunctive queries relied on duality theory, which as-
sociated to each CQ a canonical database. We show here that for CRPQs, or
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even for UC2RPQs, we can associate to each query an infinite set of canoni-
cal databases, which will help us decide containment, and hence semantical
equivalence.

Homomorphisms. CRPQs and C2RPQs over an alphabet A can be seen
as relational structures over Opey(a+) and Opey(a+), respectively. As such,
they come equipped with a notion of homomorphism between them, see
e.g. Figure II1.26b. These homomorphisms behave nicely w.r.t. to evaluation
maps,?’ in the sense that for every homomorphism of CRPQs f: /(%) —
y(X), for every evaluation map g: y(X) — (H,7), then their composition

gof:y' (') = (H,?) is still an evaluation map.

FactIII.2.7. Hence, for any CRPQs (resp. C2RPQs) y(X) and )’ (X’), if y(X) bom,
Y’ (X') then "(X) S p(X).

However, contrary to the case of conjunctive queries (Proposition III.1.8),
the converse implication does not hold: letting y;() = x “ 2 and 1,0 2 x5
y—b> z, then y1() € 7,() (in fact these queries are equivalent) but there is no
homomorphism from y,() to y; ()—and neither from () to y1(). This lack of
converse implication for Fact II.2.7 is precisely what makes the static analysis
of CRPQs hard—or interesting, depending on the point of view! The previous
example, while important, can actually seem somewhat degenerate: the only
problems seems to occur from the fact that an atom 2, essentially has access
to an internal variable that the homomorphism cannot manipulate. While
this is indeed an issue, it only illustrate part of the difficulty posed by CRPQs,

and so we turn to a slightly more involved example.

Example III.2.8 (Simplification of [FLS98, Figure 3].). Consider the Boolean
CRPQs
Y02wSx 2y and 602x5yDz

We claim that y() € 6(): indeed, if G is a database that satisfies y() then
it contains a path that is either labelled by aab or by abb, and so in both
cases it contains an ab-path. However, there is no homomorphism from 6()
to (). Note that here the issue does not arise from an “internal variable”,
but rather from the fact that to handle one case (the case of aab-paths), we
would need to map (x, v, z) to {w, x,y), while in the other case (the case of
abb-paths) we would need to map (x, y, z) (of 0) to {x,y, z) (of ) to obtain a
homomorphism.*° &

The idea behind canonical databases for C(2)RPQs is as follows starting
from a CRPQ y(X) = /\?:1 Y EN z;, we look every possible choice of words
(U € Li)iep1,n)- Replacing L, by a directed path labelled by u; yields a pointed
graph database that satisfies y(X) by construction. These will precisely be the
canonical databases of our CRPQ! We illustrate the notion on Figure III.25.
Dealing formally with the case that u; = ¢ is actually somewhat tricky since,
as a result, the two ends of this atom needs to be merged. So, to properly define

canonical databases for CRPQs, we first need to introduce a few technical tools,

81

1I1.2. GRAPH DATABASES

3 Déja vu?

40 Actually this idea of having maps
that covers only some cases but not
all can be formalized, and leads to
an algorithm for deciding contain-
ment: see the notion of “canonical
database covered by a query mapping”
in [FLS98].
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O,

b+
Qe or( )
o a NS c+ >O Oa\>07 IZ\)O d o

that will also prove useful throughout this part of the thesis to manipulate
CRPQs.

Equality Atoms. C2RPQs with equality atoms are queries of the form y(X) =
0 A I, where 6 is a C2RPQ (without equality atoms) and I is a conjunction
of equality atoms of the form x = y. Again, we denote by vars(y) the set of
variables appearing in the (equality and non-equality) atoms of . We define

the binary relation =, over vars(y) to be the reflexive-symmetric-transitive

Y
closure of the binary relation {{x,y) | x =y is an equality atom in y}. In
other words, we have x =, y if the equality x = y is forced by the equality
atoms of . Note that every C2RPQ with equality atoms y(X) = 6 Alis
equivalent to a C2RPQ without equality atoms »*, which is obtained from y

by collapsing each equivalence class of the relation =, into a single variable.

Y

This transformation gives us a canonical renaming from vars()) to vars(y~).
. . K L ~ A K

For instance, y(x,y) £ x = y Ay = z Ax = y collapses to y~(x,x) = x —

L
XAX— Z

Refinements. For an NFA .4 and two states g, q" thereof, we denote by A[g, 7’|
the sublanguage of A recognized when considering {g} as the set of initial
states and {g’} as the set of final states. An atom m-refinement of a C2RPQ
atom y(x,y) = x EN y where L is given by the NFA A4, is any C2RPQ of the
form

plx,y) =x Ly, t Ly Loy t,_1 Lu, y (IL.6)

wherel <n <m, t, ..., t,_; are fresh (existentially quantified) variables, and
Ly, ..., L, are such that there exists a sequence (g, ..., g,,) of states of A} such
that g, is initial, g,, is final, and for each i, L; is either of the form
L ALlgi i),

ii. {a} if the letter a € A belongs to Ar[q;,g;:41], or

iii. {a”}ifa” € A~ belongs to A[q;, 9;41]-

Additionally, if € € L, the equality atom “x = y” is also an atom m-refinement.

3

Thus, an atom m-refinement can be either of the form (IIL6) or “x =y

At {0 a’
refinement T F RN

a’ re ‘{ o
rZ Y Y x Y r————Y

z

v(x,y) p(z,y) p(z,y) a(z,y)
(a) A refinement. (b) A strong onto homomorphism be-
tween CRPQ:s.
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Figure 111.25: A Boolean CRPQ
(left-hand side), one of its canoni-
cal databases (middle), and a graph
database that satisfies the query but
is not one of its canonical databases.

Figure I11.26: Homomorphisms and
refinements between CRPQs.



By convention, t < # is a shorthand for ' - t. As a consequence, the
underlying graph of an atom mi-refinement of the form (IIL.6) is not necessarily
a directed path. By definition, note that L; ---L,, € L and hence p C y for
any atom m-refinement p of . An atom refinement is an atom m-refinement
for some m. An example is provided in Figure III.26a.

Deﬁnition II1.2.9. Given an atom refinement p = x N t Ly Lo,

ti1 N yofy =x N y as in (IIL.6), define a condensation of p between t; and
]-, where 0 <i,j <nandj>i+1, as any C2RPQ of the form:

L; K L; L L
- ..—X)ti—>tj—L1>...i1—)tn_l—n—)y

such that K = A[g;, ;1.

FactII1.2.10. Every condensation p’ of p is a refinement of y,and p € p’ S y.

Informally, we will abuse the notation and write [L; --- L;] to denote the

language K—even if this language does not only depend on L; --- L;.

Example IIL2.11. Let p(x,y) = x “5 iy be a C2RPQ atom, where (aa™)" is
implicitly represented by its minimal automaton. Then p(x, y) is a refinement
of refinement length seven of y(x, y) and p’(x, y) is a condensation of p(x,y),

where:

LRI

p(x,y):x—a>t1 (@ay tz (tZ ay t3 (—t4 t5 (uu)ﬂ t6 (—y,

Pl y) = x5t L5 —

Oy, C Ly Sy

On the other hand, p”(x,y) = x > t; <y is not a condensation of p(x, ).

&

Given a natural number m, an m-refinement of a C2RPQ y(X) = A x; L,
Y; is any query resulting from: (1) replacing every atom by one of its -
refinements, and (2) should some m-refinements have equality atoms, col-
lapsing the variables. A refinement is an m-refinement for some m. Note that
any atom m-refinements is, by definition, also an atom m’-refinements when
m < m’: as a consequence, in the refinement of a C2RPQ the atom refine-
ments need not have the same length. For instance, both p(x, x) = x5 x and
P (x,y) = x5 t; 5 y &y are refinements of y(x,y) = x 5 y & x.

For a given C2RPQ 7, let Ref=""(¥) be the set of all 2-refinements of y, and
Ref(y) be the set of all its refinements. Given a refinement p(X) of y(%), its
refinement length is the least natural number m such that p(X) € Refgm(y).
Note that if the automaton representing a language L has more than one final
state, for instance the minimal automaton for L = a* + b™, then x N Y is not
a refinement of itself. However, it will always be equivalent to a union of
refinements: in this example, x LIALIN y is equivalent to the union of x LN y

and x LiN y, which are both refinements of the original C2RPQ.
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Expansions. Remember that a C2RPQ whose languages are of the form {a}
or {a”} for a € A is in effect a CQ. The expansions of a C2RPQ y is the set
Exp(y) of all CQs which are refinements of y. In other words, an expansion of
y is any CQ obtained from y by replacing each atom x EX ybyapathx 5y
for some word w € L. For instance, &(x,y) = x = t; <~ t, = t; <~y isan

expansion of p(x,y) = x L), y.

We define the canonical databases of a C2RPQ as the
canonical databases of the expansions of the query. We denote by (G, i) E*

Canonical databases.

(%) the fact that (G, #) is a canonical database of y(X). We extend the notions
of expansions and of canonical databases to UC(2)RPQs by taking the union.
Notice that any UC2RPQ is equivalent to the infinitary union of its expan-
sions. In light of this, the semantics for UC2RPQ can be rephrased as follows.
Given a UC2RPQ I'(X) and a graph database G, the evaluation of I'(X) over H,
is the set of tuples 0 of nodes for which:
« there is £ € Exp(I) such that there is an evaluation map from ¢ to H that
sends X onto 7, or equivalently
« there exists (G, it) £* T'(%) s.t. (G, i1) hom (H, o).
In this specific case, since & is a CQ, the notion of evaluation map coincides
with that of homomorphism: duality justifies that we use these two notions
interchangeably, which we will happily do from now on.
Similarly, containment of UC2RPQs can also be characterized in terms of

expansions.

Proposition II1.2.12 (Folklore).*! 42 Let 'y and I'y be UC2RPQs. The fol-
lowing are equivalent:
* Iw1 - rz;

for every &; € Exp(I'y), we have §; S T'y;

hom

for every &; € Exp(I'y) there exists &, € Exp(I'y) such that £, — &;

« for every Gy F* I'y, we have G £ T'5;

hom

« for every Gy E* I'y, there exists G, £* T, s.t. G, — Gy;

As an example, we consider the queries
YozwSb x2Sy and 60)2xSyDz

from Example II1.2.8. Then 6() has a unique canonical database that we denote
by D, and y() has two canonical databases G, and G;,. We represent them in
Figures I11.28 and IIL.29, together with witnesses that y() € 6().

Proposition I11.2.12 by itself is not enough to conclude to the decidability of
containment since the set of expansions or canonical databases of a UC2RPQ,
or even simply CRPQs, is infinite. To get decidability, the easiest way is by

proving a small model property.

Proposition II1.2.13 (Small model property for C2RPQs, folklore). Given two
C2RPQs y1(X1) and y,(Xy), if y1(%1) € 7,(X,), then there exists (G, it;) E*
y1(x;) of size at most f(|[y1ll + [[y5ll) s.t. {(Gq,51) ¥ y,(X,), where f is a
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Figure 111.27: Serio-comic war map for
the year 1877, by F. W. Rose.

#1 The proof is elementary, see e.g.
[FLS98, Proposition 3.2] or [CDLV00,
Theorem 2].

42 The proposition works for Boolean
as well as non-Boolean queries: we
dropped the tuples of variables for
the sake of readability.

a a b

0——9—9

0

o4 b

O——0—0
Figure 111.28: Homomorphism from
Dto G,.

a b b
9 )9 )9 >O

O—O0—0
Figure 111.29: Homomorphism from
D to Gb'



doubly-exponential function.

Proof sketch. We start with some (G, #1;) E* y;(X;) of arbitrary size such
that (Gq,711) ¥ y5(X;). On then look at how y, maps into G in the following

sense: in an atom refinement in G,

o a ay
x0—>x1—>...—>xn
we associate to every sequence 4,4, --- a; the function which takes a tuple of
set of automaton states (one set for each automaton of y,), and returns the
tuple of set of states they can reach after reading 4;4;,, --- 4;. By pigeon-hole
principle, if 1 has at least double-exponential size, then there must exist two

indices i < j that have the same behaviour. Then, shrinking
xOﬂ)xlﬂ)...ﬁn—)xn into xogxlg...ixi:x}—‘bl—)...ﬂn—)xn

yields a strictly smaller canonical database G} of y; that behaves like G; wr.t.
to the automata of ), and so since we had (Gq, i) ¥ V,(X,), we still have
(G, 1) ¥ y2(Xp). O

In particular Proposition I11.2.13 implies that containment is decidable for

UC2RPQs. However, this does not give an optimal algorithm.

Proposition III.2.14.Proven independently in [CDLV00, Theorem 5] for
C2RPQs and in [FLS98, § after Theorem 4.8] for CRPQs without inverses but
with an infinite alphabet. Containment of UC2RPQs is ExpSpace-complete.
The lower bound already holds for Boolean CRPQs.

Overtime, this proof has been simplified to eventually climax to the follow-

ing result.

Proposition IT1.2.15 ([Fig20, Lemma 8]). There is a fixed alphabet over which
the coNTAINMENT PROBLEM for Boolean CRPQs is already ExpSpace-hard
when restricted to instances of the form

Ly

10=e — e

N
°

* =70

Observe that, while the containment

ey 2x 5 S Oty 2x5y)

is equivalent to K g? L, we have that

02x S5 0215 y)

is rather equivalent to K €° A*LA*, and so the problem of Proposition II1.2.15

can be reformulated as

K A mLi)A*.

p
i=1
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Figure 111.30: Fun interlude: try

spotting the difference with Propo-
sition 111.2.13. Spinifex Pigeon, by ]]
Harrison, licensed under CC BY SA
3.0.


https://commons.wikimedia.org/wiki/File:Spinifex_Pigeon_0A2A1585.jpg
https://creativecommons.org/licenses/by-sa/3.0/deed.fr
https://creativecommons.org/licenses/by-sa/3.0/deed.fr
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The proof of Proposition III.2.15 is by reduction from the exponential-space
tiling problem, and relies on encoding exponential-sized counters in polyno-

mial space.

Hom-Minimality. We say that a graph database (G, #1) satisfying a seman-
tical query y(X) is hom-minimal if for every other graph database (G’, ), if
(G’, D) also satisfies y(X) and if (G’, D) Jhom, (G, 1) then (G’,?) = (G, i1).
Graphically, this literally corresponds to the minimal elements of a set in
Figure II1.9. In the definition, the quantification over all “(G’, ) that satisfy
y(X)” can actually be replaced, for UC2RPQs, by a quantification over all

canonical databases.

II1.2.3  Queries Over Simple Languages

The high complexity of Proposition II1.2.15 and ?? motivate the quest for
fragments of conjunctive regular path queries with better complexity. We
will present a fragment UCRPQ(SRE) that has a CONTAINMENT PROBLEM that
is much better behaved than for general UCRPQs, and moreover is widely
used in practice.

A simple regular expression, or SRE, is a regular expression the form a*
for some letter a € A or of the form a; + --- + a,, for some a4, ..., a,, € A.
Let UCRPQ(SRE) be the set of all UCRPQ whose languages are expressed
via simple regular expressions. Observe that UCRPQ(SRE) is semantically
equivalent to the class of UCRPQs over the closure under concatenation
of simple regular expressions since y(x,y) = x <% y is equivalent to
Y'(x,y) = x 2 zAz 3 y. Moreover, UCRPQ(SRE) also corresponds to
UC2RPQ whose languages are expressed via SREs; in other words adding

two-wayness does not increase the expressivity of the class.

Proposition I11.2.16 ([Fig+20, Corollary 5.2]). Containment of UCRPQ(SRE)
is Hg -complete.

In other words, this problem is just one level up the polynomial hierarchy
compared to the CQ CONTAINMENT PROBLEM, which sharply contrasts with the
costly ExpSpace-completeness result for the full class of UC2RPQs! Moreover,
recent studies on SPARQL query logs on Wikidata, DBpedia and other sources
show that this kind of regular expressions cover a majority of the queries
investigated, e.g., 75% of the “property paths” (C2RPQ atoms) of the corpus of
1.5M queries of Bonifati, Martens and Timm [BMT20, Table 15].

In Chapter IV we will actually need a marginally smaller subclass of these:
we define positive simple regular expressions analogously to simple regular

expressions but by replacing a* with a*.

I1.2.4 Static Analysis

Static optimization for CRPQs has received considerable attention. Beyond

the basic study of containment and equivalence problems for CRPQs that we
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already mentioned, let us highlight that these problems have also been inves-
tigated under different scenarios: restrictions on the shape of queries [Fig20],
restrictions on their regular languages [Fig+20], alternative semantics [FR23],
or under schema information [GGIM22; GGIM24]. This has enabled the study
of more advanced static analysis problems motivated by the following general
question: Can a given query be equivalently rewritten as one from a target
fragment (which enjoys desirable properties)? In the literature the problem
has been studied where the target fragment are queries which either (i) avoid
having infinite languages, or (ii) have a tree-like structure. This gives rise
to the so-called (i) boundedness problem for CRPQs (i.e., whether a CRPQ is
equivalent to a UCQ) [BFR19; FKMP24], and (ii) semantic treewidth problem
for CRPQs (i.e., whether a CRPQ is equivalent to one that is tree-shaped)
[BRV16].

In the next chapters, we focus on the problems of minimizing the number
of atoms (Chapter IV) and tree-width (Chapter IV) necessary to express a
(U)C(2)RPQ. In both cases, we will prove decidability of the problem by
providing an algorithm in k-ExpSpace for some k, and will provide a much
more efficient algorithm—i.e. in the polynomial hierarchy—for queries over

simple regular expressions.

87

1I1.2. GRAPH DATABASES






CHAPTER 1V

Minimization of Conjunctive Regular Path Queries

ABSTRACT

We study the minimization problem for Conjunctive Regular Path Queries (CRPQs)
and unions of CRPQs (UCRPQs). This is the problem of checking, given a query and
a number k, whether the query is equivalent to one of size at most k. For CRPQs we
consider the size to be the number of atoms, and for UCRPQs the maximum number
of atoms in a CRPQ therein, motivated by the fact that the number of atoms has a
leading influence on the cost of query evaluation.

We show that the minimization problem is decidable, both for CRPQs and UCRPQs.
We provide a 2ExpSpace upper-bound for CRPQ minimization, based on a brute-force
enumeration algorithm, and an ExpSpace lower-bound. For UCRPQs, we show that
the problem is ExpSpace-complete, having thus the same complexity as the classical
containment problem. The upper bound is obtained by defining and computing a
notion of maximal under-approximation. Moreover, we show that for UCRPQs using
the so-called simple regular expressions consisting of concatenations of expressions of
the form a* or a; + -+ + a;, the minimization problem becomes l_Ié7 -complete, again

matching the complexity of containment.
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This chapter is mostly a reproduction of the eponymous paper that was published
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IV.1 Introduction

Minimization of queries. Minimization — that is, the problem of transforming
a query into a strictly smaller equivalent query — is perhaps the most funda-
mental query optimization question. For CQs (and UCQs), minimization is
well understood, and there exists a canonical unique minimal query, namely
the core. The mechanism for obtaining such minimal query is simple: elimi-
nate any atom from the query that results in an equivalent query (i.e., any
atom which is ‘redundant’ in the sense of equivalence). In contrast, minimiza-
tion of CRPQs is poorly understood from a theoretical perspective. In this
case, the situation is more challenging: there is no natural notion of ‘core’,
and it is not clear whether a notion of ‘canonical’ smallest query may even be
possible. In particular, eliminating redundant atoms of a CRPQ as done for
CQs, in general results in a query which is neither minimal nor canonical.

In this chapter we study the miNIMizAaTION PROBLEM for CRPQs and UCR-
PQs. In the case of CRPQs, we aim at minimizing the number of atoms of
a CRPQ, and hence we formulate the problem as follows (= denotes query
equivalence, i.e., the fact that the queries output the same answer for all
databases):!

MINIMIZATION PROBLEM FOR CRPQs

A finite alphabet A, a CRPQ y over A and k € N.

Is there a CRPQ 0 over A with at most k atoms such that
y =0?

Input:

Question:

On the other hand, in the case of UCRPQs, we minimize the maximum
number of atoms of the CRPQs participating in a UCRPQ:

MINIMIZATION PROBLEM FOR UCRPQs
A finite alphabet A, a UCRPQ I over A and k € N.
Is there a UCRPQ A over A whose every CRPQ has at

most k atoms s.t. I' = A?

Input:

Question:

Observe that the minimization problem for CRPQs and UCRPQs are two
different problems: an algorithm for the minimization problem for UCRPQs
(where the equivalent query may have unions) in principle does not imply
any bound on the minimization for CRPQs (where we insist in being only
one CRPQ).

Contributions. We investigate the minimization problem for CRPQs and
UCRPQs, and present several fundamental results. More concretely:
« We show that the minimization problem for CRPQs and UCRPQs are both

decidable. As explained before, these are different problems and we give
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" Note that we can always assume
k to be smaller than the number of
atoms of the input query, since oth-
erwise the instance of the MINIMIZA-
TION PROBLEM is trivially solvable by
answering ‘yes’. So, whether k is
given in unary or binary does not af-
fect the size of the input.
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two very different algorithms. Contrary as what happens for CQs, mini-
mizing a CRPQ by unions of CRPQs may result in smaller queries, hence
in a sense UCRPQ minimization may be seen as a strictly more powerful
approach (Proposition IV.4.1).

« For the miNnimizAaTION OF CRPQs, the algorithm is essentially by brute-force.
By carefully bounding the sizes of the automata involved, we show that
the algorithm can be implemented in 2ExpSpace in Theorem IV.3.1. We
also show an ExpSpace-hard lower bound in Theorem IV.5.2, leaving an
exponential gap.

 For the minimization of UCRPQs we can apply a more elegant solution,
and in fact we show how to compute ‘maximal under-approximations’ of a
query by UCRPQs of a given size (Lemma IV.4.6). The minimization then
follows by testing whether the given query is equivalent to its approxima-
tion of size k, yielding an ExpSpace upper bound (Corollary IV.4.7), which
is tight with the lower bound (Corollary IV.5.13).

« We consider subclasses of UCRPQs restricted to some commonly used
regular expressions as observed in practice, namely, the so-called positive
simple regular expressions? We show that minimization of UCRPQs having
such simple regular expressions is Hg -complete (Theorem IV.4.8).

« We explore some necessary and sufficient conditions for minimality. In
particular, we show that non-redundancy (i.e., the fact that removing any
atom results in a non-equivalent query) is necessary but not sufficient for
minimality (also known to be the case for tree patterns [CMNP18]). We
also investigate a notion of ‘strong minimality’ which implies minimality
(Corollary IV.2.9), and can be used as a theoretical tool to prove minimality
of queries. This result is based on Theorem IV.2.8, which may be of inde-
pendent interest, providing a tool to extract lower bounds on the number
of atoms (and more generally properties on the underlying structure of
queries, such as tree-width, path-width, etc.) that is necessary to express a
UCRPQ.

« We also discuss an alternative definition of size, where instead of the
number of atoms we count the number of variables: we obtain upper
bounds for the VARIABLE-MINIMIZATION PROBLEM of CRPQs and UCRPQs
in Section V.10.

On the chosen size measure. A naive algorithm for the evaluation of a union
of t CRPQs with k atoms on a graph database G gives a rough bound of
O(tk(IV(G)IE(G)Ir) + HIV(G)¥), where  is the maximum size of the regular
expressions it contains, and £(G), V(G) are the set of edges and vertices of
G, respectively.> As we see, the most costly dependence is on k, since G
is the largest object (i.e., the database, several orders of magnitude larger
than the remaining parameters in practice). The size of regular expressions
and the number of unions have a less predominant multiplicative influence

on the cost. Further, unions can be executed in parallel, which justifies the
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2 The positivity restriction is needed
in Lemma IV.5.12.

3 This is obtained by first materializ-
ing a table with the answers to each
RPQ atom x L y of the query. For
each vertex u € V(G), we can com-
pute the answers to u L Y, by a
BFS traversal on the product of G and
the NFA A; for the regular language
L, taking roughly O(|£(G)|r). Then
we can evaluate each CRPQ as if it
were a conjunctive query on the com-
puted tables (each table having size
at most [V(G)P), in O(IV(G)PY) =
O(V(G)P¥).
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choice of taking the maximum size of the number of atoms of the CRPQs
therein. However, other measures may also be reasonable. For example,
taking the size to be the number of variables instead of the number of atoms
is explored in Section IV.6.1. More complex measures including the size of
regular expressions and the number of unions would need to take into account
the drastically different roles of the parameters in the evaluation in view of
the previous discussion (e.g., a simple sum of the parameters would not be a
reasonable choice).

Our size measure of number of atoms is also natural from a practical
perspective. In practice, systems typically evaluate CRPQs by combining on-
the-fly “materialization” of CRPQ atoms with relational database techniques,
in particular using join algorithms (see e.g. [Vrg+24; KBHSN24; CRV23]). The

number of atoms (or joins) plays an important role in these algorithms.

Related work. Minimization has also been studied for the class of tree pat-
terns [FFM08; KS08; CMNP18]. Tree patterns are simple yet widely used
tree-like queries for tree-like databases such as XML. These queries allow
mild recursion in the form of descendent edges, that is, atoms of the form
x5 y, where x is the parent of y. Minimization of tree patterns is now
well-understood [CMNP18]: it is known that non-redundancy is not the same
as minimality, and that the MINIMIZATION PROBLEM is Zg -complete, the lower

bound being highly non-trivial.

IV.2  Necessary & Sufficient Conditions for Minimality

This section explores some necessary and sufficient conditions for a query to
be minimal. We start with some necessary definitions. We say that a (U)CRPQ
is minimalif it is not equivalent to any (U)CRPQ having less maximum number
of atoms. An internal variable of a CRPQ y is any non-output variable with
both in-degree and out-degree 1. A non-internal variable is called external. A
one-way internal path,* or internal path for short, from x; to x,, of a CRPQ y
is a simple® path

Xy Ly X, Ly Ly X, (Iv.y)
in y where n > 0 and every x; is internal with i € [1,n—1]. A segment of
a CRPQ vy is a maximal internal path in y, where “maximal” means that it
cannot be extended on the left or on the right. We say that a segment is cyclic
if xg = x,,. We identify two cyclic segments if they are equal up to circular
permutation. We say that a segment as in (IV.1) is incident to a variable y if

y = x; for some i.

Fact IV.2.1. The segments—seen as sets of atoms—of ) form a partition on

its set of atoms.

See Figure IV.1a for an example of a decomposition into segments. Note
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4 This definition comes from [FM25,
§7], under the name ‘one-way inter-
nal path’; there is also an equivalent
notion for C2RPQs.

5> Meaning that all nodes are pairwise
disjoint, except that potentially xg =
Xy
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Figure IV.1: Segments and segment

graph of a CRPQ 7.
o
£ e

(a) The segments of y—labels are omitted. Each seg- (b) The segment graph of y.
ment has a different color. Internal variables are the
smaller circles.

that each segment is incident to either zero external variable (isolated cycles),
to one (non-isolated cycles) or to two (non-cycles). We denote by ||y ||, the
number of segments of a CRPQ y, and we extend this notation to UCRPQs by

letting ||| ., = max,cr IIyIISCg. By Fact IV.2.1, ||I'||seg < |[T'l|,; always holds.

seg

IV.2.1 Necessary Conditions: Contractions and Redundancy

Contractions. One simple (and tractable) way to make a query smaller is to
‘contract’ any two consecutive atoms in a path with just one atom having
the concatenation of the languages. A CRPQ y is fully contracted if it cannot
be contracted. In other words, y is fully contracted iff ||)/||seg = [yl A
contraction of a UCRPQ is a contraction of a CRPQ therein (obtaining the
UCRPQ where one CRPQ y was replaced by a contraction of ). A UCRPQ is
then fully contracted if each CRPQ therein is fully contracted.

Fact IV.2.2. Contractions preserve semantic equivalence. Further, from a
UCRPQ T one can produce, in polynomial time, an equivalent one that is fully

contracted with ||l“||seg atoms.

In particular, if a UCRPQ I' is minimal then I is fully contracted and
||Iﬂ||Seg = ||['],;; in other words, ||I’||S€g is an upper bound on the number of
atoms of the minimal equivalent query.

Redundancy. Another way to reduce the number of atoms of a query is to
remove any redundant atom, that is, any atom whose removal results in an
equivalent query. When there are no such redundant atoms, we say that the
query is non-redundant. However, this is a more difficult problem, since it

involves testing for query equivalence, an ExpSpace-complete problem.

Proposition 1V.2.3. Testing whether a (U)CRPQ is non-redundant is Ex-

pSpace-complete.

Proof. The upper bound is trivial: for every atom we remove it and check
equivalence.

For the lower bound, we use the construction of Proposition IV.5.1 for
containment. Let () = x’ 5 Y AN X L, y be the disjoint conjunction
of y1() and y,() as defined in Proposition IV.5.1. We first strengthen the

construction to ensure the following two properties:
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1. K cannot be mapped inside any L;: There is no word of K which appears
as factor of a word from some L;. For this, it suffices to add a special letter
at the beginning and the end of every word of K which is not in any of the
L;’s. That is, we can define a new K™ = #. K . # for a new symbol #.

2. For every j there is w; € L; such that w; ¢ L; for every i # J: it suffices
to add a special word (e.g. using a new alphabet letter) to each L;. For
example, we can define L*" = L;’ld U {@;}, where @; is a fresh alphabet
letter.

It is easy to see that these modifications preserve all the properties needed

for the CONTAINMENT PROBLEM to still be ExpSpace-hard.

We show that () is non-redundant iff x’ 5 Y S Ax L, y.

@ K cannot be removed. We first show that removing the atom x’ 5 y
from 6() results in a non-equivalent query &’(). Indeed, if it is removed then
for any expansion of ¢’() there will not be any word from K that can be used
to map into the expansion due to the first point above.

W If some L; is redundant, then containment holds. Consider the result 0'()
of removing an atom x L, y from 6(). Consider all the expansions of ¢’()
that choose w;—defined in the second point above—as the atom expansion
for L; for every i # j. It follows that for any such expansion there must be
an expansion of 6() that maps necessarily x L, Yy to the atom expansion of
PR Y’ in ¢’(). Otherwise, we would be mapping some word of L; to some
w; with i # j, which we know it is not possible due to the second point above.
This means that x’ = Y SN x L, y.

W If containment holds, then all L;’s redundant. Finally, observe that if
DU Y ENx L, y then the query is equivalent to x’ 5 y.

Overall, we obtained that the following are equivalent:

i. 0() is redundant,

ii. an atom x =5 y of 6() is redundant,

iii. the containment x’ -5 y < /\i x Ly y holds,

iv. all atoms x =5 y of 8() are redundant. O

While in the case of conjunctive queries non-redundancy is the same as
minimality, for CRPQs and UCRPQs this is not the case, even if the query is
fully contracted.

Proposition IV.2.4. There are fully contracted non-redundant CRPQs which

are not minimal.

Proof.

|
M1l
)y

+
Il

= ad" ad

Figure IV.2 contains a simple witnessing example. It is trivial to see that

the CRPQs in the figure are all equivalent and that the leftmost query is

95

Figure 1V.2: Equivalent CRPQs. The
leftmost query is fully contracted,
non-redundant and not minimal,
since it is equivalent to the rightmost

query.
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non-redundant and fully contracted. However, it is not minimal since it is
equivalent to the rightmost CRPQ. O

IV.2.2 A Sufficient Condition: Strong Minimality

We have seen some sound ways to reduce the size of queries. But how can
we ensure that a query is actually minimal? Here we give a theoretical tool
which can ensure this by means of finding some expansion which is a witness
for the query to have “many atoms”. We call this strong minimality.
A UCRPQ T is strongly minimal if it has a hom-minimal expansion & €
Exp(l) s.t. IIZE)IISeg = [[['|,;- We will next show that this is a sufficient
condition for minimality.
Informally, the segment graph 85(y) of a CRPQ y is the directed multigraph
obtained by replacing segments of y with edges in its underlying graph, as
illustrated in Figure IV.1b. The main motivation behind the notion of segments

is that it is essentially dual to the notion of atom refinements.

Definition IV.2.5. Given a CRPQ y, we define its segment graph 85(y) to be

the directed multigraph defined by:

« every external variable of y is a vertex of 8G()’), and moreover, for every
cyclic segment o that is not incident to any external variable, we create a
new variable x;

« for every cyclic segment o, we have a self-loop around x,, and for any
external variable x and v of )/, we have an edge from x to y in §G(y) for

any segment starting at x and ending at y.

Fact IV.2.6. The segment graph of y can always be obtained from its under-

lying graph by contracting internal variables.

A minor of a graph is any graph that can be obtained by removing edges,
removing vertices—and their adjacent edges—, and contracting edges—meaning
that we identify the two endpoints of the edge and remove the edge from the
graph.® Moreover, we say that a class of CRPQs is minor-closed when, for
every query is the class, any other query whose underlying graph is a minor

of the underlying graph of the first query must also belong to the class.

(a) A CRPQ y.

(b) An expansion & of y, to- (c) The segment

gether with its segments. graph of &.

Proposition IV.2.7. Let y be a CRPQ and & be an expansion of y. Then
89(&) is a minor of the underlying graph of y.7

96

® This definition is a trivial general-
ization of the notion of minors for
undirected graphs.

Figure IV.3: lllustration of Proposi-
tion IV.2.7: Figure 1V.3c can be ob-
tained as a minor of Figure IV.3a.

7 In general, SG(&) can be obtained
by contracting edges, but there are
some degenerate cases where we
must remove some vertices, for in-
stance when considering the expan-
sion of x &5 x associated with the
empty word. This is an artefact of
our choice to disallow isolated vari-

ables in CRPQs.
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In particular, [|€|lseg < [}l See Figure IV.3 for an example.

Proof. The underlying graph of £ is obtained from the underlying graph of y

by:

1. contracting some edges—corresponding to atom refinements for the word
g,

2. potentially removing isolated vertices,® and

3. refining some edges—corresponding to atom refinements for words of
length at least 2.

Let G’ be the underlying graph of y to which we applied all operation of

type (1) and (2). By construction, G is a minor of G,,. Notice then that if

H is a graph obtained by refining one edge of G’, then SG(H) and SG(G’)

are isomorphic. By trivial induction, it follows that §G(&) is isomorphic to

8G(G’). In turn, by Fact IV.2.6, SG(G’) is an edge contraction of G’, which

concludes the proof since the latter is a minor of G,,. O

The next proposition provides a helpful tool to prove lower bounds on the

number of atoms—but also on the structure—required to express a query.

Theorem IV.2.8 (Semantical Structure). Let I' be a UCRPQ. Let & be a hom-
minimal expansion of I', and A be any UCRPQ equivalent to I'. Then there
exists some O € A s.t. the segment graph 89 ((¢)) of the core of & is a minor
of the underlying graph of 0.

Proof. LetI be a fixed UCRPQ, and let A be a equivalent UCRPQ. Let &t be a
hom-minimal expansion of I'. Since I' € A, there exists an expansion £, of A
s.t Ep Jom, &r. Likewise, since A S T, there exists an expansion & € Exp(I)
s.t. &p Jom, &p- Overall, we have & Jom, &r and so, by hom-minimality of &,
it is hom-equivalent to &1 In turn, this implies that &, is hom-equivalent to
&t and thus there exists an embedding of zér) into £,. Note moreover that
such an embedding must send variables of in-degree 0 (resp. out-degree 0) to
nodes of in-degree 0 (resp. out-degree 0) and so by Corollary IV.2.12, there is
an embedding from 59((51-)) into 8G(&,). Letting 06 be the disjunct of A of
which &, is an expansion, Proposition IV.2.7 implies that 8G(& ) is a minor
of the underlying graph of 6. Hence, SG((&r)) is a subgraph of a minor, and
hence a minor, of the underlying graph of 6. O

Corollary IV.2.9 (of Theorem IV.2.8). Every strongly minimal UCRPQ is

minimal.

and a minor can only

Proof. The number of edges of 85((&)) equals IIZE)Ilseg,

decrease the number of edges. O

In fact, it can be seen that the assumption that £ is hom-minimal in The-
orem IV.2.8 is necessary as otherwise the statement would be false (see Re-
mark IV.2.14 for details). Also, note in particular that Theorem IV.2.8 implies
||(5)||Seg < [|A]l,;- But it can also be used to obtain lower bounds on, for in-

stance, the tree-width of A, and hence the one-way semantic tree-width? of
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refinement of x -5 x when dealing
with the empty word.

° Defined in [FM25, §1, p. 7].
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I', or more generally to prove that I' cannot be equivalent to a UCRPQ whose

underlying graphs all belong to a minor-closed class of graphs.

Proposition I1V.2.10. Let y be a CRPQ. The set of atoms of any path x, —
- 2 x,, of y where either x;, = x,, or where both x, and x,, are external is a

finite union of segments of y.

Proof. The statement deals with the set of atoms of the path—and not the

path itself—, so w.Lo.g., up to a circular permutation of the path, we assume

that (€) if x, = x,, then either x and x,, are external, or all x;’s (i € [1,n —1])

are internal.

We prove the statement by induction on the length of the path. We identify
three cases:

1. eachx; (i € [1,n—1]) is both internal and distinct from all X;j’s (j € [0, n]));

2. X and x,, are external and there exists i € [1,n —1] s.t. x; is external;

3. Xy = x,, and there exists k € [1,n—1] s.t. x; = x; (= x,,).

Next, we show that this covers all possible cases.

If we are not in the first case, then either some x; (i € [1,n —1])) is external
or is equal to some x; (j € [0, n]]). For the former, by (§) we get that x; and x,,
are necessarily external, and we fall in case 2.

For the former, we know that all x;’s (i € [1,n —1])) are internal, and there
existsi € [1,n—=1] andj € [0, n] s.t. x; = x;. Up to renaming the variables,
we get that i < j and (i,j) # (0,n). Recall that all x;’s (k € [1,n —1]) are
internal, and so from x; = x; we get by trivial induction that x5 = x; ;. In
particular, X, must be internal and so xy = x,,. Letting k £ j —i we have
ke[1,n-1] s.t. x, = xg = x,,, and so we are in case 3.

We can now proceed with the induction.

1. For the base case, we have a path where each x; (i € [1,n —1]) is both
internal and distinct from all x;’s (j € [0, n])). By definition this path is a
segment.

2. In the second case, x; and x, are external, and there exists some i €
[1,7 —1] s.t. x; is external. We use the induction hypothesis on the paths
xg 2 -+ & x; and x; 243 -+ 25 x, and the conclusion follows.

3. In the last case, there exists k € [1,n—1] s.t. x5 = x; = x,,, and the
conclusion follows from applying the induction on x; = --- % x; and
xp Sy e Doy oy

This concludes the induction and the proof. O

Lemma IV.2.11. Let ), 6 be CRPQs. If f: 6 —  is a homomorphism that
sends external variables of 6 on external variables of y, then there is a function
from nodes of $G(0) to nodes of §G(y) that sends an edge of $5(0) to a path
of 85(»).

Proof. By Proposition IV.2.10, the image f[c] by f of any segment ¢ of 0 is a

union of segments of y. O
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Corollary IV.2.12. Let y,6 be two CRPQs such that there is an embedding
from 6 to y s.t. every node of in-degree 0 (resp. out-degree 0) is sent on a

node of in-degree 0 (resp. out-degree 0). Then 8§G(0) is a minor of SG(y).

Proof. Let f: 6 — ¥ be such an embedding.

ClaimIV.2.13. If x € 0 is external, then f(x) is external.

Indeed, if x has in-degree at least 2, or out-degree at least 2, so does f(x)
since f is an embedding. Otherwise, either x has either in-degree 0 or out-
degree 0, and so does f(x) using the assumption we made on f.

We then use Lemma IV.2.11. Note that since f is an embedding, the seg-
ments of  occurring in f[o] must be distinct from the segments occurring in
flo’] for any segment ¢’ # 0. Overall, we have an injective map from nodes
of 5G(6) to nodes of 8G()’), which sends an edge to a path, and moreover these
paths are pairwise disjoint. This shows that §G(6) is a minor of §G(y). [

Remark IV.2.14. Note that the assumption that £ is hom-minimal in Theo-
rem IV.2.8 is necessary: consider the CRPQ y(x,y) = x AN YAX LDIN y. For
n,mée Ny, leté, . (x,y) =x LiN YAX LiiN y. There are two cases:

1. Ifn # 2m, then [I(&, )|l

hom hom
‘SZm,m ? ‘Sn,m but ‘Sn,m — ‘EZm,m'

v

2. If n = 2m, then ||(&,, )llee =1 and &, ,,, is hom-minimal.

= 2 but ¢,,,, is not hom-minimal since

Hence, using Theorem IV.2.8, we can only get a lower bound of one atom
(and not two) on the size of any UCRPQ equivalent to y(x, y), which is con-
sistent with the fact that y(x,y) = y’(x,y) where y'(x,y) £ x o), y. If
Theorem IV.2.8 would allow for non hom-minimal queries we would obtain,

by Item 1 a lower bound of 2 atoms, which is false. <&

However, this is a sound but unsurprisingly not a complete characterization

of minimality.

Proposition IV.2.15. There are minimal (U)CRPQs which are not strongly

minimal.

Proof. The Boolean CRPQ y() = x “, x. Since it has one atom, it must be

minimal, but it has no hom-minimal expansions. O

Finally, we show that checking strong minimality is at least as hard as

checking containment.

Proposition 1V.2.16. Testing whether a (U)CRPQ is strongly minimal is
ExpSpace-hard.

Proof. We use the same reduction as in Proposition IV.2.3. If 0 is strongly
minimal, then it is minimal, and so it is non-redundant, and hence by the
proof of Proposition IV.2.3, X’ = i £ A, x Ly,

We prove the converse implication: assume that x’ 5 v < A;x L, v.
Then there exists #u# € K s.t. ¥’ % 1/ does not satisfy N x LN y. Consider

the expansion & obtained by replacing K with #u#, and replacing L; with @;
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for each i. Then ¢ is a core because of the fresh letters # and @;. Moreover,
we claim that it has to be hom-minimal. Indeed, assume that some other
expansion & is s.t. &’ Jhom, &. Then because of #, the atom expansion of
x5 Y’ in & must be mapped on x’ RN Y’ in &. Then, by definition of u, the
. L; ) Hu# o,

atom expansions of /\  x ; y cannot be mapped on x* — ¥’, and so they
must be mapped on /\Z. x — y, and hence &’ = &£. Hence, this shows that 6
. . , K, L . .

is strongly minimal. Overall, we showed that x' — v’ ¢ N;x =y iff bis

strongly minimal, which concludes our reduction. O

IV.3  An Upper Bound for Minimization of CRPQs

In this section we show that the MmiNIMIZATION PROBLEM for CRPQs is decid-

able, in particular, it belongs to the class 2ExpSpace.

Theorem IV.3.1. The MmiNimizATION PROBLEM for CRPQs is in 2ExpSpace.

The proof of Theorem IV.3.1 is based on a key lemma stated below. Intu-
itively, this lemma tells us that if a CRPQ y is equivalent to another CRPQ
a, then y is also equivalent to a CRPQ f, where f has the same “shape” than
a but the sizes of the NFAs appearing in f are bounded by the size of y.
In particular, if y is equivalent to a CRPQ with at most k atoms, then it is
equivalent to a CRPQ with at most k atoms and NFAs of bounded sizes, and
hence the search space in the minimization problem becomes finite. A careful

analysis of this idea yields our 2ExpSpace upper bound.

Lemma IV.3.2. Let y and a be two CRPQs such that @ € . Then there
exists a CRPQ f satisfying @ € f such that:

1. The underlying graphs of & and f coincide.

2. The size of each NFA appearing in f3 is bounded by f(||yll), where f is a

double-exponential function.

We star by giving a proof sketch of this lemma before giving the full detailed
proof.

Proof sketch. The idea is to define the CRPQ f as the CRPQ obtained from «
by replacing each regular language L by a suitable regular language L, which
depends also on y. Consider the following equivalence relation on A*, where

, v if for every

A is the underlying alphabet. Given u,v € A", we write 1 ~,

NFA A appearing on y, and pair of states p, q of A:
u is accepted by A[p,q] < v is accepted by A[p,q].

Recall that A[p, g] denote the sublanguage of A recognized when considering
{p} as the set of initial states and {g} as the set of final states. For u € A*, we
define its y-type to be:

typey(u) = {([M1]~y' ,[uf]wy) | € < (Illyar +1), and uy, ..., u, € A" satisfy that u = uy - u,}.
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The idea is that typey(u) encodes all the possible ways u can be broken into
€ < (|IYllyar +1) subwords: we are not interested in the particular subwords
u;, but in their equivalence classes [”i]~y with respect to ~,,.
We define the sought CRPQ f5 to be the CRPQ obtained from « by replacing

each regular language L by L, where:

L= MLJL{Z € A* | type, (u) C type, (2)}.

By definition, the underlying graphs of @ and f§ are the same, and hence
condition (1) holds. It remains to verify & € § € y and condition (2). Note
thatu e {z € A" | typey(u) c typey(z)} always holds, and hence L C L. It
follows that o € .

Showing ff € 7 is more involved. By Proposition II1.2.12, we need to prove
that for every expansion &g € Exp(f), there exists an expansion 15 € Exp(y),
such tha}\t/I ‘r)ﬁ Jom, & g- Assume that  and y are of the form /\]."i1 Xj LN ijvand
/\::1 t; — s;, respectively. In particular, @ must be of the form /\]"i1 Xj =5y,
Suppose &g is of the form /\]"i1 Xj KN yj, wherez; € fj. By construction, &g has
a corresponding expansion &, of a: since each z; € L;, there must be a u; € L;
such that typey(uj) c typey(zj), and then we can take &, as /\]"i1 X; =N yj.- In
turn, since a € ), there exists an expansion 1, € Exp(y) such that 7, LLLNF S
via a homomorphism f.

The idea is to modify 7, into another expansion ng with 1 — &3, as
desired. Note that f maps the external variables of ), to external or internal
variables in £,. This determines a subdivision for each path x; 4y yjof &,
into smaller or ‘basic paths’, whose endpoints correspond to external variables
of &, or images of the external variables of 1, via f. The number of these

paths is hence bounded by |||

var T 1. Since typey(u]-) c typey(zj), then each
path x; RN yj in &g can also be subdivided in an equivalent way than x; N Y;-
Overall, the decomposition of &, into basic paths can be ‘simulated’ in p-
This gives us a homomorphism from 7 to &g, where 74 is obtained from 7,
in the following way: for each path t; =5 s; in 1,, where w; € M;, the image
of the path via f induces a subdivision of t; = s; into basic paths of &,. We
can replace each of these basic paths by its equivalent basic path in £g. As

the label of these paths are equivalent w.r.t to the relation ~,,, membership in

M; is maintained after this transformation. Hence 7 is indZed an expansion
of y.

For condition (2), it is easy to see that every equivalence class C of the
relation ~,, can be accepted by an NFA A~ of single-exponential size on |[[y||.
Also, for each word 1 € A", and each tuple ¢ = (Cy, ..., C) € type (u), there
is a single-exponential size NFA A accepting the language {z € A" | ¢ €

typey(z)}. By intersecting these NFAs, we obtain an NFA 4, accepting the
language {z € A* | typey(u) c typey(z)}. It is easy to see that the number of
tuples of the form (Cy, ..., C;) is at most single-exponential, and then the size

of A, is at most double-exponential. It follows that the number of possible

101



IV. MINIMIZATION OF CONJUNCTIVE REGULAR PATH QUERIES

type_(u) is at most double-exponential, and hence the languages L in 8 can
be described by a union of double-exponential many NFAs, each of size at
most double-exponential. Overall, each L can be described by an NFA of at

most double-exponential size on ||y||. O

Proof details. @ Construction of f. Recall that f is defined as the CRPQ
obtained from & by replacing each regular language L by L, where:

L2 Jzear| type, (1) C type, (2)}.
ueL

@ Correctness of the construction. By definition, the underlying graphs
of & and f are the same, and hence condition (1) holds. It remains to verify
a € B € y and condition (2).

Wea S B Sy Notethatu € {z € A | typey(u) c typey(z)} always
holds, and hence L C L. It follows that a < f3.

We check B € y using Proposition II1.2.12. Assume f is of the form
/\] 1 L y;. Consider an expansion g € Exp(f) defined by replacing
each atom Xj L, y; by the path x; N y;, for z; € L There must exist
u; € L; such that type (u ) c type (Z )- Let &, € Exp(a) be the expansion of
a = /\] —L> Y; obtalned from replacmg each atom x; L, y; by the path
X; N Yj- As a C v, then there exists an expansion 17, € Exp()) such that
Ny — Jom, &, Assume Y is of the form /\ 1 ki LN s; and 1), is of the form
/\Z.:1 t; =5 s;, where w; € M. Let f be a homomorphism from 7, to &,. We

can decompose each path x; N Yyjin &, into
u; Ujp_ u;
5 Ry = S R S5y,

where each 1) , is the image via f of some variable in vars(y) = {s1, t;, ..., s, £}
and each path x < x’ satisfies that all of its internal variables are not images
+1). We say that the
paths of the form x 225 x” are the basic paths of &, with respect to f. Since

via f of variables in vars(y). Note that £ < (||y]

var

type () € type (), each path x; 3 yj in &g can be decomposed into
Y = 8j1 22y .. 28 8je-1 2y Y;

where z; , ~,, u; ,. Again, we say that the paths x 22y x” are the basic paths of
&g with respect to f. We conclude by showing that there is 773 € Exp(y) such
that g Jom, '5/3- Intuitively, &, and Eﬁ have “equivalent”” decompositions in
terms of basic paths. Hence, it is possible to turn 7, into another expansion
ng € Exp(y) by replacing basic paths of &, by their corresponding basic

paths in £g. By doing so, we indeed obtain an expansion g of y such that

hom

g — -
Formally, observe that each path t; = s; of expansion 7, is mapped via f

to path in &, that can be decomposed into

ko wi,l kl wi,z e znl k Utn kn
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where w; = w;; - w;,, kg = f(t;), k, = f(s;) and each path k,_, Liay kg
is a basic path of £, w.rt. f. Each path k,_;
basic path k’;_4 g k," of & wrt. f defined in the natural way: if k, €
vars(@) = {xy, Y1, ., X, Yy}, then k,” = k3 if k, = h; ,, then k,” = g; ,; and if

—_ i i 7 — i : i ~ X 7
W, = U, thenw; ;" = z; ,. In particular, we have that w; , ~,, w; ;" and that

the following path belongs to &g:

Zia, k, has a corresponding

s

kO’ Wi kll Wia ... Wina kn—l, Wipn kn

It follows that the CQ 73 obtained from y by replacing each atom ¢, LN S;
by the path ¢, SN s;, where w’; = w;," -~ w; ;" satisfies that 7 Jom, & It
remains to show that 1, is actually an expansion of y, that is, each w’; € M;.
Suppose M is represented by the NFA A;. Since w; € M; and w; = w; 1 -+~ w; ,,
there is a sequence ¢, ..., e, of states of .4; such that e is initial, ¢, is final,
and w; , is accepted by A;le, 1, ¢,]. Asw;,” ~, w;,, we have that w; ;" is also
accepted by A;[e, 1, ¢,], and hence w’; = w; ;" ---w; " is accepted by A;.
W Bounding the size of NFAs in B. First note that for any equivalence
class C of ~y the language {z € A™ | [Z]Ny = C} is accepted by an NFA A of

single-exponential size. Indeed, the class C can be described by a set of triples
Tc ST ={(Apq) | AisanNFA in y, and p, g are states of A}

in such a way that v € C iff v is accepted by A([p, q], for every (A,p,q) € T ¢,
and v is accepted by A[p, q]C, forevery (A,p,q) € T ¢, where A C denotes the
complement NFA of A. Hence A can be written as the following intersection
of NFAs:

Ac= () Alpqin () AlpqC

(ApaeT c (Apa¢T c

The number of states in A[p, q]C is at most 2" and |T| < r2||y|| where r

at>
is the maximum number of states in an NFA of y. Hence the number of states
of Ac is at most 27l that is, single-exponential on y.

Fix u € A*. We claim that {z € A" | typey(u) c typey(z)} can be accepted
by an NFA .4, of at most double-exponential size on y. It is easy to see that
for every tuple ¢ = (Cy,..,Cy) € typey(u), the language {z € A" | ¢ C

typev(z)} can be described by an NFA A of single-exponential size: we
guess a decomposition z = z; --- z, of the input word z and check that each z;
is accepted by A .. The number of states of A; is (9(25:1 s;), where s; is the
number of states of ACi- Since € < (|[¥lly,, +1), this is O(||y|| 2’3||7’”at). Now,
the NFA A, is simply the intersection of all the NFAsin {A; | € € typey(u)}.

var

, is at most 2171 < 2’2||7/||at,
and then the number of possible tuples of the form ¢ = (Cy, ..., C/) is N =
(9(2rzllyllat(|lyllv€lr+1)). It follows that the number of states of A, is at most
O(llyllvar2r3”7”atN), i.e., double-exponential on y.

The number of possible equivalence classes of ~

Finally, note that the number of possible typey (u) is at most double-exponential
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on y, more precisely, 2N. We conclude that every language L in 8 can be
represented by an NFA .4; which is the union of at most double-exponential
many NFAs of the form .4,,, each of these having at most double-exponential
many states. We conclude that the size of .4; can be bounded by a double-
exponential function f(|[y[]). O

Using this lemma, we can then easily deduce the desired 2ExpSpace upper

bound.

Proof of Theorem IV.3.1. The 2ExpSpace algorithm proceeds as follows. Let y
be a CRPQ over A and k € N. Let f be the double-exponential function from
Lemma IV.3.2. We enumerate all possible directed multigraphs with at most
k edges. For each of these graphs, we enumerate all the possible CRPQs f3
obtained by labelling each edge with an NFA of size bounded by f(||yl). If for
some of these 5, we have that f = y then we accept the instance, otherwise
we reject it. Lemma IV.3.2 ensures that this algorithm is correct.

It remains to show that f = y can be carried out in 2ExpSpace. We use
a proposition from [FM25, Proposition 3.11, p. 17] stating that containment
I' € A, for UCRPQs I' and A, can be solved in non-deterministic space O(||['|| +
l|A||“1Ake), where c is a constant. This implies that B € y can be checked in
space O(||ll + II)/IIC'”y”at), and then within 2ExpSpace. The containment y €
can be solved in space O(||y|| + IIﬁIIC’k), and hence also in 2ExpSpace. O

IV.4  Minimization of UCRPQs via Approximations

We now focus on minimizations by finite unions of CRPQs. This is a different
problem than the one seen in the previous section, i.e., there is no obvious
reduction in either direction between the MiNIMIZATION PROBLEM for CRPQs
and the miNiMIzATION PROBLEM for UCRPQs, and indeed we will solve this

problem using an altogether different approach.

IV.4.1 Unions Allow Further Minimization

As it turns out, having unions may help in minimizing the (maximum) number

of atoms of a query as the next proposition shows.

Proposition IV.4.1. There exist CRPQs which are minimal among CRPQs
but not among UCRPQs.

Proof. The following example is inspired from [FM25, Example 1.2]. Consider
the following CRPQs:

a

<
N
— R

2 2 . and
0 a(bb)* d% ab(bb)*, Y <y ab(bb)*
zZ z
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=

010 = a(bby* <

bbby

N S

It is easy to see that y = 0y V 6; by doing a case disjunction on the parity of
the path between y and z—the even case is handled by 0, the odd case by 6.
Hence, y is not minimal among UCRPQs.

We want to show that y is minimal among CRPQs. Let C() be a CRPQ that
is equivalent to y, and assume by contradiction that it has at most four atoms.
Given natural numbers [, m,r € N, where [ is even and 7 is odd, consider

the expansion

é l,m,r()

Q

where squiggly arrows represent paths of atoms.

Claim IV.4.2. The expansion ¢; ,, , is hom-minimal iff [ = m orm =r.

hom

Indeed, if | # m and m # r, then if m is even then &, ,,, ., — &, , but

hom hom

Ermr = Spm,y (since | # m) and dually if m is odd then &, — &1,
but &, . Loms g 1,mm (since m # r). In both cases, & ,,, , is not hom-minimal.
Conversely, if | = m or m = r, assume w.Lo.g., by symmetry, that [ = m.
LetI',m’, 7" € N,y s.t. I’ is even and 1’ is odd, and assume that there is a
homomorphism f: &y v v — &, . Because of the v-self-loop, f(y) = y and
hence f(x) = x. It then follows that f(z) = z because we must have both
an a(bb)*- and an ab(bb)*-path from f(x) and f(z). Moreover, we must have
m = m’, and since I’ is even, we must have I’ = | = m, and dually, since 7’
is odd, we must have ¥ = r. It follows that (I, m’, ') = (I, m, r), and hence

&1 1s hom-minimal.

Claim IV.4.3. If m = r, then Zgl,m,r) equals

— R

Putting Claims IV.4.2 and IV.4.3 and Theorem IV.2.8 together, we get that
59 ((52,1’1)) is a minor of C. Since C was assumed to have at most four atoms,
it follows that () must be exactly of the form
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(Lo
N 4T S R
<

0=

Using the containment { € 7, since the only directed simple cycle in an
expansion of y is labelled by v, we get S = {v}. Similarly, using again that
C € y and that any expansion of y must have both an a(bb)*- and an ab(bb)*-
path, it can be shown that U = {a}.

Now let I,m,r € N,y with [ even and r odd. From y C (, we get that
each &, ,, . satisfies C and so there is an evaluation map f: ¢ — ¢;,, ,. Clearly
f(y) = y and then using the a(bb)*- and ab(bb)*-paths, we get that f(x) = x
and f(z) = z. It then follows that
« e D,and
« either abl € L, or ab” € L, or av*b™ for some k € N
From the first point we get b* C D, and in fact using C S y, D = b*.

Now let w € L and m € N, and consider the expansion

of C. Since C < y, there is an evaluation map f: y — &.. Taking m to be
any even value, we get that w must be in ab(bb)*, say w = ab” for some odd
r € N,y. Taking m to be any odd value, we get dually that w must be in
a(bb)*, say w = ab' for some even | € N_ . Hence, we get {abl,ab’} C L.
We can now pick m to be even and w = ab!, and then & e should be a model
of y. But {; does cannot satisfy the atom x 2O, . Contradiction. Hence, y

cannot be equivalent to a single CRPQ with at most four atoms. O]

IV.4.2 Maximal Under-Approximations

Our approach exploits having unions at our disposal, enabling the possibility
of defining and computing maximal under-approximations for UCRPQs hav-
ing some given underlying shape. This will lead to an ExpSpace upper bound
for UCRPQ minimization.

For a graph class € (remember that these are directed multigraphs) we
denote by CQ(€), CRPQ(C), UCRPQ(C), UCRPQ™(C), the class of CQs, of
CRPQs, of finite unions of CRPQs and of infinite unions of CRPQs ) such that
G, € C. Given a graph class € and a UCRPQ I', we define App;'(I) to be the
(infinite) set of all CRPQ(C) queries which are contractions of CQs contained
in T'. More formally:'°

10 Note that the contraction of a CQ
is a CRPQ: this is why App 7 (I') is an
infinite union of CRPQs and not of
CQs.

Appg’ (I') £ {a € CRPQ(C) | A& € Exp(I'),An € CQ s.t. & bom, nand « is a contraction of n}.
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Proposition IV.4.4. If € is a graph class closed under taking minors, then
Appz,O (T') is a maximal under-approximation of I by UCRPQ®(C) queries, in
the sense that:

1. App (I') € UCRPQ™(C),

2. App,(I) €T, and

3. for any A € UCRPQ™(C),if A C T’ then A € App(I).

Proof. The first point is trivial. For the second one, observe that if @ €

CRPQ(C) is s.t. there exist £ € Exp(I') and n € CQ s.t. & bom, n and a
is a contraction of 7, then 17 € £ and 7 is semantically equivalent to a by
Fact IV.2.2, and hence o € &, from which it follows that App‘g’(F) cT.

For the third point, let A € UCRPQ®(C) s.t. A S T. Let 6 € A and {5 be an
expansion of 0. Since A € T', there exist y € I'and cfy € Exp(y) s.t. éy Jom, Ese
From the fact that G5 € € and that {5 € Exp(0), it follows that there exists a
contraction a; of & s.t. G, is a minor of G, and thus belongs to €. Hence,
it follows that a5 € App, (I'). So &5 S Appy (I') and thus A € App S (I). [

Remark IV.4.5. If C is closed under taking subgraphs and expansions, then

AppS(y) = {a € CQ(O) | 3E € Exp(y), & > al.

&

Our ExpSpace upper bound relies on the following technical lemma.

Lemma IV.4.6. If C is finite and closed under taking minors, then Appzao(l“) is
equivalent to a query A € UCRPQ(C) with exponentially many CRPQs, each
CRPQ of A being of size polynomial in |[I'|| + max {||Gl|,; | G € C}. Further,
the membership 6 €’ A can be tested NP. In particular, this UCRPQ A can be

computed in exponential time from T'.

Proof. We start by observing that AppZ,O (I') admits an equivalent and more
flexible definition in terms of refinements. This definition will allow us to ef-
fectively compute our desired equivalent query A, by considering refinements
of bounded lengths.

For each m € N U {+0o0}, we define the UCRPQ™(C)

Appé’”(r) = {a € CRPQ(C) | Ap € Ref*"(T'),An € CRPQ s.t. p Jom, n and « is a contraction of n}.
We have that App;(l) = App§+°°(r). Indeed, App; (') S App§+°°(r)

as the former is a subset of the latter. On the other hand, App§,+°°(r) -

App,; (I') follows from Proposition IV.4.4 and the fact that Appff‘x’(F) cr

by construction.
Let ||C]],; = max {||Gl|,; | G € €} and 11 be the maximum number of states

over the NFAs describing the languages appearing in I. We claim that

App?f"o(r) = Appég(‘|r”at'rr'”€”at)(F). The right-to-left containment is trivial,

so it suffices to show App§,+°°(r) - Appég(l|r”at'rr'”€”at)(F).
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We define an explicit approximation of T over € asatuple & = {p, 1, a, h, orig, contr)

consisting of the following:

« queries p € Ref(I'), n € CRPQ and a € CRPQ(C),

+ a homomorphism h: p Jom, n,

« witnesses that « is a contraction of 77, in the form of a function orig: vars(a) —
vars(n), saying from which variable of 1 a variable of a originates, and

a function contr: Atoms(()n) — Atoms(()a) saying onto which atom of

a an atom of 7] is contracted (i.e., the functions orig, contr must meet the

expected properties).

We say that an explicit approximation @; is contained in an explicit approxi-
mation &, if &y S @,. For any m, to prove that App*~(T) € App"(I), it suf-
fices to prove that any explicit approximation aj = {(py, 1y, &y, hy, orig, , contry)
is contained in an explicit approximation @, = {py, My, &y, hy, orig,, contry)

such that p, € Ref~"(T).

W I step: Bounding the size of 1. We define the contraction length
of an explicit approximation & as the size of the longest path in 1 whose
atoms are all sent on the same atom of a via contr. In symbols, this is
max {|contr_1(y)| . u € Atoms(()ar)}. We show that any explicit approxima-
tion &) is contained in an explicit approximation &, of bounded contraction
length.

Let & be an explicit approximation. Consider a path xy— x; — -+ — X
of 177 whose atoms are all sent on the same atom of a; via contry. If this path

is very long, in particular greater than ||I'|,,,, it must contain an internal

variable x; such that all of its /1;-preimages are internal variables of p;. Then
we will be able to contract x; as well as the internal variables of the preimage,
obtaining an explicit approximation which contains 7.

We now formalize the previous claim: assume that for some x;, with i €
[1, k —1], all variables in hi7*(x;) are internal in p;. If x;_4 EN x; and x; 5 Xit1
are the only atoms containing x; in 7, then for a variable z € h7!(x;), the
only atoms in containing z in p; must have the form w L zandz 5 w'. Let
1, be the query resulting from 1; by contracting the internal variable x; and
replacing L - L’ by K, where K is defined as follows. Since L and L’ appear
consecutively in internal paths of the refinement p;, there must be an NFA A
in y and three states p, g, r such that L = A[p,q] or L = {a} with a € A[p,q],
and L = Ag,r] or L’ = {a} with a € A[q,r]. We define K = A[p, r]. Note
that in any case, L - L” C K. Similarly, define p, to be the query resulting
from p; by contracting each internal variable z € h;l(xi) and replacing L - L’
by K. Note that p, is still a refinement of y and that the homomorphism
hy: py — 1 induces a homomorphism f,: p, — 1,. Define a, be the
contraction of 17, obtained by contracting all the remaining internal variables
as the contraction ¢ is obtained from p;. Since @; € a, as L- L’ C K, this
defines an explicit approximation &, that contains ;. Note that in the case
hil(x;) = @, we can take K = L-L’, and o = a,.

Ifk-1 > |||

var» then path xp —» x; — -+ — x; contains a variable

108



1V.4. MINIMIZATION OF UCRPQS VIA APPROXIMATIONS

satisfying the condition above, and hence we can apply the simplification.
Overall, this shows that any explicit approximation is contained in an explicit
approximation of contraction length at most O(||T'||,,.) < O(ITl,.)-

w 2" step: bounding the size of p. We now show that we can bound the
refinement length of an explicit approximation, namely the maximal length of
an atom refinement in p. Let @] be an explicit approximation of contraction
length at most O(||T'l,;). Then 17, has at most O(||T'|,;; - [|C|l,;) atoms. It follows
then, by the pigeonhole principle, that we can bound the refinement length
of py by O(IL'll,; - 1 - llell,;). Indeed, if the length of an atom refinement of p;
is greater than this bound, there are two atoms in the refinement x L, y and
x L y’, with i < j, mapped to the same atom via /1; and whose corresponding
NFA states ¢; and g; in the definition of refinements are the same. We can
then remove the path between y and y’. In conclusion, this shows that
App§+°°(r) c Appéo(l|r||at'rr'”(‘f)“at)(r).

W Conclusion: Expressing & computingAppéo(”r”af'rr'”@"“f) (I') as a UCRPQ. In
order to compute Appég(”r”at'rf'”CJHH)(F) we can enumerate the finitely many
m-refinements p of I, where m = O(|[['||,; - 7 - ||CIl,;), and the finitely many
CRPQs n with at most O(||T'|l,; - [IC|l,;) atoms such that p Jom, 7. The only
issue here is that we have infinitely many possibilities to choose languages
labelling the atoms that are not in the homomorphic image of p om, .
However, we can choose the most general language A” obtaining a query
equivalent to Appém (I'). Note that each CRPQ has at most O(||[T'|l,; - l|C|l,;)
atoms and its languages are concatenations of O(||I'||,; - ||C|,;) sublanguages
of I or A”, and so they can be described by NFAs of polynomial size on ||T|

and [C]l. O

Corollary IV.4.7. Testing whether a UCRPQ is equivalent to a UCRPQ of at

most k atoms is ExpSpace-complete.

Proof. 1t suffices to test if the UCRPQ I' is equivalent to Appém(r) where C is
the class of all graphs with at most k edges and m = O(||[T|,, - 1 - [IC]l,,) as in
the proof of Lemma IV.4.6. The correctness follows from Proposition IV.4.4
since C is trivially closed under minors. Each a € Appém (T') has at most
k edges, and Appém (I') contains exponentially many queries, so by [FM25,
Proposition 3.11] (see also proof of Theorem IV.3.1), it can be solved in Ex-

pSpace. Finally, ExpSpace-hardness will follow from Theorem IV.5.2. O

IV.4.3 CRPQs over Simple Regular Expressions

Let UCRPQ(SRE) (resp. CRPQ(SRE)) be the set of all UCRPQs (resp. CRPQs)
whose languages are expressed via SREs (as defined in Section IX.1). We show
that if we restrict the regular expressions we obtain a much better complexity

for the miNIMIZATION PROBLEM for UCRPQs.

Theorem 1V.4.8. The MiNIM1zZATION PROBLEM for UCRPQ(SRE) is Hg -complete.!! Bv thi
y this we mean the MINIMIZATION

PROBLEM for UCRPQs whose input

Proof. We first begin with an easy small counterexample property. instances are UCRPQ(SRE)
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ClaimIV.4.9. Let I', A € UCRPQ containing only atoms with expressions of
the form (i) a*, or (ii) a; + --- + a;. Additionally, A may also have expressions
of the form (iii) A*. IfT £ A, then there exists & € Exp(T) such that (a) & € A
and (b) [|€]l,; < O(maxyer [[Yll,; - maxsen [16]].0)-

The intuition is that if a counterexample includes an atom expansion x LN y
of some atom x LN Y, where 7 is greater than the maximum number of atoms
in A (plus one), then the expansion obtained by replacing x LN y with x LiEN y
must also be a counterexample. Hence, a minimal counterexample must have

all atom expansions bounded by the maximum number of atoms in A.

Proof. This fact follows from a standard technique as used in, e.g., [Fig+20].
Take any counterexample & € Exp(I') as in the statement, and suppose it is
of minimal size. By means of contradiction, assume ||£][,; > maxyer (541

(maxgep [16]l +1). Then, it contains an atom expansion x — ¥ of size
m > maxgsep ||0][,; +1. Consider removing one atom from such expansion
(i.e., replacing x LAN y with x LR V), obtaining some expansion & € Exp(I)
of smaller size. By minimality &’ is not a counterexample: in other words
there is £&” € Exp(0) such that hh : &” Jbom, &’ for some 0 € A and h. Since
PN y contains more than [|6[|,; atoms, there must be some a-atom of
x 2 y which either (1) has no h-preimage or (2) every h-preimage is in an
atom expansion of a A*-atom or a a™-atom of 0. We can then replace the
a-atom with two a-atoms in ¢’ and do similarly in the atom expansions of £”
in the h-preimage, obtaining that &’ C 0. But this is in contradiction with our
hypothesis, hence any minimal counterexample is of size smaller or equal to

max,cr [[Ylly - (maxsep (161l +1). O

Given a UCRPQ(SRE) I', the construction of Lemma IV.4.6 yields its maximal
under-approximation by UCRPQs of at most k atoms as a UCRPQ A, whose
every regular expression is a concatenation of expressions of the form (i),
(ii) and (iii) above. It suffices then to test y & Ay, for every CRPQ(SRE)
y in I'. Due to Claim IV.4.9 (and observing that equivalent queries without
concatenations can be obtained in polynomial time) its negation y £ A App
can be tested by guessing a polynomial sized expansion & of y and then testing

3 g Appp- Inturn, & € Ay, can be tested in NP by [Fig+20, Theorem 4.2].12 12 Simply by (1) guessing a polyno-
mial size CRPQ 6, (2) testing 0 €
Appp in NP by Lemma [V.4.6, and (3)
guessing a (small) expansion &’ of 0

and testing &’ ~hom, .

This yields a Hg algorithm for testingy € A App’ and thus alsoforI' € A App-
Hg -hardness follows from Corollary IV.5.13. O

IV.5  Lower Bounds

In this section we give some underlying ideas for showing lower bounds

for the MINIMIZATION PROBLEMS.
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IV.5.1  Equivalence with a Single Atom

CoNTAINMENT OF CRPQs is ExpSpace-complete [FLS98; CDLV00]. Somewhat
surprisingly, Figueira [Fig20, Lemma 8] showed that there exists a finite
alphabet A s.t. the problem remained ExpSpace-hard even if restricted to
instances with a simple shape. We start by strengthening this result to fit our

needs.

Proposition IV.5.1 (Variation on [Fig20, Lemma 8]). There is a fixed alphabet
over which the cONTAINMENT PROBLEM for Boolean CRPQs is ExpSpace-hard
restricted to instances of the form

Ly

N
.

y10=e BES e =y,(), where moreover:

Ly

1. no language among K or the L;’s is empty or contains the empty word ¢,
and
2. there is no i such that A*L;A* = A*(m]. LA

Proof. By inspecting [Fig20, Proof of Lemma 8, pp. 15-17], it can be noticed
that actually the first condition is satisfied by Figueira’s reduction—using his
notation, neither E nor G; U F- U Fyy with i € [0, n] are empty.

Moreover, we claim that the reduction can be made so that the second
condition also holds. Notice first that the 2"-tiling problem is still ExpSpace-
complete if we restrict it to instances with # > 1 and such that all instances
admit one tiling which is “locally valid” but not valid—namely a tiling which
satisfies all vertical and horizontal constraints, but not the initial and final
tiles conditions. This can be achieved e.g. by adding a new tile ¢ s.t. (t,) is
both a valid horizontal and vertical configuration, but f cannot be adjacent to
any other tile. Then, the second condition amounts to showing that there is

nois.t.

A*(G;UFcUF)A® = A*( N G VEcU FH))A*

0<j<n

which is equivalent, by elementary manipulations, to saying that for all
i€ [0, n]
A'GA* ¢ A*( N G]-)A* U A*(Fe UFy)A™.
0gj<n

For i = 0, this holds because we can consider a valid encoding of a tiling
which respects all constraints except that one vertical constraint is violated.
For i € [1,n]l, we consider the encoding of a tiling which is locally valid.
Then, it has no vertical error, no horizontal error, and no encoding error, so it
does not belong to the right-hand side. However, it belongs to A*G;A” for
any i € [1,n] since it contains a subword encoding two cells separated by

exactly one row. Hence, the second condition also holds. O

We shall use these hard instances to show that the MINIMIZATION PROBLEM
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for CRPQs is hard.

Theorem IV.5.2. The MmiNnimizATION PROBLEM for CRPQs is ExpSpace-hard.
Further, there is a fixed alphabet s.t. the problem of, given a Boolean CRPQ
on this alphabet with only four variables is equivalent to a Boolean CRPQ

with a single atom is ExpSpace-hard.

A formal proof follows the proof sketch.

Proof sketch. We reduce an instance of the problem of Proposition IV.5.1 to

the instance 6, where

K
— L, T
6():. /_1\( e
e e TR
L

First, it is easy to see that if y; € y, then 6 = y;. Conversely, if 6 is equivalent
to a Boolean CRPQ with at most one atom, then y; € 7,. The conditions
imposed by Proposition IV.5.1 are necessary to discard one-atom queries
which are self-loops and that whenever y; € y, there is an expansion of 6 to

which any 0-equivalent single-atom query expansion cannot be mapped. [J

Proof. We reduce an instance of the problem of Proposition IV.5.1 to the

instance 6, where

K
L, T
6():. /_1\1 °.
A e
L

ClaimIV.5.3. If yq S y, then 6 = 4.

Note first that 6 € ). Then, if y; € y,, then every word of K contains a
factor which belongs to each L; for i € [[1,p]], and hence y; S 6 i.e. 6 = vy,

and so 0 is equivalent to a CRPQ with a single atom.

Claim IV.5.4. Conversely, if 6 is equivalent to a Boolean CRPQ with at most
one atom, then y; € y,.

Let C be the Boolean CRPQ with at most one atom which is equivalent to 6.
Assume first, by contradiction, that it is a self-loop, i.e. C() = x M, x for some
language M. Then by assumption on K, there exists a word u € K of size at
least one. Since none of the L; are empty, there exists a canonical database G}
where the atom e £ e yielded a u-labelled path. Since 6 C (, the database
G§ must satisfy () = x 2, x. Since every strongly connected component of
Gy is trivial—we assumed that none of the languages of 6 contained &—, it
must be that ¢ € M, and hence C is the query which is always satisfied, which
contradicts the equivalence 6 = C.

Similarly, it can be shown that C cannot have zero atoms since 6 is non-

trivial. Hence, C is exactly of the form () = x N y for some language M.
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First, note that from C C ¢, it follows that

MC A*(ﬂ LA, (IV.2)
]

Assume then, by contradiction, that there exists an i s.t. every word of L; has
afactorin M, i.e. L; € A*"MA”. Then (IV.2) implies A*L; A* = A*(ﬂj Lj)A*
which contradicts the second assumption of Proposition IV.5.1. Therefore, for

every 1, there is a word v; € L; which contains no factor in M.
We are now ready to show that y; € ,, by first observing that it boils
down to showing K C A*(ﬂj L]-)A*. Let u € K. Consider the following
canonical database of 5, where the v;’s are words defined as in the paragraph

above:

Since 6 € (, it must contain a path labelled by a word of M. But no v; contains
a factor in M, hence it has to be u that does. Hence, K € A*MA*. Together
with Equation (IV.2), we get K C A*(ﬂj L]-)A*, which concludes the proof of
Claim IV.5.4.

Overall, we showed that y; € 7, iff 0 is equivalent to a CRPQ with at

most one atom, which concludes the proof. O

Note that the assumption of A*L;A* = A*(ﬂj L]-)A* in Proposition IV.5.1
in necessary for the reduction to be correct, otherwise 6() would be equivalent
to

0'() ﬁxgy/\xwy,

and so we could have A*L;A* C K, implying that (1) K £ A*L; A* and hence
v1 £ , but (2) 6 would be equivalent to a CRPQ with a single atom, namely

0"() =x ALA y.

IV.5.2 Minimization is Harder than Containment

We show that, under some technical conditions, the containment problem
can be reduced to the MmiNniMizaTION PROBLEM. This allows to transfer known
lower bounds from the cONTAINMENT PROBLEM of CRPQ classes. Due to space
constraints we only state the key definitions and lemmas. We first introduce
an intermediary technical property called “canonization”, which ensures the

feasibility of the reduction.

Canonization. We say that an expansion & of a CRPQ y is non-degenerate if

no atom refinement in & was obtained using the empty word.

Fact IV.5.5. If £ is a non-degenerate expansion of y and y is fully contracted,
then [1€]leg = [l
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Given a class of CRPQs O, the Q-canonization problem is the functional
problem taking an alphabet A and two Boolean CRPQs (yq,5) in O 4, and
outputting an alphabet M, two other Boolean CRPQs (61, 0,), in Q5 4, such
that:

(Cn2)monotonic: Y1 € V2 iff 01 € 0,

(Cnz), onto: there exists a non-degenerate D; € Exp(6,) s.t., for every D] €

Exp(6,) and f : D] bom, D; we have (i) D] is non-degenerate, (ii) f is
strong onto, and (iii) f(x) = x for every x € vars(0y),

(CNZz),0nreq: for each Dy € Exp(6,), for each x, y € vars(6,), there cannot be
an atom refinement in D; from x to y and another path from x to y in D,
disjoint from the atom refinement that share the same label,

(Cnz)

(Cnz)

(Cnz)
labelled by a language L s.t. every word of L must contain at least one
letter from M.

4 01 is fully contracted,

containment® 2 s 62’ and
each connected component of 6; must contain at least one atom

contracte

marking*

The O-strong canonization problem is defined similarly to the O-canonization
problem, except that (Cnz)y,.,o i replaced by the axiom
(SCNZ), onio: for every non-degenerate Dy € Exp(0;), every D] € Exp(0y),

and f : D] bom, D; we have (i) D] is non-degenerate, (ii) f is strong onto,

and (iii) f(x) = x for every x € vars(0y),

We show that assuming we can solve the U-canonization problem (resp.
Q-strong canonization problem) this problem, then the CRPQ (resp. UCRPQ)
MINIMIZATION PROBLEM restricted to CRPQs of O (resp. to UCRPQs whose
disjuncts are all in ©) is harder than the CONTAINMENT PROBLEM over U.

In the following statement, a O-canonization oracle (resp. Q-strong can-
onization oracle) is an oracle to any algorithm solving the O-canonization

problem (resp. O-strong canonization problem).

Lemma IV.5.6. For any class O of CRPQs closed under disjoint conjunction,
there is a polynomial-time algorithm using a U-canonization oracle (resp.
Q-strong canonization oracle) from the CONTAINMENT PROBLEM for Boolean
queries of O to the CRPQ (resp. UCRPQ) MINIMIZATION PROBLEM restricted
to CRPQs in Q (resp. UCRPQs whose disjuncts are all in Q). The reduction

also applies under the restriction that the target query must also be in Q.

Once again, we start by giving a proof sketch before giving the full proof.

Proof sketch. The construction reduces some restriction of the CONTAINMENT
PROBLEM to some variant of the MINIMIZATION PROBLEM. The main idea is,
given an instance c’ V5, to build CRPQs 6; and 6, with some desirable
properties s.t. the following are equivalent: (i) y; € 5, (i) 6; S 0y, (iii)
01 ® 6y = 61, where @ denotes the disjoint conjunction (i.e., the conjunction
of atoms of both queries making sure that variables are disjoint), and (iv)
01 @ 6, is equivalent to a CRPQ whose size is at most the size of ;. Of course,
(ii) & (iii) always holds, as well as (iii) = (iv).
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All the difficulty lies in guaranteeing the converse property: (iv) = (iii).
We will use the constructions y; — 0;, given by the canonization problem,
to enforce it while respecting (i) < (ii). The main idea of this approach is to
add some ‘marking’ (with fresh alphabet symbols) of either the variables or
the atoms of y; in §;, ensuring that 6; has some strong structure implying
that—loosely speaking—any query equivalent to 6; @® 0, must contain 6; as a
subquery. Using the assumption that 6; @ 0, is equivalent to a CRPQ whose
size is at most the size of 6, we conclude that in fact 6; ® 6, = 67, i.e. 61 € O,
and so ¥ € v,. O

Proof. “w Minimization in the class of CRPQs. Let y; €’ v, be an instance
of the coNTAINMENT PROBLEM for Boolean queries of U. We apply the O-
canonization oracle to obtain a pair {6, 6,) as in the axioms (Cnz),. We then
map the instance y; <’ V5 to {01 B Vo, 101]],0)-

The reduction works in logarithmic space with a O-canonization oracle,
and clearly 6; @® 0, € Q since both 6; and 0, are in Q and 0 is closed under
disjoint conjunction. We need to show that y; € v, iff 6; ® v, is equivalent
to a CRPQ with at most [|0]|,; atoms.

Claim IV.5.7. If y1 € y,, then 6; ® 6, = 07 and so 6; @ O, is equivalent to a
CRPQ with at most ||64]|,; atoms.

This follows from (Cnz),,onotonic- Lhe converse hold for the same reason,

but we actually need a stronger property.

Claim IV.5.8. If 6 @ 0, is equivalent to a CRPQ with at most [|0,]|,; atoms,
then y; € 5.

We write Cas C, @® C_ where C, is the disjoint conjunction of all connected
components of { containing an atom whose language contains a word con-
taining a ‘M’-letter, and C_ is the disjoint conjunction of all other components.
We want to show that C_ is actually empty.

Let D; be a canonical database of 6; as in (Cnz) Then pick any

str-onto*

canonical database G, of ¥;. By (Cnz).opiainment> there exists Dy E* 0, s.t.
D, Jom, G,. Then D; ® D, £* 6; ® 05, so from 6; ® 6, = C it follows that
there exists Z, £* (,, Z_£* C_, D] £* 01 and D} £* 6, such that we have

homomorphisms
, , 8 h
Dl @Dz i Z+®Z_ s Dl @DZ - Dl @GZ

By (Cnz)
one edge labelled by a letter of M, and so the homomorphism f e Dj Jom,

marking> €Very connected component of D] must contain at least

Z, ®Z_isactually a homomorphism from D] to Z,.. Note then that (h°g),z,
maps Z_ onto D; @ G, but since G, contains no letter M, the image of this

homomorphism is included in D;. Overall, we have homomorphisms

i
D} Z, - D;.
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By (Cnz)

We claim that for each x external in D7, then i(x) is external. First, since

str-onto» ] © 1 be strong onto and for every x € vars(6;), j(i(x)) = x.
x € vars(0;) is external, then x € vars(0;) and so j(i(x)) = x. Then joiis
strong onto and so j be also be strong onto. It follows that the in-degree
(resp. out-degree) of i(x) is lower bounded by the in-degree (resp. out-degree)
j(i(x)) = x. So, if x has in-degree or out-degree at least 2, so does i(x).
Moreover, if x has in-degree (resp. out-degree 0), then so must i(x) because
otherwise, j(i(x)) = x should also have an incoming edge. Overall, by letting
i[D]] be the image of D] by i, we get that the natural embedding i[D] ] Lom, 7 +
satisfies the assumption of Corollary IV.2.12 and so ||1'[Di]||Seg < ||Z+||Seg.
Now observe that i: D] — i[D]] is injective on vars(6,) because j(i(x)) for

any x € vars(6;). Moreover, by (Cnz) i cannot identity an atom with

non-red>
another path of atoms and so D] is actually isomorphic to i[D] ], from which
we get [i{D1lleg = 13yl and 50 1Z, Iy > 1]l By Proposition IV.2.7
IClla¢ = lIZ4]lseq and so C, has at least ||6,]],; atoms, but since we assumed
that C has at most ||04]|,, atoms, it follows that C_ is trivial and C = C,..

We are now ready to prove that 0; € 0,. Let D; £* 0. Pick any G, £*
hom

Vo. BY (CNz)ontainment> there exists Dy EX 0, s.t. D, — G,. Then since
01 ® o, = L, there exists Z, E* C,, D} £* 6, and D), E* 0, s.t.

D,@eD) =% 7, 2% D, @D, =% D, @ G,.
Because of M, the homomorphism Z_ om, D, ® G, must in fact be a homo-
morphism Z, om, Dy, and so by composition we obtain a homomorphism
DieD;, Jbom, Dy, which can be restricted to D5, yielding D, Jhom, D;. Hence,
01 & 0y, and so by (Cnz)onotonic: V1 € Va-

Putting Claims IV.5.7 and IV.5.8 together shows that the reduction is correct.
We now prove that this reduction also works for the other variations of the
problem.

W@ Minimization in the class of UCRPQs. If we allow C to be a UCRPQ, then
Claim IV.5.7 still holds, and we need to adapt Claim IV.5.8. Assume that this
“small” UCRPQ is of the form (; V (, V -+ V (;, where each (; has at most
161]],; atoms. We say that a disjunct ; is relevant when it has at least one

canonical database Z; appearing in a pattern of the form

hom

Da@Dého—m)Zl—)DleaDz ho—m>D1@G2.

for some Dy, D £* 01, Dy, D} E* 6, and G, E* y,. Using (SCnz)
D1, the same proof as in the case of CRPQs apply. We can then conclude that

str-onto on

w.lo.g. C; = (C;), for all relevant disjunct. The proof of 6; £ 6,—and hence
y1 € y,—then goes through as before, which concludes the proof.

@ If C is restricted to be in Q. Then Claim IV.5.8 still holds. To adapt
Claim IV.5.7, it suffices to remark that 6; € Q. O

Lemma IV.5.9. The strong canonization problem can be solved in non-
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deterministic logarithmic space for the class of all CRPQs, or more generally
for all classes of CRPQs defined by restricting the underlying multigraph class,

provided that this class is closed under disjoint union.

Proof. Given a pair ()1, ),) of Boolean queries we assume w.Lo.g. that )
is fully contracted using Fact IV.2.2—which works in non-deterministic log-
arithmic space—, and we reduce it to the pair (61, 0,), where 0; is defined
as

8;() 2 x 2o

where >, and <, are fresh letters for each atom « of )1, and

o = x% ,
02\ y

XY€Y

where ay, ..., a; are all the atoms of y1, M = {>, , <y, } and
¢_y - (AUM)* — A~ is the monoid morphism that maps letters of A to

themselves and letters of M to the empty word.

Qyr e Py

In other words, 0, is similar to y; except that it must read the special
symbol >, before satisfying atom & € y/1, and read symbol <, after. On other
hand, 6, is obtained from y, by relaxing the constraints: instead of having to
read a path labelled by some language L, we now must read a path such that,
when we ignore these new symbols >, and <, then it belongs to L.

We now need to prove that properties (Cnz), and (SCnz) hold.

str-onto

Claim 1V.5.10. If V1 g Vo then 61 @62 = 61.
Showing that 6; ® 06, = 6; amounts to showing 6; S 0,. Let D; be a

canonical database of ;. Consider the canonical database of y; obtained by
removing every edge of the form x =% yorx N Y, and merging variables
x and y. Since y; € y,, there exists a canonical database G, of y, and a
homomorphism f: G, — G;. We then define a canonical database D, of
0, together with a homomorphism ¢: D, — D, as follows: given an atom
refinement

b b b .
xo —1)x1 =2 ... —">xn lnGz.

we look at its image

flxg) 2 fxy) 2 - I f(x,) in Gy,

Now some f(x;)’s might be variables of y; and hence this might not a path
in G;. We let i; < ... < i} denote the indices i s.t. x; € V()1), so that we can
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split the path in G; into multiples atom refinements of atoms of y:

b b b; b; b; b; b b;
Flox) 2 florn) B o 2 fxy) b fx ) DB D ) 2 fx ) 22

end of an atom refinement of o atom refinement of a;

bi bi+ bi+ bn
= frg ) =5 f(x ) =B e f(xy,)

beginning of an atom refinement of a;,

in Gy. Fori € [[1,k], we let f (xi],)r (resp. f (xij)l) denote the unique variable
of Dy s.t. there is an edge from f (xl-j) to f (xz-],)’ labelled by >, (resp. from
f (xz-],)l to f (xl-],) labelled by <, ), we obtain a path

Fxg) 2 flog) 2 o D f ) s f(x; ) 2o flx)

end of an atom refinement of

b ., b; b, <, >, b, b,
= fli) 25 = )| = fln) = f,)" 2 f) =

atom refinement of a;

e ) s Fxg) S ) A fx ) 25 B f(x,)

beginning of an atom refinement of ay,

. . . b b
in D;. Hence, we build D, by replacing each atom refinement x, — x; -
b .
- = x, in G, by

I

i

bi2+l b[2+2 Ek—)
xi2+1 X

b b, b; < > b, b. b, q >
Xg x> - DLx — X, —“1->fo1 —’liwc-1+1 R N N —“l—>xi2—“L>fo2

i i

I Zap >a 7 bin biy12 b

ik —=l xik —b xz-k 2 xik+1 ety e Ty xn,

1

i1’

equipped with a homomorphism g: D, — D; which sends x; to f(x;), x!. to
j

xfl, ,xgk,x{k are new fresh variables. By construction, D, comes

where x
f (xi],)l and x{j to f (xij)’. Since D, is—by construction—a canonical database
of 0,, this concludes the proof that 6; € 6,.

Clalm IV.5.11. If 61 ; (52 thel'l 7/1 g 7/2.

The construction is dual to Claim IV.5.10 and left to the reader. Both claims

yield (an)monotonic'
We now show that (SCnz),_onto
For any D] E* Oy, if Dj JDom, D, then because of the letters in M, it follows

that for each atom @; of yq, the atom refinement of a; in D] must be sent

holds: pick a canonical database Dy E* 0.

bijectively on the atom refinement of o; in Dy, and so they are equal. It follows
that the homomorphism D] — D; must actually be the identity, and hence
D; is hom-minimal. The same argument applied to D] = D; shows that the
only homomorphism from D; itself is the identity, and so in particular D is
a core. Lastly, because of the letters of M, no atom of 6; contains the empty
word, and so in particular D; must be non-degenerate. Hence, (SCnz)

holds.

str-onto
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Since ) is fully contracted, so is 0;, which proves (Cnz) - For any

contracte
language L, we have L C qb:i,ﬂ[L], and so we have (Cnz)
(Cnz),0n-req and (Cnz) trivially hold.

Together with that fact that (yq, ,) + (61, 0,) preserves the underlying

Finally,

containment-*

marking

multigraphs, this shows that this is a solution to strong canonization problem
for any class of CRPQs defined by restring the underlying class of multigraphs.
Note also that an NFA for gbjw [L] can be obtained from an NFA for L by adding
on every state a self-loop labelled by every possible letter of M and hence,

this algorithm can be implemented in logarithmic space. O

Note however that if L is a simple regular expression, then gbjw [L] does
not need to be. Hence, the construction above does not work for CRPQs over

positive simple regular expressions.

Lemma IV.5.12. The strong canonization problem can be solved in polyno-

mial time for the class of CRPQs over positive simple regular expressions.

Given a CRPQ y, we say that an atom x EN y is locally redundant if there
exists a path of atoms z Ly Z1 Loy Ly z,, in which x EN y does not occur,
and with zy = x and z,, = x where 1L, ---L,, C L.

Proof of Lemma IV.5.12. Fix a pair (),),) of CRPQs. From y;, we start by
picking a locally redundant atom (if any), and remove it. We iterate this pro-
cess, until we get a CRPQ with no locally redundant atom y}. By construction,
it is equivalent to ;.13 Moreover, 3/ can be computed in polynomial time.
We then refine in )] each atom so that each atom is either labelled by a or a*
for some a € A.

We then define (64, 6,), where 6, = y, and

61:( L/\ xi>y)/\( /\ )xlx),

x—)yeyi er(yi

and we let M = {v, | x € V(3])}.

Next, we show that (Cnz),,notonic h0lds: if ;1 Sy, thend; S 9] =y €
Y, = 05, and dually if 6; C 0, then let G; £* »/, and let D be the associated
canonical database. Since 0; € 05, there exists D, £* 0, s.t. D, Jom, D,
but since D, contains no letter from M, we actually get a homomorphism
D, hom, Gy, and so )] € 0, i.e. 1 € ).

For (SCnz)

language labelling an atom of §; contains the empty word, and hence every

str-onto» DY definition of positive simple regular expressions, no
canonical database of 0; is non-degenerate. Then, let f: D] — D; be a
homomorphism between canonical databases of 6;. Because of the letters
of M, f must send x € V(6;) € V(D;) onto x € V(D7). We then claim that
f is strong onto. Let o = x L y be an atom of ;. We consider its atom
refinement in Dy, and we want to show that it is included in the image of the
atom refinement of & in D7:

o if L = {v,}, this is trivial;
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« if L = {a} for some letter a, then since « is not locally redundant in 1,
there are no other a-edge from x to y in D; (or D7), and so the unique
a-edge from x to y in D] must be sent on the unique a-edge from x to y in
Dq;

« if L = a* for some letter 4, then the atom refinement of & in D’l, say Xx ”—k> y
(k > 1) is sent via f on a path from x to y in D;. If the atom refinement of
a in Dj is included in this path, we are done; otherwise, when lifting this
path to 61, we would obtain a path of atoms x by Ly ystakel,--L,
By definition of positive simple regular expressions, all L;’s must be either
a or a*, and hence in all cases L; --- L,, C a*, contradicting that « is not
locally redundant in ).

Thus, we have (SCnz)g,-onto-

Similarly, (Cnz),,,_req holds because all atoms of ] are labelled by a or
a* and we removed locally redundant atoms. Thanks to the self-loops, 0; is
holds
trivially since y, = 6,, and so does (Cnz),,,,ing by definition of 6;. O

fully contracted and so (Cnz).,,iracteq 10lds. Moreover, (CNz) o ntainment

Motivated by Lemma IV.5.6 we show that several reasonable classes ad-
mit a polynomial-time algorithm for the strong canonization problem—see
Lemmas IV.5.9 and IV.5.12.

Corollary IV.5.13. The CRPQ and UCRPQ MINIMIZATION PROBLEMS are:

1. ExpSpace-hard, even if restricted to queries of path-width at most 1,

2. PSpace-hard when restricted to forest-shaped CRPQs,!4

3. Hg -hard when restricted to CRPQs over positive simple regular expres-
sions.

All hardness results are under polynomial-time reductions.

Proof. From Lemmas IV.5.6, IV.5.9 and IV.5.12 we can derive the stated hard-
ness results when combined with known hardness results for the coNTAIN-
MENT PROBLEM: Item 1 follows from the ExpSpace lower bound of [Fig20,
Lemma 8] (or its strengthening Proposition IV.5.1). Item 2 follows from the
trivial PSpace lower bound from regular language containment which is also
the lower bound for one-atom CRPQs. Item 3 follows from the known l_Ig -
lower bound for CRPQ(SRE) queries implied by [Fig+20, Theorem 4.2]. [

I1V.6  Discussion

Several open problems are left by our work, more prominently, the com-
plexity gap for CRPQ MiNimizAaTION. Below we discuss further avenues for

future research.

IV.6.1 Variable minimization
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Another approach for an algorithm for query answering of a (U)CRPQs y
on a graph database G is by first guessing a variable assignment f : vars(y) —
V(G) and then checking, for each atom x EX y of y, that there is a path in G
from f(x) to f(y) with label in L.

This implementation approach privileges minimizing the number of vari-
ables as opposed to the number of atoms of a (U)CRPQ, and gives rise to
the corresponding VARIABLE-MINIMIZATION PROBLEM(S). From a practical
perspective, as already mentioned in the Introduction, systems commonly
evaluate CRPQs via join algorithms. Recent worst-case optimal joins algo-
rithms work by ordering the variables and assigning potential values to these,
and hence the number of variables may also be a relevant parameter in these
cases [CRV23; Vrg+24].

VARIABLE-MINIMIZATION PROBLEM for CRPQs (resp. for UCRPQ)
Input: A finite alphabet A, a CRPQ (resp. UCRPQ) y over A

and k € N.
Question: Does there exists a CRPQ (resp. UCRPQ) 6 over A with

at most k variables (resp. whose every CRPQ has at most

k variables) s.t. y = 6?

As before, a (U)CRPQ is variable minimal if there is no equivalent (U)CRPQ
smaller in the number of variables.

It is worth observing that for conjunctive queries (and for tree patterns)
minimizing the number of variables or minimizing the number of atoms is
equivalent: a query is minimal in the number of variables iff it is minimal in
the number of atoms. However, for CRPQs and UCRPQs it is not: y(x,y) =
xS yAx LALN y is variable minimal, but it is not (atom) minimal since it is
equivalent to y’(x,y) = x = y. We further conjecture that there are (atom)

minimal CRPQs which are not variable minimal.

Conjecture IV.6.1. There exist (atom) minimal CRPQs which are not variable

minimal.

By adaptations of the algorithms of Sections IV.3 and IV.4 we can derive

some upper bounds, which are likely to be sub-optimal.

Theorem IV.6.2. The VARIABLE-MINIMIZATION PROBLEM for CRPQs is in

4ExpSpace and for UCRPQs in 2ExpSpace. Both problems are ExpSpace-hard.

Proof. For the case of CRPQ VARIABLE-MINIMIZATION PROBLEM, it suffices to
observe, in the proof of Lemma IV.3.2, that since each NFA of the proof has
size double-exponential, there there cannot be more than a triply-exponential
number of distinct NFA, and hence that the underlying multigraph of queries
to be considered has a triply-exponential number of edges. Thus, there are
‘only’ a quadruply-exponential number of such triply-exponential queries. For
each such query we test if it is equivalent to the original query in 4ExpSpace.

For the case of UCRPQ VARIABLE-MINIMIZATION PROBLEM, let € be the

(infinite) set of multigraphs having at most k vertices. Via the same argument
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as in the proof of Lemma IV.4.6, we obtain that each CRPQ(C}) in the union
<Ol rrlici
Ck

in a concatenation of at most O(||T',, - [|C|l,;) sublanguages of I'. Hence,
e lIC

of CRPQs expressing Appz,o/ (T') = App a)(T) has atoms consisting

there cannot be more than 29Tl o) distinct atoms between two variables,

and Appékg(lD/”at'rr'”@”at)(r) = App<0(|Il"llat"‘rllellat)(I‘) for C} being the finite

Y
subclass of € having graphs with nko more than 200l I€10) parallel edges.
Hence, there is a double-exponential number of exponential queries to test
for equivalence with I', which yields a 2ExpSpace upper bound.

The lower bounds follow by a similar idea to Theorem IV.5.2 and can be

found in Section IV.A. O

IV.6.2  Tree patterns

We believe that the techniques of Section IV.4 should also yield a method to
compute maximal under-approximations for unions of tree patterns, as well
asa I—Ié7 upper bound for the minimization problem of unions of tree patterns,
contrasting with the Zg -completeness of minimization of tree patterns proven
by Czerwinski, Martens, Niewerth & Parys [CMNP18, Theorem 3.1].

A tree pattern—see e.g. [CMNP18, §2.2]—over node variables A is a directed
tree, whose nodes have a label from A LI {+}, and whose edges are partition

into simple edges and transitive edges.

" /1\\7
a/ll\ﬂ ad.)( Z./ Nt;)b

3
c ° ;)c
(a) A tree pattern 7. Dou- (b) Its encoding Enc(7) as a CRPQ.

ble arrows represent tran-
sitive edges.

We encode a tree pattern 7 into a CRPQ over A L {v}, denoted by Enc(7),
obtained as follows:
« we start from the underlying tree of the tree pattern, and replace simple
edges by an atom e 5 e, and transitive edges by an atom e 7, e
« for any node x with a node label a € A, we add an atom x 5 ox
« for any node with a wildcard label *, we do not add any atom.

See Figure IV.4 for an example. Note that this encoding is injective.

Proposition IV.6.3. Given two tree patterns 7;, T, over A, the following are
equivalent:

« 71 € 7, as tree patterns—in the sense of [CMNP18, Definition 2.2], and

+ Enc(tq) € Enc(7,) as CRPQs.

Proof sketch. This follows from the characterization of containment for tree
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Figure IV.4: Encoding a tree pattern
into a CRPQ.



patterns using “canonical tree models”—see [CMNP18, §4.2]'>—and the char-
acterization of containment for CRPQs via canonical databases (a.k.a. expan-

sions)—see Proposition I11.2.12. O

We do not fully understand the relation between tree pattern minimization
and CRPQ MINIMIZATION, and conjecture that this encoding actually preserves

minimality, but we have failed so far to prove this.

Conjecture IV.6.4. If a tree pattern is minimal among tree patterns, then its
encoding as a CRPQ should also be minimal among CRPQs, up to contracting

internal variables.
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z is a new label: this assumption can
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Appendices
IVA Lower Bounds for Variable Minimization

IV.A.1 Equivalence with a Single Variable

Theorem IV.A.1. There is a fixed alphabet s.t. the problem of, given a
Boolean CRPQ on this alphabet with only five variables is equivalent to a
Boolean CRPQ with a single variable is ExpSpace-hard.

Proof. We use same idea as in Theorem IV.5.2. We reduce the problem of

Proposition IV.5.1 to the instance 6, where

()

X
/ Q\
. K o,

L
Q\./;\./A\*

B
p

where >, v and <l are new symbols. Note that despite being named, variable

x is also existentially quantified.

ClaimIV.A.2. If y; € y, then 6 = ] where y]() = x 2K xAx S

If y; € y, then any word of K contains a factor which belongs to ﬂ]. L;
and so y] € 6. The converse 6 € )] always holds.

Claim IV.A.3. Conversely, if 6 is equivalent to a Boolean CRPQ with a single
variable, then y; € 7,.

LetQ() = /\:‘1=0 x % xbea single-variable Boolean CRPQ that is equivalent
to O.

We first claim that there is some i € [0, n] s.t. M; = {v}. Every canonical
database of 6 contains a v-self loop and so from C C ¢ it follows that any
canonical database of C contains a v-self loop, which in turns implies that
M; = {v} for some i. W.Lo.g., assume that M, = {v}.

Observe that any evaluation map from C to a canonical database of o must
send x € L to x € 6 because of the v-self loop, and conversely, any evaluation
map from 6 to a canonical database of { must send x € 6 to x € C.

We remove from C all atoms x 25 x s.t. i # 0 and M; Nv* # @. Thanks
to the v-self loop, this transformation preserve the semantics of . More
generally, if M; contains a word in which the letter ‘v’ occurs, we get remove
the atom associated to M; altogether. The query obtained (' is clearly s.t.
C € C’, but dually for any canonical database Gy of (’, extend it to a canonical
database G of C by picking, for any atom that was removed, any word
containing the letter ‘v’. Since C C 0, there is an evaluation map from 0 to GC'

Now the atoms of 6 except the v-self loop do not use the letter v, and so it
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follows that the evaluation map from 6 to G, actually yields an evaluation
map from 6 to GC" Hence, ' € 6 and thus (' = 6.

The same argument works for atoms containing a word that does not
start with <, or that does not end I>, or that contain strictly more than one

occurrence of these symbols. Overall, it implies that w.Lo.g. C is equivalent to
m
x5 XA /\ x 2N
j=1

where m > 0 and the N;’s are languages over A.

Assume now, by contradiction, that for all j € [1,m] s.t. N]- Z Kn
A*( A, Li)A*. Pick for each j a word u; witnessing this. The canonical
database of C induced by these words (ny, ..., n,,,), namely

m
x—v>x/\/\xﬂ1ﬁ>
=1

must satisfy 6. But this implies that at least one 1; must belong to K'N
A*( N, Li)A*. Contradiction.

In fact, a argument similar to what we claimed before shows that we can
remove all atoms s.t. N; € KN A*( N, Li)A* without changing the semantics.
Hence, w.Lo.g., for each j, we have Nj cCKnN A*( ﬂl, Li)A*.

We then claim that each word of K must belong to all Nj. Indeed, let u be
a word of K. Let v; be a word in L; \ A*( M Lk)A*—recall that such words
exist by an assumption of Proposition IV.5.1—and consider the canonical
database of 6 obtained by expanding K into # and L; into v;. Now 6 € C so
this database must satisfy C. Hence, for each j, N]- must contain one word
among U, vy, ..,0,,. It cannot be any v; since otherwise we would have
v; € Ny € KN A*( M Lk)A* c A*( M Lk)A*, which is a contradiction.
Andsou € Nj. Therefore, we have

K< (N, cKnA(()L)A"
j i

from which it follows that K C ( M, Lk) and hence y; € y5.
Overall, Claims IV.A.2 and IV.A.3 imply that y; € y, iff it is equivalent to

a CRPQ with a single variable, in which case it is actually equivalent to

VAVEES Py Ax S x,

which concludes the correctness of the reduction. O

IV.A.2 Variable Minimization is Harder than Containment

We say that the class is closed under disjoint conjunctionify € O, and 6 € Op
1mply )4 @ o€ ’QAUB'

Lastly, we say that the class is closed under variable marking if one of the
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three following properties holds:

(VM)joop foranyy € 9, ifyisavariableof y,ifa ¢ A, then)’ =y Ay Sy
isin 9y, OF

(VM)

isin Q4 ), Where ¥’ is a new variable not occurring in y, or

out foranyy € Q,,ifyisavariable of y,ifa ¢ A, theny’ 2y Ay Sy
(VM),, foranyy € Q4,ifyisavariable of y,ifa ¢ A, theny’ Zy Ay Sy
isin Q4 (s, Where ¥’ is a new variable not occurring in y.

We will sometimes write y € O to mean that y € O, for some alphabet A.

Fact IV.A.4. Any class defined by restricting the class of languages allowed
to label the atoms is both closed under disjoint conjunction and closed under
variable marking, assuming that languages of the form {a} are allowed, where

a is a single letter.

Theorem IV.A.5. For any class of CRPQs closed under disjoint conjunction
and closed under variable marking O, there is a polynomial-time reduction
from the cONTAINMENT PROBLEM for Boolean queries of O to the CRPQ
MINIMIZATION PROBLEM restricted to queries of U. The same bound applies if
we add the constraint that the target CRPQ must also belong to ©.

Say that a CRPQ is degenerate if it contains an atom labelled the language
{e}. Equivalently, it is non-degenerate if it has at least one canonical database
which is non-degenerate.

Fact IV.A.6. One can turn a degenerate CRPQ into a non-degenerate one
by iteratively identifying variables adjacent to an atom 19, This can be

implemented in polynomial time.

Proof of Theorem IV.A.5. We assume for now that O satisfies the axiom (VM),,,,.
Given an instance y4() c’ ¥5() of the CONTAINMENT PROBLEM for Boolean
queries of U, we assume w.Lo.g. that y/; is non-degenerate using Fact IV.A.6,

and we reduce it to the instance (0 @® Y5, |01ly,.), where 6; is defined as:

var

0102y A /\ X =5 x
xeV(y1)

where v, is a fresh letter for each x € V(y;). The reduction works clearly in
logarithmic-space, and clearly 6; @® y, € O since Q is closed under disjoint
conjunction and (VM),,,. Moreover, for it to be correct we need to show that

v1 € V5 iff 61 Dy, is equivalent to a CRPQ with at most [|04]|,,, variables.

var
ClaimIV.A7. If y1 € y, then 6; ® Y, = 04.
Indeed, y; € y, implies 61 € y; € ¥, and so 6; By, = 04.
Actually this property is an “if and only if”. For the converse, we will prove

a stronger statement.

ClaimIV.A.8. If 61 @ Y, is equivalent to a CRPQ with at most ||0 ]|, variables,
then Vl g yz.

Let C be a CRPQ with at most |||

var

variables that is equivalent to 6; ® 5.

var
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We claim first that for each x € V() there is a unique variable in C witha v, -
self-loop. Indeed, consider any canonical database Z of C: since C € 6; ® 5,
there exists a canonical database Dy of 6; and G, of y, s.t. D; ® G, Lom, 7
where @ denotes the disjoint union. Since D, contains a v,-self loop for each
x € V(y1), so does Z. Since this property holds for every Z, it follows that C
must have a self-loop atom labelled by the singleton language {v,} for each
x € V(y1).

Now observe that no variable of C can be labelled by two v,-self-loops with
x € V(7). Indeed, y; is non-degenerate, and so 0; is also non-degenerate,
and so there exists a canonical database D, of 6; which is non-degenerate.
Then, pick any canonical database G, of y,. D; @ G, is a canonical database
of 61 ® y,, which is equivalent to C, so there is an evaluation map from C to
D, ®G,. If a variable of C had both a v,- and a v, -self-loop for x # y € V(y,),
then so would either D; or G,. G, contains no such letters, and so it would
have to be D;. This contradicts the definition of D;. Hence, no variable of C
can be labelled by two v,-self-loops. Together with the previous paragraph

and the fact that C has at most [|61]|,,, = I1)/1lya; Variables, it follows that we

can assume w.Lo.g.—up to renaming the variables of (—that V(C) = V(y,)
and for each x € V(y1), x = x is an atom of {. Moreover, this is the only
self-loop in C labelled by {v,}, and for any self-loop atom x L, x we cannot
have v, € Lforanyy # x € V(y).

We are now ready to prove that y; € 5. Let G; be a canonical database
of y;, and let D; be the associated canonical database of 6;—it is obtained
by adding an v,-self-loop on every x € V(y;). Pick any canonical database
G, of y,. Since 6; @® y, € C, there exists a canonical database Z of C s.t.
7, Dom, D; ® G,. But then, since C £ 01 ® 5, there exists D7 and Gj, which

are canonical databases of 0; and y,, respectively, s.t.

, hom hom

DieG, — Z — D; ®G,.
Restrict this homomorphism to G;: we obtain

Gy 2% 7 2% D, @ G,.

hom

Now note that, because of the previous paragraph, the homomorphism Z —
D, ® G, must map x € V(Z) to x € V(D;)—because of the v,-self-loop. Since
D, @ G, is a disjoint union, it follows that image of this homomorphism is

actually included in Dy, and so obtain a homomorphism
Gy 2 7 20, D,

Now of course v,-self-loop will occur in the image of any homomorphism
h . o h h .
Z =% D;. However, in the composition G — Z — Dy, since G} does

not use any letter of the form v, x € V(y;), we conclude we actually get a
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homomorphism

hy
G, o, G,

which concludes the proof that y; € 7, and hence of Claim IV.A.8.

Now Claims IV.A.7 and IV.A.8 imply that 31 € y, iff 6; @® V5 is equivalent
to a CRPQ with at most [[01]l,,,
under the assumption that © satisfies (VM);o,,.

To conclude, note that if O satisfies either (VM) or (VM),, then exactly
the same proof works, except that the definition of 0; should be changed:

variables, which concludes the reduction

variables will be marked using outgoing and incoming edges, respectively.
Lastly, since 6; € O, then we have as a by-product of our proof that 6; ® y,
is equivalent to a CRPQ with at most k atoms iff it is equivalent to a CRPQ of
O with at most k atoms. It follows that this reduction also works it we add
the constraint that 6 must be in 0. O
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CHAPTER V
Semantic Tree-Width and Path-Width
of Conjunctive Regular Path Queries

ABSTRACT

We show that the problem of whether a query is equivalent to a query of tree-width
k is decidable, for the class of Unions of Conjunctive Regular Path Queries with two-
way navigation (UC2RPQs). A previous result by Barceld, Romero, and Vardi [BRV16]
has shown decidability for the case k = 1, and here we extend this result showing
that decidability in fact holds for any arbitrary k > 1. The algorithm is in 2ExpSpace,
but for the restricted but practically relevant case where all regular expressions of
the query are of the form a” or (a; + --- + a,)) we show that the complexity of the
problem drops to Hg.

We also investigate the related problem of approximating a UC2RPQ by queries of
small tree-width. We exhibit an algorithm which, for any fixed number k, builds the
maximal under-approximation of tree-width k of a UC2RPQ. The maximal under-
approximation of tree-width k of a query y is a query )’ of tree-width k which is
contained in y in a maximal and unique way, that is, such that for every query y” of
tree-width k, if y” is contained in y then y” is also contained in .

Our approach is shown to be robust, in the sense that it allows also to test equivalence
with queries of a given path-width, it also covers the previously known result for
k =1, and it allows testing whether a (one-way) UCRPQ is equivalent to a UCRPQ of
a given tree-width (or path-width).
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V.1 Introduction

V.1.1 Conjunctive Regular Path Queries of Small Tree Width

In this chapter, we consider the problem of, given a C2RPQ, deciding if it
is equivalent to a query of small tree-width. We depict the relationship of
the different notions of tree-width and path-width of C2RPQs in Figure V.1,
where we denote by Tw (resp. 1Twy) the set of all C2RPQs (resp. CRPQs) of
tree-width at most k. Similarly, Pwj (resp. 1Pw)) is the set of all C2RPQs (resp.
CRPQs) of path-width at most k. Note that 17w, and 1Pw;, are not explicitly
drawn, but correspond to the intersection of Twy (resp. Pw;) with the class of
CRPQs. Lastly, the tree-width (resp. path-width) of a UC2RPQ is simply the

maximum of the tree-width (resp. path-width) of its disjuncts.

Similar statements of the following proposition can be considered Folklore
(see e.g. [RBV17, Theorem IV.3]). It can be proven is the same fasion as
Proposition I11.1.22.

Proposition V.1.1. crpgboundtwupperbound For each k > 1, the evaluation
problem for UC2RPQs of tree-width at most k can be solved in time O(||T| -
|GI**1 - log |G|) on a Turing machine, or O(||T|| - |G[**!) under a RAM model,
where I" and G are the input UC2RPQ and graph database, respectively.

In practice, graph databases tend to be huge and often changing, while
queries are in comparison very small and fixed. This motivates the following

question, given some natural k > 1:

Given a UC2RPQ T, is it equivalent to a UC2RPQ I'’ of tree-width at most k?

That is, does it have semantic tree-width at most k?

This problem is called the semantic tree-width k problem. Should it be decidable
in a constructive way—that is, decidable, and if the answer is positive, we can

compute a witnessing I'’ from I'—, then one could, once and for all, compute
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V. SEMANTIC TREE-WIDTH AND PATH-WIDTH OF CONJUNCTIVE REGULAR PATH QUERIES

I'’ from I and, whenever one wants to evaluate I' on a database, evaluate I'’
instead.

We will also study the restriction of these notions to one-way queries:
a UCRPQ has one-way semantic tree-width at most k if it is equivalent to a
UCRPQ of tree-width at most k. The one-way semantic tree-width k problem is
the problem of, given a UCRPQ I', whether it has one-way semantic tree-width

at most k.

Example V.1.2. Consider the following CRPQs, where X = (xg, X1, Y, 2):

C
x04>x1 x0—>x1 X —— X

(@) = o(x) = y o'(x) = y
a(bb)* U’ ab(bb)* a(bbyt N\ LbOb" ©b* L bbby
z ya

The underlying graph of y(X) being the directed 4-clique, y(X) has tree-width
3. We claim that y(X) is equivalent to the UCRPQ 6(X) V ¢’ (X), and hence has
one-way semantic tree-width at most 2.

Indeed, given a graph database satisfying y(X) via some mapping p, it
suffices to make a case disjunction on whether the number of b-labelled
atoms in the path from p(y) to p(z) is even or odd. In the first case, the atom

a(bb)* . .
X 2, 7 becomes redundant since we can deduce the existence of such a

AN z, and hence the database satisfies

( b)*

path from the conjunction x = y —
O(X) via . Symmetrically, in the second case, the atom x; — z becomes
redundant, and the database satisfies 6’(X) via p. Thus, y(X) is contained,
and hence equivalent (the other containment being trivial), to the UCRPQ

0(x) v &’ (x) of tree-width 2. &

V.1.2 Related Work

On the class conjunctive queries, the semantic tree-width k problem becomes
the coNP-complete problem of finding out whether the retraction of a query
has tree-width at most k. In fact, CQs enjoy the effective existence of unique
minimal queries [CM77, Theorem 12], which happen to also minimize the
tree-width. For CRPQs and UC2RPQs, the question is far more challenging,
and it has only been solved for the case k = 1 by Barceld, Romero, and Vardi
[BRV16, Theorem 6.1]; the case k > 1 was left widely open [BRV 16, §7].
Furthermore, classes of CQs of bounded semantic tree-width precisely char-
acterize tractable (and FPT) evaluation problem [Gro07, Theorem 1.1]. This
result is on bounded-arity schemas, which was later generalized [CGLP20,
Theorem 1] for characterizing FPT evaluation on arbitrary schemas—by re-
placing semantic tree-width with semantic “submodular width” [Mar13].
The problem of computing maximal under-approximations of CQs of a
given tree-width has been explored in [BLR14]. A maximal under-approximations
of tree-width at most k of a CQ y consists of a CQ 0, of tree-width at most k,

which under-approximates it, i.e. 0 is contained in , and which is maximal,
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in the sense that for every CQ ¢’, if 6" has tree-width at most k and is con-
tained in ), then ¢’ is contained in 0;. Maximal under-approximations of a
given tree-width for CQs always exist [BLR14] and thus, a CQ is semantically
equivalent to a CQ of tree-width at most k if, and only if, it is equivalent to
its maximal under-approximation of tree-width at most k. Our solution to
decide the semantic tree-width k problem for UC2RPQs is based on this idea.

While maximal under-approximations always exist for CQs, this is not the
case for the dual notion of “minimal over-approximations”. The problem of
when these exist is still unknown to be decidable, aside for some the special

cases of acyclic CQs and Boolean CQs over binary schemas [BRZ20].

V.1.3 Contributions

Here we solve both the semantic tree-width k problem and one-way semantic

tree-width k problem for every k with one unifying approach.

Theorem V.1.3. For each k > 1, the semantic tree-width k problem and
the one-way semantic tree-width k problem are decidable. Moreover, these
problems are in 2ExpSpace and are ExpSpace-hard. When k = 1, the problems

are in fact ExpSpace-complete.

In Section V.3 (Lemma V.3.9), we prove the upper bound for k > 2, by
relying on the so-called “Key Lemma”, which is our main technical result, and
is proven in Sections V.4 and V.5. The upper bound for the case k = 1—which
was already proven in [BRV16] for the (two-way) semantic tree-width 1
problem—is shown in Section V.7 (Corollary V.7.8). The lower bound is shown
in Section V.9 (Lemma V.9.1).

The Key Lemma (Lemma V.3.8) essentially states that every UC2RPQ has
a computable “maximal under-approximation” by a UC2RPQ of tree-width
k and that this approximation is well-behaved with respect to the class of
languages used to label the queries under some mild assumptions on it (being
“closed under sublanguages”). Let us first explain this assumption before
formalizing the statement above (stated as Section V.3).

For a class £ of languages, let UC2RPQ(.£) denote the class of all UC2RPQs
whose atoms are all labelled by languages from £. We say that £ is closed
under sublanguages if (i) it contains every language of the form {a}, where
a € A is any (positive) letter such that either 4 or a~ occur in a word of a
language of £, and (ii) for every language L € £ there exists an NFA A
accepting L such that every sublanguage A; [g, 4] distinct from @ and {¢}
belongs to £.

To the best of our knowledge, all classes of regular expressions that have
been considered in the realm of regular path queries (see, e.g., [Fig+20, §1])
are closed under sublanguages. In particular, this is the case for the class
{{al +..+a,} | a,..,a, € A} U {a* | a € A}, which will be our focus
of study in Section V.6. Moreover, even if some class £ is not closed under

sublanguages, such as {(aa)"}, then it is contained in a minimal class closed
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under sublanguages—{a, a(aa)*, (aa)*} in this example.

We can now state the main implication of the Key Lemma (whose formal
statement requires some extra definitions). [Existence of the maximal under-
approximation] For each k > 2, for each class £ closed under sublanguages,
and for each query I' € UC2RPQ(L), there exists I’ € UC2RPQ(L) of tree-
width at most k such that I'” € T, and for every A € UC2RPQ, if A has
tree-width at most k and A S T, then A € I'’. Moreover, I’ is computable
from I in ExpSpace.

As a consequence of Section V.3 and Proposition V.1.1, we have that
queries of bounded semantic tree-width have tractable evaluation. [FPT
evaluation for bounded semantic tree-width] For each k > 1, the evaluation
problem for C2RPQs of semantic tree-width at most k is fixed-parameter
tractable—FPT—when parametrized in the size of the query. More precisely
on input (I', G), the algorithm runs in time O(f (||T]) - |G+t log |Gl) on a Tur-
ing machine, where f is a doubly-exponential function—or O(f(||I'l]) - |G+1)
under a RAM model. Note that [FGM24, Theorem 22] shows that the
statement above can be improved to have a single-exponential function f.

Moreover, we also show that for any class £ of regular languages closed
under sublanguages, if ' € UC2RPQ(L) has semantic tree-width k > 1,
then I' is equivalent to a UC2RPQ(L) of tree-width at most k. Analogous
characterizations hold for k = 1 and/or path-width, see Corollaries V.8.7
and V.7.9.

Theorem V.3.12. Assume that £ is closed under sublanguages. For any
k > 1 and any query I' € UC2RPQ( L), the following are equivalent:
(1) T is equivalent to an infinitary union of conjunctive queries of tree-width
at most k;
(2) T has semantic tree-width at most k;
(3) T is equivalent to a UC2RPQ(L) of tree-width at most k.

The implications (3) = (2) = (1) immediately follow from the definition
of the semantic tree-width. On the other hand, the implications (1) = (2) and
(2) = (3) are surprising, since they are both trivially false when k = 1. We
defer the proof of this last claim to Remark V.3.13 as we first need a few tools
to manipulate CRPQs.

The previous theorem, together with the high complexity of semantic
tree-width k problem, motivates us to focus on the case of CRPQs using some
simple regular expressions (SRE) in Section V.6, where we show that the

complexity of this problem is much lower.
Theorem V.6.1. Fork > 2, the semantic tree-width k problem for UCRPQ(SRE)
is in IT}.

We then study the problem of k = 1: at first glance, our proof for k > 2 of
Theorem V.1.3 does not capture this case, for a technical—yet crucial—reason.

In Section V.7, we explain how to adapt our proof to capture it: and show the

decidability the semantic tree-width 1 problem—which was already studied by
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Barceld, Romero and Vardi [BRV16]—and of the one-way semantic tree-width
1 problem.

Building on the same idea, we show in Section V.8 that our results extend
to path-width.

Theorem V.8.6. For each k > 1, the semantic path-width k problems are
decidable. Moreover, they lie in 2ExpSpace and are ExpSpace-hard. Moreover,

if k =1, these problems are in fact ExpSpace-complete.

In turn, this leads to an evaluation algorithm with a remarkably low com-

plexity.

Theorem V.8.8. For each k > 1, the evaluation problem, restricted to
UC2RPQs of semantic path-width at most k is in paraNL when parametrized
in the size of the query. More precisely, the problem, on input (I', G), can
be solved in non-deterministic space f(|Il) + log(|G|), where f is a single

exponential function.

$ C2RPQs

(a) Semantic classes of C2RPQs related to (b) Semantic classes of C2RPQs related to
tree-width. path-width.

Interestingly, the proof for tree-width 1 and path-width k (k > 1) can be
derived from the proof from tree-width k > 2 but necessitates an additional
technical trick which yields different closure properties (or lack thereof). We
show that a UCRPQ has semantic tree-width at most k if, and only if, it has one-
way semantic tree-width at most k whenever k > 2 (Corollary V.3.14). In other
words, if the original query does not use two-way navigation, then considering
UC2RPQs does not help to further minimize the tree-width. Interestingly,
this is false for k = 1 (¢f. Remark V.3.13, also [BRV 16, Proposition 6.4]) and
for path-width, no matter the value of k > 1 (see Section V.8.2). Overall, this
leads to the landscape depicted in Figure V.2.

Finally, we conclude in Section V.10. We provide a partial characterization
a la Grohe of classes of UC2RPQs which admit a tractable evaluation in
Section V.10.2.

Theorem V.10.5. Assuming W[1] # FPT, for any recursively enumerable
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class € of finitely-redundant Boolean UC2RPQs, the evaluation problem for
C is FPT if, and only if, € has bounded semantic tree-width.

We also discuss open questions, ranging from complexity questions (Sec-
tion V.10.1) to extensions of our results to bigger classes or larger settings
(Sections V.10.3 and V.10.4).

V.2 Preliminaries

Some intuitions on maximal under-approximations Given a conjunctive query
y, the union of all conjunctive queries that are contained in y is semantically
equivalent to the union \/{)” | y = »’}. Naturally, this statement borders
on the trivial since )" belongs to this union. It becomes interesting when
we add a restriction: given a class € of CQs (to which y may not belong)
closed under subqueries, then I'” = \/{)” € € | y - ¥’} is the maximal
under-approximations of by finite unions of conjunctive queries of €, in
the following sense:
i. (finite) I'’ is a finite union of CQs of €,

ii. (under-approximation) I'’ € y, and

iii. (maximality) for any finite union A of CQs of €, if A C y, then A S T".

Proof. Only the last point is non-trivial, and follows from the fact that if
A C y, then for each 6 € A, € y, so there is a homomorphism f: y — 6.
The image ¢’ of f is a subquery of 6, and € is closed under subqueries, so it
belongs to €, and hence to I'’. Since there is a trivial homomorphism from ¢’
to 6, we moreover have that 6 € &’. Hence, for each CQ 6 € A, there is a CQ
0’ €T’ such that 6 € ¢, and hence A C T"’. O

As a consequence, we deduce that for each k > 1, the maximal under-
approximation of a CQ by a finite union of CQs of tree-width at most k is
computable, and hence we can effectively decide if some CQ is equivalent
to a query of tree-width at most k by testing the equivalence with this maxi-
mal under-approximation. For more details on approximations of CQs, see
[BLR14]. Note that interestingly, changing I'” from \/{)” € C | y - 7’} to
V{y’ € € | ' € y} preserves both under-approximation and maximality,
but I'’ is now an infinite union of CQs of €.

Unfortunately, these results cannot be straightforwardly extended to con-
junctive regular path queries since the previous proof implicitly relied on two
points:

1. the equivalence between the containment )" C y and the existence of a
homomorphism y Jom, y’, and

2. the possibility to restrict ) to its image ) Jom, y" while obtaining a
semantically bigger query.

These two crucial ingredients is what allows us to build a finite set I’ from .

For CRPQs, the second point still holds, but not the first one. For instance,

the CQ y(x,y) = x5z LN y is contained in (in fact equivalent to) the CRPQ
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V'(x,y) =x LiN Y, but there is no homomorphism from )’ (x, y) to y(x, y). Our
main result shows that to find maximal under-approximations of C2RPQs, it
suffices to take homomorphic images of so-called “refinements” of y, instead
of homomorphic images of y itself. The next paragraphs are devoted to

introducing refinements and tools related to them.

Refinements and Tree-Width. Our approach to proving Theorems V.1.3 and V.3.12
and the Key Lemma heavily rely on refinements. One crucial property that
these objects satisfy is that they preserve tree-width k, unless k = 1, as
illustrated in Figure V.3.

Fact V.2.1. Let k > 2 and let y be a C2RPQ of tree-width at most k. Then any

refinement of ) has tree-width at most k.

(a) A multigraph together with a tree (b) A refinement of the multigraph of Figure V.3a

decomposition of width k. together with a tree decomposition of width
max(k, 2).

Proof. The underlying graph of a refinement of y is obtained from the un-
derlying graph of y by either contracting some edges (when dealing with
equality atoms), or by replacing a single edge by a path of edges (where the
non-extremal nodes are new nodes).

This first operation preserves tree-width at most k (even if k = 1), see e.g.
[Bod98, Lemma 16]. The second operation preserves tree-width at most k,
assuming k > 1: if a graph G’ is obtained from a graph G by replacing an
edge x, — x,, by a path xy — x; — --- — x,,, then from a tree decomposition
of G it suffices to pick a bag containing both x, and x,,, and add a branch to

the tree, rooted at this bag, and containing bags with nodes

{xO/xllxn}/ {xlleI xn}/ ey {-xj/xj+1/xn}/ see s {xn—2/ xn—]/-xn}/

as depicted in Figure V.3. All bags contain exactly three nodes, so we obtain
tree decomposition of G" whose width is the maximum between 2 and the

width of the original tree decomposition of G. O

For k = 1, the property fails: for instance the CRPQ y(x) = x 2 x
has tree-width at most 1 (in fact it has tree-width 0), but its refinement

p(x) =x 54 LN ty 2, x has tree-width 2.

Fine tree decompositions For technical reasons—the proof of Lemma V.5.4—,

we will use a restrictive class of tree decompositions which we call “fine”!. A
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pansions preserve tree-width at most

k>2.

! This is similar—but orthogonal—to
the classical notion of “nice tree de-
composition”, see e.g. [Klo94, Defini-
tion 13.1.4, page 149].
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fine tree decomposition is a tree decomposition (T, v) in which:

every non-root bag can be obtained from its parent
bag by either adding or removing a non-empty set (V.1)

of vertices.

In the context of a fine tree decomposition of width k, a full bag is any bag of
size k + 1.
A C2RPQ has tree-width k if and only if it has a fine tree decomposition of
width at most k. Indeed, from a tree decomposition, it suffices to:
1. first merge every consecutive pair of bags that contain exactly the same
variables;
2. between every pair of bags that does not satisfy (V.1), add a bag whose set

of vertices correspond to the intersection of the two adjacent bags.

V.3 Maximal Under-Approximations

In this section, we state our key technical result, Lemma V.3.8, which we
will refer to as the “Key Lemma”. Essentially, we follow the same structure
as Theorem V.3.12: given a C2RPQ y and a natural number k > 1, we start
by considering its maximal under-approximation by infinitary unions of
conjunctive queries of tree-width k (Definition V.3.1), and then show that this
query can in fact be expressed as a UC2RPQ of tree-width k whose atoms
contain sublanguages of those in y (Key Lemma V.3.8).

For the first definitions of this section, let us fix any class € of C2RPQs—we

will later apply these results to the class Tw; of C2RPQs of tree-width at most
k.

Definition V.3.1 (Maximal under-approximation). Let y be a C2RPQ. The
maximal under-approximation of y by infinitary unions of C-queries is App ,(y)
laeC|lacyl

>

For intuition, we refer the reader back to paragraph “Some intuitions on

maximal under-approximations” at the beginning of Section V.2.

Remark V.3.2. Observe that App () is an infinitary union of C-queries,
that App,, () € y, and that for every infinitary union of C-queries A, if A € y,
then A € App,,(y) (ie., it is the unique maximal under-approximation up to
semantical equivalence). Similarly, the maximal under-approximation of a
UC2RPQ is simply the union of the maximal under-approximations of the
C2RPQs thereof. &

Unfortunately, the fact that a query « is part of this union, namely a €
App (7). does not yield any useful information on the shape of a—we merely
know that & € y. We thus introduce another infinitary union of €-queries of a
restricted shape, namely Appg () € App,(y), in which queries a € Appg ()

come together with a witness of their containment in y.
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Definition V.3.3. The maximal under-approximation of y by infinitary unions

of homomorphically-smaller C-queries is
Appy(y) ={a € C | Ap €Ref(y), Af: p » al. (V.2)

For a basic example of approximation (with no constraint on ), we refer
the reader to ??. The resulting query a(x, y) is the homomorphic image of a
refinement of y(x, y). Hence, a(x,y) € Appg(y) if C is, for instance, the class
of all C2RPQs—or more generally, if € contains a(x, y).

Example V.3.4 (Example V.1.2, cont’d). Both 6(X) and &’(X) are semantically
equivalent to queries in App;wz(y(ic)). Indeed, starting from y(X), we can
refine

a(bb)* : a_, (bb)*
Xg——2z into x1—>f—z

Denote by p(X) the query obtained:

Xg —— x4 Xg —— xq Xy —— 1
AN Y N Y N Y
p() =t y Ogpp(X) = y o'(x) = y
(bw\ W abeny 0" ()52 ab(bb)” 0L abby
z z z

’
app

(%) has tree-width at most 2 and was obtained as a homo-

Then merge variables t and y: this new query 0, (¥) is equivalent to &’(X).

: !
Moreover, since 6app

morphic image of a refinement of y(X), we have that 6,,,,() € App;iwz(y(ic)).

A similar argument applies to 0, by refining the atom between x; and z

instead. &

Clearly, Appg)(y)—whose queries are informally called approximations—is
included, and thus semantically contained, in App e (y),sincep S yanda S p
in (V.2). In fact, under some assumptions on €, the converse containment
also holds.

Fact V.3.5. If C is closed under expansions and subqueries, then for any
C2RPQ y, we have App () = Appy()).

Proof. Since App,,(y) 2 Appj(y), it suffices to show that App ,(y) S Appjs(y)-
Pick a € App,(y). Let & be an expansion of a. Since & € ), there exists
by Proposition II.2.12 an expansion &,, of y such that ¢, Lom, &, Consider
the restriction &’ of & to its homomorphic image. Since @ € € and C is
closed both under expansions and subqueries, &’ € €. Since moreover, by
construction, &’ is the (strong onto) homomorphic image of an expansion
(hence refinement) of y, then &’ € Appg(y). Hence, we have shown that for
every expansion of App ,()), there is an expansion of App(’; (y) with a strong
onto homomorphism from the latter to the former, which concludes the proof
by Proposition I11.2.12. O

Note that in the definition of Appg (y) we work with strong onto homo-

morphisms: changing the definition to have any homomorphism would yield
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a slightly bigger but semantically equivalent class of queries—though having
untamed shapes.

Observe then, by Fact V.2.1, that the class Twj of all C2RPQs of tree-width at
most k is closed under refinements and hence under expansions, provided that

k is greater or equal to 2. Moreover, Jw is always closed under subqueries
for each k.

Corollary V.3.6. For k > 2, for all C2RPQ y, Appmk(y) = App;wk()/).

Example V.3.7 (counterexample for k = 1). Consider the following query:

y(x) = / \

x—>y

We claim that AppTw () & App;U ()/) First, we claim that y € Exp(AppTw ()
since y is an expansion of (x) = x 2%, x, which clearly belongs to App,T (7/)
Then, observe that y(x) has a single refinement: itself! It follows that
App;wl(y) is finite, and consists precisely of all homomorphic images of
y(x) of tree-width at most 1, which are:

c b
o =iC w5z, @Sl Sy
b a
c
az(x) = x 5w Do, ayw) = e w De
! U

which correspond to the case when the following variable are merged: {x, y},
{x,z}, {y, z} and {x, y, z}, respectively. Note that all of these queries are CQs,
from which it follows that every expansion of a query in App;wl(y) is one
of the a;, and has a self-loop. In particular, such an expansion cannot have
a homomorphism to . Hence, we showed that there is an expansion of
AppTwl(y) s.t. no expansion of App;wl(y) can be homomorphically mapped
. ) *
to it. Hence, by Proposition I11.2.12, Appjwl(y) ¢ Appywl(y). <&
In general, by definition, App,’;wk(y) is an infinitary union of C2RPQs. Our
main technical result shows that, in fact, App;wk(y) is always equivalent
to a finite union of C2RPQs. This is done by bounding the length of the

refinements occurring in the definition of App;wk(y). For any m > 1, we

define:

App="(y) 2 {fa € € | Ap € Ref~"(y), Af: p - al.

Lemma V.3.8 (Key Lemma). For k > 2 and C2RPQ y, we have App;wk(y) =
App%jf(y) where ¢ = O(||y|, - (k + 1)),

By construction, Appka(y) is the maximal under-approximation of y by
infinitary unions of C2RPQs of tree-width at most k. Using the equiva-
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lence above and Corollary V.3.6, it follows that it is also the maximal under-
approximation of y by a UC2RPQ of tree-width at most k. [Existence of
the maximal under-approximation] For each k > 2, for each class £ closed
under sublanguages, and for each query I' € UC2RPQ(L), there exists " €
UC2RPQ(L) of tree-width at most k such that I’ € T, and for every A €
UC2RPQ, if A has tree-width at most k and A € I, then A € I'’. Moreover,

I'” is computable from I' in ExpSpace.

Proof. The algorithm to compute I'” is straightforward: it enumerates /-
refinements, enumerates its homomorphic images, and keeps the result only
if it has tree-width at most k—which can be done in linear time using Bod-

laender’s algorithm (Proposition III.1.23). 0

Using the Key Lemma as a black box—which will be proven in Section V.5—,
we can now give a proof of the upper bound of Theorem V.1.3 for all cases
k > 2—the case k = 1 will be the object of Section V.7.

Lemma V.3.9 (Upper bound for Theorem V.1.3 for k > 2). For k > 2, the
semantic tree-width k problem for UC2RPQ is in 2ExpSpace.

Note that App;i;ié(y) has double-exponential size in |||, so testing equiva-
lence of y with this UC2RPQ yields an algorithm in triple-exponential space in
|lyl| since (U)C2RPQ equivalence is ExpSpace [CDLV00, Theorem 5] —see also
[FLS98, § after Theorem 4.8] for a similar result on CRPQs without inverses
but with an infinite alphabet. To get a better upper bound, we first need the

following proposition:

Proposition V.3.10. The cONTAINMENT PROBLEM I' & A between two
UC2RPQs can be solved in non-deterministic space O(||T]| + [|Al|¢"4), for
some constant ¢, and where 71, is the maximal number of atoms of a disjunct
of A, namely n, = max {|[0]|,, | 6 € A}.

Proof. The proposition follows from the following claim.

Claim V.3.11 (implicit in [Fig20]). The CONTAINMENT PROBLEM [" € A between
two UC2RPQs can be solved in non-deterministic space O(||T|| + ||A||C'bw(A)),
where bw(A) is the bridge-width of A and c is a constant.

In the statement above, a bridge of a C2RPQ is a minimal set of atoms
whose removal increases the number of connected components of the query,
and the bridge-width of a C2RPQ is the maximum size of a bridge therein. The
bridge-width of a union of C2RPQs is the maximum bridge-width among the
C2RPQs it contains. In particular, the maximal number of atoms of a disjunct

is an upper bound for bridge-width. O

We provide an alternative upper bound in Proposition V.A.1 (Section V.A),

which also yields a 2ExpSpace upper bound for Lemma V.3.9.

Proof of Lemma V.3.9. To test whether a query I is of semantic tree-width k,

it suffices to test the containment I' € I'’, where I'’ is the maximal under-
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approximation | yer App%U g()/) given by Section V.3: a double-exponential
union of single—exponentlal sized C2RPQs. Thus, by the bound of Proposi-
tion V.3.10 (and Savitch’s Theorem), we obtain a double-exponential space

upper bound. O

Moreover, from the equivalences AppTw () = AppTw () and AppTw (y) =
Appr <é()/) of Corollary V.3.6 and Lemma V.3.8, we can derive new charac—

terlzatlons for queries of bounded semantic tree-width.

Theorem V.3.12. Assume that £ is closed under sublanguages. For any
k > 1 and any query I' € UC2RPQ(L), the following are equivalent:
(1) T'is equivalent to an infinitary union of conjunctive queries of tree-width
at most k;
(2) T has semantic tree-width at most k;
(3) T is equivalent to a UC2RPQ(L) of tree-width at most k.

Proof of Theorem V.3.12. The implications (3) = (2) = (1) are straightfor-
ward: they follow directly from Fact V.2.1. For (1) = (3) note that (1) implies
thatT' = App ka(r), and by Lemma V.3.8, Appywk(r) \/yer ppyw /()/)
so I is equivalent to the latter. Since queries of A are obtained as homomor—
phic images of refinements of I', all of which are labelled by sublanguages of
£, and since £ is closed under sublanguages, it follows that I is equivalent
to a UC2RPQ(L) of tree-width k. O

Remark V.3.13. The statement of Theorem V.3.12 does not hold for k = 1.

(2) = (1) when k = 1: consider the CRPQ y(x,y) = x LN YAy 2 x of
tree-width 1, and hence of semantic tree-width 1, and observe that it is not
equivalent to any infinitary union of conjunctive queries of tree-width 1—this
can be proven by considering, for example, the expansion x = z 5 y Ay b x
of y(x,y) and applying Proposition III.2.12.

(3) = (2) when k = 1: by [BRV16, Proposmon 6.4] the CRPQ of semantic
tree-width 1 y(x) 2x &z 5y A x5 y=x 229 x is not equivalent to any
UCRPQ of tree-width 1. Hence, the implication is false when £ is the class of
regular languages over A* that do not use any letter of the form a™. & O

See Corollary V.7.9 for a similar (but different) characterization of queries of
semantic tree-width at most 1. As an immediate corollary of Theorem V.3.12,
by taking £ to be the class of all regular languages over A, we obtain the

following result.

Corollary V.3.14. Let k > 2. A UCRPQ has semantic tree-width at most k if

and only if it has one-way semantic tree-width at most k.

Lastly, using Section V.3 as a black box, we can obtain an FPT algorithm
for the evaluation problem. [FPT evaluation for bounded semantic tree-
width] For each k > 1, the evaluation problem for C2RPQs of semantic
tree-width at most k is fixed-parameter tractable—FPT—when parametrized

in the size of the query. More precisely on input (I', G), the algorithm runs
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in time O(f (||T]) - |GJ+1 -log|G|) on a Turing machine, where f is a doubly-
exponential function—or O(f(||T]) - |G[*1) under a RAM model.

Proof. First, compute from I its maximal under-approximation I'’ using Sec-
tion V.3 in single-exponential space, and hence double-exponential time. Then,

evaluate G on I'’ using Proposition V.1.1. O

This improves the database-dependency from the previously best (and first)
known upper bound, which was O(f'(||[Tl]) - |G[?+1) for a single-exponential
f" [RBV17, Theorem IV.11 & Lemma IV.13]. We discuss open questions related
to this in Section V.10.2.

We are left with the proof of the Key Lemma. But before doing so, we will
need to introduce in the next Section V.4 some basic notions that we will need

in the proof, which is deferred to Section V.5.

V.4 Intermezzo: Tagged Tree Decompositions

In this section we introduce some technical tools necessary for the proof of

the Key Lemma. Remember that its statement deals with
App(y) = a € Twy | Ap € Ref"(y), Af: p  al,

and consequently its proof needs to manipulate homomorphisms from re-
finements onto C2RPQs of tree-width < k. The proof will “massage” the
homomorphism f and queries @, p in order to reduce the size of m, while
preserving (a) the existence of a homomorphism between the two queries, (b)
the tree-width of the right-hand side, (c) the fact that the left-hand side is a
refinement, and (d) some semantic properties of the queries. Our construction
will be guided by the tree decomposition of @, and more importantly by how

p is mapped onto such decomposition.

Definition V.4.1. Let f: p 2%, % be a homomorphism between two C2RPQs.
A tagged tree decomposition of f is a triple (T, v, t) where (T, v) is a tree
decomposition of a, and t is a mapping t: Atoms(p) — V(T), called tagging,
such that for each atom e = x 2 y € Atoms(p), we have that v(t(e)) contains

both f(x) and f(y).

In other words, t gives, for each atom of p, a witnessing bag that contains
it, in the sense that it contains the image by f of the atom’s source and target.
By definition, given a tree decomposition (T, v) of @ and a homomorphism
f: p - a, there is always one way (usually many) of extending (T, v) into a
tagged tree decomposition of f.

We provide an example of homomorphism f: p = a in Figure V.4. Note
that in this example, p is defined as the refinement of a query, and f is
strong onto—for now this is innocuous, but we will always work under these
assumptions in Section V.5. In Figure V.5, we give a tagged tree decomposition

of this homomorphism. Each bag is given a name, written in the bottom left
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(a) A query y of (b) A refinement p of y. (c) A homomorphic image
tree-width 3. a of p of tree-width 2. See

Figure V.5 for a tree de-
composition of a (ignor-

ing the dashed blue lines).

corner. The tagging is represented as follows: if an atom is tagged in a bag,
then it is drawn as a solid bold arrow in this bag. Note that by definition, a
given atom is tagged in exactly one bag. For now, blue dashed arrow between

bags can be ignored—they will illustrate Definition V.4.3.

Fact V.4.2. Let (T, v, t) be a tagged tree decomposition of some strong onto
homomorphism f: p - «a. Let T” be the smallest connected subset of T
containing the image of t. Then (T”, v|y/, t) is still a tagged tree decomposition
of f, whose width is at most the width of (T, v, t).

In the following paragraphs, we extend the notion of tagging to paths. We
illustrate this notion in Figure V.5, where we describe the path induced by
the blue path of Figure V.4b—which starts at the top-most vertex, follows the
blue atoms, and reaches the bottom-most vertex. Informally, in the context of
a tagged tree decomposition (T, v, t) of f: p Lom, g, given a path 7 of p, say
X LN Xy Loy Ly X,,, the path induced by 7, denoted by t[7], is informally
defined as the following “path” in T X @, seen as a sequence of pairs of bags
and variables from V(T) X vars(a):

« it starts with the bag t(x, EiR x1) of T and the variable f(xy) of a; in

Figure V.5, this corresponds to bag bll’lue;

« it then goes to (t(xg LR x1), f(x1));
« it then follows the shortest path in T (unique, since it is a tree) that goes to

the bag t(x; Lz, X,), while staying in f(x;) in a—in Figure V.5, this bag is
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Figure V.4: An example of a homo-
morphism f: p - a. The strong
onto homomorphism f is implicitly
defined: it sends the two yellow ver-
tices of p on the unique yellow vertex
of a, and identifies some blue and
red vertices of p—thus creating pur-
ple vertices in a.
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Figure V.5: A fine tagged tree decom-
position of a (see Figure V.4) of width
2. (Recall that some bags are omit-
ted for the sake of readability. These

bags are there to make the decompo-
sition fine.)
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the same as before, namely bll’lue, so we do nothing;

« then, it goes to (t(x; Lz, X,), f(x)) in a single step;

« it then follows the shortest path in T (unique, since it is a tree) that goes to
the bag t(x, EEN X3), while staying in f(x,) in a—in our running example,

blue.
bi+1 ’

we go from bP!"® to b;, and then to b;,; before reaching
« it continues in the same way for all other atoms of the path, ending up

with the bag t(x,_; Loy x,) and the variable f(x,) of a.
By construction, note that the constructed sequence (b;, z;);, also denoted by
((Z;))l, is such that z; € v(b;). Moreover, the values taken by the sequence (z;);
are (f (x))o<j<n> in the same order but potentially with repetitions. Graphi-
cally, this sequence corresponds to a path in the tagged tree decomposition,
where one can not only move along the bags, but also along the variables they
contain. In our example, the path induced by the blue path of Figure V.4b
corresponds in Figure V.5 to the blue path consisting of both solid and dashed

edges. Moreover, note that a single atom x; 4 x; of p induces the path:

<(t(xoi>x1)), (t(xofx1))>_ (V.3)

Definition V.4.3 (Path induced in a tagged tree decomposition—formal
definition). Given a homomorphism f: p tom, o and a tagged tree de-
composition (T, v, t) of f, the link from an atom A = x 4 y to an atom
B=y L zof p is the unique (possibly empty) sequence (fl@)), s (fb(;)),
where t(A), by, ..., b, t(B) is the unique simple path from t(A) to t(B) in T.
The path induced by a path @ = x LN X1 EENNER x,, of p is the unique

sequence

tn] = (f?a?o))(fffn) Ly (f?il))(fé;;z)) Ly (f(bffz))Ln—l (fé?;))(;ﬁ?,b)

A . . A A
where b; = t(x; = x,,¢) and L; is the link from x;_; =5 x; to x; = x4,

for every 1.

Moreover, given a bag b of T and a variable z of a, we say that t[7r] leaves
b at z when (g) belongs to t[7], and this is either the last element of the
sequence t[7t], or the next element of the sequence has a bag distinct from b.

For example, in Figure V.5, t[7t] leaves b} at the first purple vertex. Simi-
larly, it leaves by and b, at this same vertex. Moreover, it also leaves b, at the
second purple vertex.

We say that an induced path is cyclic if it contains two positions i, j such
thati+2 <jandb; = b;. We say that it is acyclic otherwise, meaning that if
we visit a bag for the first time, we can visit it again at most once, in which
case it must be precisely at the next time step. For instance, the path induced
by the blue atom refinement in Figure V.5 is cyclic. However, the path induced

by a single atom—see (V.3)— is always acyclic.

Fact V.4.4. If an induced path t[7t] is acyclic, for any bag b, there is at most

one variable z of & such that t[7t] leaves b at z.
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Lastly, we define a fine tagged tree decomposition of f: p 2% o to be a
tagged tree decomposition of f that is also a fine tree decomposition of a.
We abuse the notation and talk about the fine tagged tree decomposition of
a C2RPQ v to talk about the fine tagged tree decomposition of the identity
homomorphismid: y - y.

One of the key properties of fine tagged tree decompositions is that in any
of its non-branching paths—i.e. paths in T whose non-extremal bags have
degree exactly 2—, at least half of the bags are non-full, i.e. they contain at
most k variables®. Such bags will prove useful in the next section because of

the following property.

Y1

Y2 - Yn

TAGGED TREE DECOMPOSITIONS

2 Recall that in a decomposition of
width k, bags are allowed to contain
at most k + 1 variables.

Tl Ty - X

!
Y

Ly Z/‘-)

Ty Ty -
Y1 Y2 -

Tn

4

Z
Yr Y2 - Yn

Proposition V.4.5. Let y,)” be C2RPQs, and (T, v, t)—resp. (T’, v/, t")—be a
fine tagged tree decomposition of width k of y—resp. of y’. Let b, b’ be leaves
of T and T’ respectively, such that b and b’ are non-full bags of the same
cardinality, and let Z = v(b) N v/(V’). In particular, we have

v(b) = {x1, .., x,) UZ and v'(¥') = {y1, ., y,} UZ,

from some variables s.t. the x;’s are disjoint from the y;’s. Assume moreover
that vars(y) N vars(y’) € Z. Then, for any conjunction 6 of atoms the form:
. X; L y; for some i € [[1, n],

. xl-i) z for somei € [[1,n] and z € Z,

ez y; for somei € [[1,n] andz € Z,

« 25 2 for some 2,72 € Z,

the query ¥ Ay’ A 6 has a fine tagged tree decomposition of width k in which
the length of the longest non-branching path is smaller than the sum of the
longest non-branching paths of T and of T”, plus 2n.

The proof of Proposition V.4.5 is elementary and illustrated in Figure V.6.

Proof. We connect T with T” with 2n < 2k bags: start from b, = b, which
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Figure V.6: The query y Ay’ A
(top) and one of its fine tagged tree
decomposition of width at most k
(bottom).
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contains {xq, ..., x,,} U Z. Then create the following bags:

o v(by) = {xg,xp, ., x, Uy} U Z = v(by) U {y ),

o v(by) ={xy, ., x, Uy} U Z = (b)) N {xq),

» V(boiq) = {Xg o, X Uy, o i U Z = (b ) Uyl

o« v(by) EAxiiq, e X UYg, e i U Z = (o) > )

for 1 <i < n, and observe that v(b,,) = v/(0’). Then, tag every atom of 0 in
the first bag of (by, ..., b,,,_1) containing both variables of the atom. Such a
bag always exists:

« an atom of the form x; Lzis tagged in by;

. an atom of the form z = 7z’ is tagged in by;

« an atom of the form x; L y; is tagged in by;_q;

« an atom of the form z 5 y; is tagged in by;_;.

Observe that the decomposition obtained is indeed a fine tagged tree de-
composition: in particular, it satisfies that for each variable t, the set of all
b € T containing f is a connected subtree of T, thanks to the assumption that
vars(y) Nvars()’) C Z. O

V.5 Key Lemma: Maximal Under Approximations are Se-
mantically Finite

We can now start to describe the constructions used to prove the Key Lemma V.3.8.
Given a fixed C2RPQ y and a fixed k > 1, we call a trio any triple (a, p, f)
such that & € Jwy, p € Ref(y) and f is a strong onto homomorphism from p

to a. For clarity, we will denote such a trio by simply “f: p = a”. Using this
terminology, in order to prove Lemma V.3.8, it is sufficient (and necessary) to
show that:

for every trio f: p = a, there exists another trio f’: p’ - o’
st.aSa’ andp’ € Refg()/).

Remark V.5.1. Note that this section does not use the fact that k > 2. In
particular, Lemma V.3.8 holds for k = 1. However, Corollary V.3.6 does
not apply, and AppTwl(y) (which we are interested in) is not equivalent to
App;wl(y) (which is shown to be computable by Lemma V.3.8). We discuss
this case in further details in Section V.7. &

V.5.1 Local Acyclicity

Our first construction, which will ultimately allow us to bound the size of
atom refinements, shows that we can assume w.l.o.g. that they induce acyclic

paths in a fine tagged tree decomposition of f.

Lemma V.5.2. For any trio f: p - a, there exists a trio f': p’ - a’ and a
fine tagged tree decomposition (T, v/, t") of width at most k of f” such that
a S o, ol < llpll, and every atom refinement of p” induces an acyclic

path in the tree T’, in which case we say that (T”,v’, t') is locally acyclic w.r.t.
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f.
Note that the fact that f’ is a trio implies in particular that p” is a refinement

of y. The construction behind Lemma V.5.2 is illustrated in Figure V.7.

Notation V.5.3. When two bags are linked by a dashed edge (as in Figures V.5
and V.7), it means that there is another bag in between them, which is there
to ensure the fact that the decomposition is fine. The vertices contained in
this extra bag are exactly the intersection of the vertices contained by its two

neighbours, and no atom is tagged inside.

Informal proof of Lemma V.5.2. Start with a trio f: p = a, and let (T, v, t)
be a fine tagged tree decomposition of f. Consider an atom refinement
T = 2 N Z Ly Ly z, in p of some atom x 5 y (with z; = x and
z, = y), and assume that it induces a cyclic path in T— see e.g. Figure V.5.
It means that some variables z; and z; are mapped by f to the same bag of
T, somewhere along the path induced by 7. It suffices then to condense
p by replacing the atoms z; Ly o Ly z; by a single atom z; LT EELIN
z;. We thus obtain a new refinement p” of y. Then define @’ be simply
adding an atom f(z;) Linh, f (). The definitions of f" and (T’, v/, t) are
then straightforward—potentially, @’ should be restricted to the image of
fp 2o%, & so that f’ is still strong onto by using Fact V.4.2. Crucially,
a S o, and o’ still has tree-width at most k since we picked f(z;) and
f(z;) so that they belonged to the same bag of T: therefore, adding an atom
between them is innocuous. We then iterate this construction for every atom

refinement. ]

Figure V.7 shows the fine tagged tree decomposition (T’,v’, t") obtained by
applying the previous construction to the decomposition (T, v, t) of Figure V.5
for the blue atom refinement, followed by applying Fact V.4.2. In Figure V.5,
the induced path was leaving the bag b, both at the first and at the second
purple vertex. This leads in Figure V.7 to a new atom between these vertices.
The same phenomenon happens to bags bs, ..., b,,_;. Lastly, note that because
the atoms tagged in bags b3, ..., b’ are not in the image of f’, these bags

were removed by Fact V.4.2.

Formal proof of Lemma V.5.2. Let 7 be an atom refinement in p that induce a

cyclic path in T, say

n:zoizl Ly . ﬂzn_l i>zn.

In order to build the trio f”: p’ = o’ and a fine tagged tree decomposition
T’ of f" of width at most k, we will mainly use the fact that if two vertices
(1, v) of some graph G belong to the same bag of a tree decomposition (T, v)
of G, then (T, v) is still also a tree decomposition of the graph obtained by

adding an edge from u to v.
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By definition, the induced path t[7r] = ((i’)) is of the form
il

1= (i) G G G (i) ()

where iy = 0, and for each , b; = b; . Since it is not acyclic, there exists (j, j’)
such thatj +2 < j" and b; = b;. Let n(j) (resp. (")) denote the unique index
such that i,;, 1 <] < i, (resp. ij)-1 <j" <1y;)). In particular, we have
f(zn(i)) € v(bj) and f(Zn(j')) € v(bj,). We claim that n(j) < n(j’)—otherwise,
we would have twice the same bag in a link, which would contradict the fact
that it is a simple path in T.

We can then define

7_(I = tO i) ﬂ&) tn(]) £> tn(]l) Ln(v,>+l i} tn,

where K = [L; ;1 -+ Lyj)] (see Definition II1.2.9) and let p be the query
obtained from p by replacing 7t with ©’. Then, define &’ to be the query
obtained from & by adding an atom f (Zn(j)) ES f (Zn(j’))’ so that by construction,
we have @ C o, that p’ € Ref(y) with ||p’ll,; < llpll,; and f induces a
homomorphism f”: p’ Lo, o

We must then build a tagged tree decomposition (T’, v/, t") of f”. First, we
restrict @’ to be the image of f": p’ 1om, &', in order to obtain a strong onto
homomorphism. Then, starting from the tagged tree decomposition (T, v, t)
of f, restrict t to the atoms Atoms(p’) {Zu(j) 5 Zy(j)} € Atoms(p), and tag
the atom z,; 5 z,(jry to the bag b; = by. This tree decomposition has the
same width as T. Then, apply Fact V.4.2 to get rid of potentially useless bags.

Observe then that the path induced by 7" in (T”, v/, t') is simply

t'[r'] = <(f?;%))’ (;’(OZT)), Ry (f(Z}Z(j)))’ (f(:;i;j/))), ey (fl(zf;-_ll))’ (bl}l(_zzl»

and thus t'[7’] is strictly shorter than t[7] since j + 2 < j, by definition of
these indices. Finally, observe that if (T, v, t) is fine then so is (T”, v/, t').
Overall, we built f": p’ - a’ together with a fine tagged tree decom-
position (T’,v’,t") of width at most k where @ S a’ (by Fact I11.2.10), and
p’ € Ref(y) is such that ||p’|[,; < l|pll,, and for each atom of y, the refinement
of this atom in p is exactly the same as the refinement of this atom in p” except
possibly for one atom, for which the path induced in T’ by its refinement in
p’ is strictly shorter than the path induced in T by its refinement in p. After
iterating this construction as many times as needed, we obtain a trio as in the

conclusion of Lemma V.5.2, which concludes our proof. O

V.5.2 Short Paths

Ultimately, Lemma V.5.2 will allow us to give a bound on the number of leaves
of a fine tagged tree decomposition of a trio. The following claim—which is

significantly more technical than the foregoing—will give us a bound on the
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Figure V.8: Profiles of the bags in the

non-branching path between b; and
height of a decomposition. b, in the fine tagged tree decompo-

sition obtained from Figure V.5 after
Lemma V.5.4. Let f: p - a be a trio and (T, v, t) be a locally acyclic fine

applying Lemma V.5.2 and Fact V.4.2
tagged tree decomposition of width at most k of f. Then there is a trio to both the red and blue atom refine-

f’: p’ = o and a fine tagged tree decomposition (T’, v/, t’) of width at most ments.
k of f’ such that:

. a0 C o,
« (T',v',t") is locally acyclic wr.t. f’, and

« the length of the longest non-branching path in T is at most O(||yl,; - (k +
1)),

To prove Lemma V.5.4, we will try to find, in a long non-branching path,

some kind of shortcut. The piece of information that is relevant to finding
this shortcut is what we call the profile of a bag.

Definition V.5.5 (Types and Profiles). Given a trio f: p = «a and a fine
tagged tree decomposition (T, v, t) of f, for each bag b of T, we say that:
« bis “atomic” if there is at least one atom e € t"[b] and at least one variable

x of e such that x € vars(y), i.e., the atom e is not in the ‘middle’ part of an
atom refinement;

« otherwise, when b is non-atomic, we assign to each variable z € v(b) C
V(a) a type
typel 2 {x EX y atom of y | the path induced by the atom refinement
of x 5 yin p leaves b at z},
where each type is potentially the empty set. Then the profile of b is the
multiset of the types of z when z ranges over v(b).

Note that p and @ can have arbitrarily more atoms than the original query

y, and so the numbers of bags in T can be arbitrarily high. However, only
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few of them can be atomic: an atom refinement of atom of  contains at most
two atoms with a variable from y—namely the first and the last atom in the

refinement.

Fact V.5.6. There is at most 2||y||,, atomic bags in T.

Consider the fine tree decomposition of Figure V.7, and now apply the
construction of Lemma V.5.2 to the red atom refinement, followed by Fact V.4.2.
We now obtain a non-branching path between bags b; and b,,. We depict it in
Figure V.8: the implicit bags, hidden behind the dashed edges in Figure V.7
(see Notation V.5.3), are made explicit in this new figure, and, moreover, the
rest of the fine tree decomposition is not drawn. Lastly, for each bag, we
indicate if it is full and if it is atomic; when it is not atomic, we provide the
profile of the bag.

The rest of the proof consists in two parts. First, we show that if two
non-atomic bags b and b’ occurring in some non-branching path of T have
the same profile, then we can essentially replace the path between b and b’
by a path of constant length (Section V.5.2). And second, we show that in
every sufficiently long non-branching path we can find b and b’ satisfying the
aforementioned property: this part simply relies on an enhanced “pigeonhole
principle” (Fact V.5.7).

Let f: p - a be a trio, and consider a fine tagged tree decomposition of
f which is locally acyclic. Suppose there are two bags b and b’ such that:

1. they contain at most k nodes (i.e., not full bags),

2. they have the same profile,

3. there is a non-branching path in T between these bags, and

4. no bags of the path between b and b’ (both included) are atomic.

Then, there exists a trio f’: p’ - a’ and a fine tagged tree decomposition of
f” of width at most k that can be obtained by replacing the non-branching
path between b and b’ in the fine tagged tree decomposition of f by another
non-branching path with at most 2k + 1 bags, such that « C a’. The
proof of Section V.5.2 relies on the definition of profile, which was specifically
designed so that we can condense every refinement between b and b’, while
preserving every needed property of the trio. We give first an informal and

then a formal proof of Section V.5.2, which are illustrated in Figure V.9.

Informal proof of Section V.5.2. 1f b and b’ have the same profile, then in par-
ticular they have the same cardinality m, which is smaller or equal to k by
assumption. Let v(b) = {xq,...,x,,} and v(') = {yy, ..,V,,} be such that:
typeﬁ’q = typezz for all1 <i < m. Note that the x;’s don’t need to be distinct
from the y;’s. Essentially, we can then condense every atom refinement in
p of some atom occurring in a set of the form typeybq = typezz for some i. At
this point, bags strictly comprised between b and b’ are discarded, and so are
variables of a that do not occur anywhere else. We are left with two halves of
a fine tagged tree decomposition that we need to merge, which can easily be

done by using Proposition V.4.5. The construction makes use of some crucial
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ingredients to guarantee its correctness.

« First, an atom y EN Y’ of y cannot occur in two different types, allowing
us to do the condensation of each atom refinement independently—this
property is guaranteed by the fact that we started with a locally acyclic
fine tagged tree decomposition, so an atom of y cannot leave a given bag
at two different variables, by Fact V.4.4.

+ Second, this condensation forces us to add new atoms in « (to preserve the
existence of a homomorphism from the refinement to the approximation)
from some variables of v(b) to some variables of v(b”), but we only add edges
from x; to y;, and never from x; to y; with i # j. This allows us to preserve

the tree-width of the approximation by using Proposition V.4.5. O

Formal proof of Section V.5.2. Let
v(b) = {xq, .., x,,,} and v(V') = {yy, ..., Y,,)

be as in the informal proof. Note that given an atom x EN y of y and a bag,
there is at most one variable of @ s.t. x = y is in the type of this variable at
this bag, by Fact V.4.4.

For every atom x — yofy,let m(x EN y) £t by Ly t, be its refinement
inp. Ifx L y is not in some type of the profile of b (or equivalently, of V'),
leave it as is. Otherwise, let i (resp. j) be the unique index (by acyclicity) such

that t[t, NN t,]leaves b at f(t;) (resp. leaves b” at f(t])) Define
(DY) 2ty D Ll Ly ey g

when i < j and otherwise the definition is symmetric. Then, let p” be the
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the same profile, and thus the query
a can be simplified to a’ (see Fig-
ure V.9¢) by applying condensations
to the atom refinements involved.
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refinement of y obtained by simultaneously substituting 7(x L y) with
(x5 y) in p, for every atom x EN yofy.

Then, let @’ be the query obtained by first adding the atoms

flt) F=2 f(ty),

and observe that f: p - « induces a homomorphism f’: p’ Lom, o/ —in

particular, note that because of assumption (4) of our claim, we could not have

removed images of free variables of . Moreover, by construction, a € o’ (by

Fact II1.2.10). As usual, we restrict &’ to the image of f’ so that it becomes

strong onto, while preserving that fact that @ C «’. Finally, we build a tagged

tree decomposition (T’, v/, t’) of f’ by applying Proposition V.4.5; it can be
applied because:

« by assumption (1) and (2) of the claim, both bags have the same cardinality
m < k;

« the variables in common between the first and second half of the decom-
position are necessarily included in Z = v(b) N v(b’) since we started from
a tree decomposition;

. we only add atoms from x; to y;: depending on whether x; €’ Z, and
whether y; €’ Z, we fall in one of the four types of atoms allowed by
Proposition V.4.5.

This concludes the proof of Section V.5.2. O

In Figure V.10a, we depict the non-branching path (the rest of the fine tree
decomposition is not depicted as it is left unchanged) obtained by applying
the construction used to prove Section V.5.2 between the second and last bag
of Figure V.8. Observe that a non-branching path of size O(n) is replaced, by
this procedure, by a path with three bags. Then, after applying Fact V.4.2, we
obtain a trio depicted in Figures V.10b to V.10d.

Before moving to the proof of Lemma V.5.4, we establish one last result.

Fact V.5.7. Let n,d,t € N. Let P be a set with at most # elements, and
D be the disjoint union of P and {trap,avoid}. For every natural number
m > 2(t +1)d(n + 1) + 2¢, for every sequence (p;)y<j< € P™ containing at
most ¢ elements equal to trap, if at most half of the elements of the sequence
are equal to avoid, then there exists i < i’ such that p; = p;, # avoid, i’ —i > d
and p; # trap for every i <j <7’

Proof. First extract from (x;)o<;,, the subsequence of elements distinct from
avoid, of length at least [%5] > (¢t +1)d(n +1) +t. Then extract from it
contiguous subsequences that avoid the trap element. Since there is at most
t +1 subsequences like this, one of them must have size at least d(n + 1).
Denote by (¥i)o<i<dn+1) the prefix of such a subsequence. Applying the
pigeon-hole principle to (V. 4)o<i<n+1 yields the desired result. O]

Proof of Lemma V.5.4. Let f: p - a be atrio, and (T, v, t) be a locally acyclic
fine tagged tree decomposition of f. If there is a non-branching path (b;)o<;;
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in T of length at least m, let (p;)o<;<,, be the sequence defined by letting:

trap if b; is atomic,
p; = 1 avoid if b; contains k + 1 variables,

profile of b; otherwise.

Observe that, by Fact V.4.4, profiles can be seen encoded as partial functions
from the set of atoms of y to [[1, k] —of course this encoding is not surjective—
, so there are at most (k + 1)kt different profiles on bags with at most k
variables. Applying Fact V.5.7 for n = (k + DV, g = 2k +1, ¢ = 2|[ylla

yields, under the assumption that
m 2 my = 2Q2/[yll, + D2k + D((k + 1) +1) + 4yl

the existence of indices i < 7’ such that i —i > 2k +1, and b; and b; have
the same profile, contain at most k variables, and every bag b; fori <j <1’
is non-atomic—note that the hypothesis of Fact V.5.7 are satisfied since at
most t = 2[|yl|,; bags of (b;)g<;,, are atomic (cf. Fact V.5.6), and assuming
w.L.o.g. that no two consecutive bags of (b;)o<;.,,, are identical, since the tagged
tree decomposition (T, v, t) of width k is fine, at most half of the bags contain
k +1 variables. The assumption i’ —i > 2k + 1 means that the path from b;
to b, has length at least 2k + 2, and thus applying Section V.5.2 will strictly
shorten this path. Note that Section V.5.2 preserves the fineness of the tagged
tree decomposition, its local acyclicity, and that the size of this tree decompo-
sition is strictly smaller (in number of nodes) than the original tree decompo-
sition. By iteratively applying this construction, we obtain a trio f': p” - o’
together with a locally acyclic fine tagged tree decomposition T’ of width
at most k, such that @ € &’ (by a variation of Fact II1.2.10) and every non-
branching path of T’ has length at most® my —1 € O(|y|l,, - (k + HIM). O 3 Recall that k is fixed.

V.5.3 Proof of Lemma V.3.8
Finally, our main lemma follows from Lemmas V.5.2 and V.5.4.

Proof of Lemma V.3.8. In order to show App:ka(y) - App%f}f()/)—the other
containment being trivial—, pick a trio f: p - a. Applying Lemma V.5.2
and then Lemma V.5.4 yields the existence of a trio f': p” = &’ together
with a fine tagged tree decomposition (T’,v’,t’) of f’ such that a € &’ and
(T, v’,t’) is locally acyclic, and any non-branching path in T’ has length at
most OIyl - (k + 1))

Moreover, we can assume w.l.o.g., by applying Fact V.4.2, that every leaf
of T’ is tagged by at least one atom of p’. The local acyclicity of T” implies
that if bis aleaf of T/, and 70 2 x 2 #; 22 ... Lo t,1 Lu, Yy is an atom
refinement in p” of some atom x EN y of y, then if b is tagged by one atom
of 7t this atom must either be z, b, Z1 OI Z,,_1 N z,, by local acyclicity. The

number of such atoms in p” being bounded by 2|[y||,;, we conclude that T’

at»
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has at most 2[|y[|,; leaves.

Then, observe that a tree with at most p leaves and whose non-branching
paths have length at most g is of height at most* p - g — 1. We conclude that
the height of T” is O(||y|l?, - (k + 1)"la). Using again the local acyclicity of
T’, observe that the refinement length of p’ is at most twice the height of
T’, and hence p’ € Refg()/) where £ = O(||y|l?, - (k +1)7kt). In other words,

a e App;j:()/). Hence, we have shown that for all @ € App;wk()/), there
exists a’ € App;wﬂ (y) such thata C a’. O

k

This concludes Section V.5 and the proof of the Key Lemma. The next four
sections are independent of one another:

« in Section V.6, we show that the 2ExpSpace complexity of the semantic
tree-width k problem can be dropped down to Hg under assumptions on
the regular languages;

« in Sections V.7 and V.8, we adapt the proofs of this section to deal with
semantic tree-width 1 and semantic path-width k, respectively.

« in Section V.9, we prove an ExpSpace lower bound for the semantic tree-

width k problem and semantic path-width k problems;

V.6 Semantic Tree-Width for Simple Queries

We devote this section to showing the following result.

Theorem V.6.1. Fork > 2, the semantic tree-width k problem for UCRPQ(SRE)
is in Hg .

Observe that simple regular expressions are closed under sublanguages.
Hence, in the light of Theorem V.3.12, the maximal under-approximation of
a UCRPQ(SRE) query by infinitary unions of CQs of tree-width k is always
equivalent to a UCRPQ(SRE) query of tree-width k. We will see how the
construction of the maximal under-approximation of the previous section can

be exploited to improve the complexity from 2ExpSpace down to Hg .

V6.1 Summary Queries

We will first show that the maximal under-approximation of tree-width k of a
UC2RPQ can be expressed as a union of polynomial sized “summary” queries.
Each summary query represents a union of exponentially-bounded C2RPQs
sharing some common structure. Summary queries are normal UC2RPQ
queries extended with some special kind of atoms, called “path-/ approx-
imations”. Intuitively, they represent a maximal under-approximation of
tree-width [ of queries of the form A x; L, y; such that x; # y; for all 7,].
Path-I approximations may require an exponential size when represented as
UC2RPQs. Formally, a path-I approximation is a query of the form “Pi(X, Y, 0)”
where:

1. X, Y, are two disjoint sets of variables of size at most [,
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2. 0(2) is a conjunction of atoms A <i<n Ai Where Z contains all variables of
XUY,

3. each A; is a C2RPQ atom of the form x 5 yory L x such that x € X,
y € Y, and L; is a regular language over A.

We give the semantics of Pj(X, Y, 0) in terms of infinitary unions of C2RPQs.

A query like the one before is defined to be equivalent to the (infinitary) union

of all queries a(z) € App Tw,(é) such that

a has a path decomposition of width [ where X is the root and Y is the leaf,
(V.4)

that is, the root and leaf bags contain precisely the vertices of X and Y,

respectively. See Figure V.11 for an example.

x1 Z2
(a+c))
“ ab)*
5 ¢ (a, [
n Y2

We now simply define a k-summary query as a C2RPQ extended with
path-I approximation atoms for any | < k, with the expected semantics.
A refinement of a k-summary query is any C2RPQ obtained by replacing
atoms with atom refinements, and each path-/ approximation Pj(X, Y, 6) with
any a(z) € Appj,wk((‘i) verifying (V.4). By definition, a database satisfies a
k-summary query if and only if it satisfies one of its refinements.

A tree decomposition of a k-summary query y consists of a pair (T, v) with
v : V(T) — P(vars(y)) such that:

« for every classical atom x = 1 in , there is a bag b € T such that {x, y} C

v(b);

« for every path-/ approximation P(X, Y, 0) in y, there are two adjacent bags

b,b’ € T such that X C v(b) and Y C v(V’).

The width is defined as usual. Then, by Fact V.2.1, we obtain the following
upper bound.

Fact V.6.2. For any k > 2, any refinement of a k-summary query with a tree
decomposition of width at most k is a C2RPQ of tree-width at most k.

Lastly, a homomorphism from a C2RPQ y(2) = A\ x; L, Y; to a summary
query 6(Z') = ( /\]. x]’. L, y]’- ) A ( /\]., P(Xj, Y]-/,(Sj/)) consists of a mapping f
from variables of y to variables of 0 such that f(Z) = Z’, and for each 7, there
is an atom f(x;) L, f(y;) in 6. Note that if there is a homomorphism from
Y(Z) to 6(Z), then 6(2") € y(2).

Let us fix £ to be any class closed under sublanguages. For every y €

C2RPQ(L), we define AppZTizlzk(;/) as the set of all k-summary queries a such
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Figure V.11:

approximation Py({x1, x5}, {y1, ¥}, 6)
where I = 2 and 6 is depicted

Consider the path-I

on the left. Its semantics contains
the approximation a(xq, Xp, Y1, Y5) €

Appgjwl(é) depicted in the middle
because it has path decomposition of
width [ verifying (V.4), as shown on
the right.
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that:
i. a has a fine tagged tree decomposition (T, v) of width at most k,
ii. there exists a strong onto homomorphism from a refinement p of y to a,
iii. T has at most 2|y, leaves, and every non-branching path of T consisting
only of non-atomic bags must contain at most two non-full bags.
Note that since « is a homomorphic image a refinement of , and since £ is

closed under sublanguages, then a has only £-labelled atoms.

Lemma V.6.3. Let k > 2. For every finite class £ closed under sublanguages,

and for every y € C2RPQ(L), we have:

L. Appgl (y) = Appy, (),

2. Appfz;zik()/) is a union of polynomial-sized k-summary queries having only
L-labelled atoms, and

3. one can test in NP if a summary query is part of this union.

Proof. Point (2) follows directly from the definition: there are few branches
in the decomposition, branches are short, and each bag cannot contain more
than (k +1)? - | £| atoms labelled with £-languages.

For point (3), recall that one can check if a query has tree-width at most k
in linear time, e.g. using Bodlaender’s algorithm (Proposition II1.1.23).

To prove (1), notice first that App?ik()/) - Appfrwk(y) as a consequence of
Fact V.6.2.

For the converse containment, we use Corollary V.3.6 and prove instead
App;wk()/) - AppZTiZ}Lk(y). Observe that, as corollary of the proof of Lemma V.3.8,
we can assume to have App;wk()/) expressed as a union of C2RPQ(L) with
a fine tagged tree decomposition of width k with at most 2|y, leaves, and
hence it suffices to replace each non-branching paths having non-atomic bags
with path-/ approximations.

Indeed, fix a fine tagged tree decomposition and a trio f: p - a. Given
a long non-branching path from bag by with variables X to a bag by with
variables Y, such that by and by are non-full, and no bag in between is atomic,
define X’ £ X\ Yand Y’ £ Y\ X. Consider the set § of atoms u L ovof vV,
such that the path induced ((bi))i by the refinement, say

Zi

LO Ll Ln

ofu vin p goes through by at some variable of X’ and through by at some
variable of Y, in the sense that b; = by and z; € X’ for some i, and b; = by
and z; € Y’ for some j. There exist i',j" such that f(w;) = z; and f(w;) = z;,
and wlo.g. i’ <j'. Now let @’ be the query obtained from & by removing all
atoms tagged in a bag between by and by, and add a path-I approximation
query

P(X’,Y’,0)

. . . L L.y --Ly
where 0 is the conjunction over u = v € § of wy L byl w;r. Repeat

this operation for every non-trivial non-branching path with non-atomic
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bags. We obtain a” € App%k(y) s.t. &« € a”, which concludes the proof that
AppZ, (v) € Appip (7)- O

V.6.2 Semantic Tree-Width Problem

With the previous results in place, we now show that the semantic tree-width
k problem is in l_[é7 for UCRPQ(SRE), for every k > 1.

Theorem V.6.1. Fork > 2, the semantic tree-width k problem for UCRPQ(SRE)
is in Hg .

Proof. It suffices to show the statement for any CRPQ(SRE) y. Remember
that y is of semantic tree-width k if, and only if, y € Appfzrigjk(y). The first
ingredient to this proof is the fact that this containment has a polynomial

counterexample property.

ClaimV.6.4. If y £ App;wk(y) then there is a polynomial-sized expansion &
of y such that & € AppX ().

Tw e

Proof. Let us call any atom with a language of the form a* a recursive atom, and
any other atom a non-recursive atom. Let n be the number of non-recursive
atoms of y. Hence, any refinement p € Ref(y) has n atoms deriving from
non-recursive atom refinements, all the remaining ones derive from recursive
atom refinements.

We will work with the infinitary union of conjunctive queries

U = App7, (y) N CQ.

Note that f = {@ € CQ | a € Jwjand thereis & € Exp(y) s.t. £ - al.
It is easy to see that ¥ = App;wk()/) as a consequence of Fact V.2.1. By
Proposition II1.2.12, we have y % U if, and only if, there is some expansion £
of y such that £ %_ U. In turn, this happens if, and only if, there is no 6 € U
such that & 2% .

Take any such counterexample & of minimal size (in number of atoms). We

show that for any internal path of £ of the shape

m’

we have m < n +1. Hence, since ¢ is an expansion of a CRPQ(SRE), this
means that the size of each atom expansion—namely an expansion obtained
from a query by only expanding one atom—of ¢ is linearly bounded in the
size of v, and thus that ¢ is quadratically bounded.

By means of contradiction, if m > 1+ 1 consider the expansion &’ resulting
from “shrinking” the path 7 to a path 7’ of length n + 1. Hence, &’ is smaller
than &, and since & was assumed to be minimal, £’ cannot be a counterexample.
Thus, there is some 6 € U such that f; : 6 hom, &’ for some homomorphism
f1. Further, by definition of 2/, we have f, : £&” - 0 for some £” € Exp(y).

hom

Consider then the composition £” = 6 — &’ of f, with f; and let us call it
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g: & hom, &7, By definition of 7 there must be at least one atom x; = x;,{

of the shrunken path 7’ of & which either (i) is not in the image of f;, or
(ii) all its g-preimages proceed from atoms z - z’ of &” which are in the
expansions of recursive atoms of y. We show that, in both cases, we can
replace x; = x;,; with a path of a’s of any arbitrary length [ > 0, obtaining
a conjunctive query &’,; which is—still—not a counterexample. In the first
case (i), we actually obtain that 6 bom, &',;- In the second case (ii), we have to
replace each atom z-5 2’ in the g-preimage of x; — x;,1 in &” by an a-path of
length [, obtaining some expansion &7, of . We also replace each atom in the
f1-preimage of x; = x;,; by an a-path of length / obtaining some 0., such that

T 0y hom, &', Further, 6, € Twy since Twy is closed under refinements
by Fact V.2.1. In both cases this shows that &', is not a counterexample. In
particular, for [ = m —n —1, we have 5;1 = &, and this would contradict the
fact that ¢ is a counterexample. Therefore, there exists a counterexample of

polynomial (quadratic) size whenever y & App;wk(y). O

The second ingredient is that testing whether a CQ is a counterexample is

in coNP.

Claim V.6.5. The problem of testing, given a C2RPQ y and a CQ &, whether
&C Appizrlzlj)k()/), is in NP.

Proof. We first guess a polynomial-sized k-summary query 0, and test in NP

zi
that it is part of Appzjig) k()/) by Lemma V.6.3. Let us call A bepthe equivalent
UCRPQ(SRE) query, given by Lemma V.6.3 cum Lemma V.3.8. We have to
check that there is some expansion 6 of A such that there is a homomorphism
6 0 & We first guess a valuation p : vars(d
to check that:

1. For every CRPQ atom x > yof 6

().
2. Every path-lapproximation Pi(X, Y, A\, _,_ A;(x;, ;) of 6,5, contains a CQ

sip) — vars(&). Now it remains

sip there is an a-path in & from p(x) to

Opath admitting a path decomposition of width [ which starts with the bag
X and ends with Y. And further, there is a homomorphism /1 : 6, bom, &
which coincides with y on variables X U Y.
Observe that these two properties hold true if, and only if, there is some
expansion 0 of A such that 6 Jom, y. It is clear the first point can be achieved
in polynomial time (actually, in NL) since it is a simple reachability query.
The second point can also be achieved in polynomial time (or in NL), since
the fine path decomposition of width I can be guessed on-the-fly using [ + 1
pointers to the variables of y (c¢f. Lemma V.8.9). An NL algorithm can advance
down the path decomposition while simultaneously
1. guessing the conjunctive query 0,4, via its fine path decomposition of
width k,
2. checking that there is a partial homomorphism to y (i.e., a homomorphism

from the subquery of y restricted to current bag’s variables to ),
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3. ensuring that the CQ 0,4, being built is an element of
BXY, N\ A y),
1<i<n

which requires to also guess a homomorphism p bom, s

ment p of /\151‘91 Ai(x;, 1))
Further, a simple test can ensure that the first and last bags of the decomposi-

path {rom a refine-

tion coincide with the guessed assignment . Since the number of pointers
(bounded by k + 1) is fixed, this subroutine is in NL, and hence in polynomial
time. This yields an NP algorithm for testing & C App?ﬁ}k(y). O

As a consequence of the two claims, we obtain a Zg algorithm for non-
containment of y € Appfzrig} 7 (y): We first guess an expansion & of y of polyno-
mial size, and we then test & < Appizrig}k(y) in coNP. This gives a Hg algorithm
for the semantic tree-width k problem, which is correct by Lemma V.6.3
and Claim V.6.4. 0

V.7 Acyclic Queries: the Casek =1

Observe that in the previous sections we have treated the cases of semantic
tree-width k for every k > 2. However, the case k = 1 remains rather elusive
so far. While the Key Lemma holds for k = 1, it proves the computability of
an object that is irrelevant to study semantic tree-width 1, see Remark V.5.1.
The problem comes from Example V.3.7, namely that Appywl(y) E2 App;wl(y/).
This is the main obstacle why our approach does not directly yield an al-
gorithm for the case k = 1, which had been previously solved by Barceld,
Romero and Vardi [BRV16]. However, as we argue in this section, a rather
elegant modification on the notion of tree-width allows to use our approach as
a unifying framework for both the case k = 1 and the cases k > 2. Concretely,
we introduce a family of classes {Ctw,}; such that Appffwk()/) = Appg,fwk(y)
for every y and k, and where Appgtwl(y) = App’égi"’lymy H)()/). As a corollary,
we reprove [BRV16, Theorem 6.1], namely that the semantic tree-width 1
problem is ExpSpace-complete. Further, we can also solve the one-way seman-
tic tree-width 1 problem, which is outside the scope of [BRV16]. Remember
that for k = 1, the semantic tree-width and one-way semantic tree-width 1
problems are two independent problems, since there are queries of semantic

tree-width 1 but not of one-way semantic tree-width 1 (cf. Remark V.3.13).

V.7.1 Contracted Tree-Width

We next formally define the notion of “contracted tree-width”, meaning the
tree-width of the graph obtained by contracting paths (or directed paths) into
edges. This altered notion of tree-width will allow us to seamlessly prove the
case of k = 1 for Theorem V.1.3.
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Definition V.7.1. Define the contracted tree-width (resp. one-way contracted
tree-width) of a C2RPQ as the minimum of the tree-width among its contrac-
tions (resp. of its one-way contractions). Let Ctw; and 1Ctw, be, respectively,
the set of all C2RPQs of contracted tree-width at most k and of CRPQs of

one-way contracted tree-width at most k.

For instance, the query

X0 —X X1

y(xg,x1) = L\‘ /M
y

has contracted tree-width one since the internal path x L y & X, can
be contracted into x r, X1. On the other hand, its one-way contracted
tree-width is two, since there is no non-trivial one-way internal path as x; is
an output variable.
Note that, by definition:
« the contracted tree-width is at most the one-way contracted tree-width,
which is in turn at most the tree-width;
« for k > 2, these notions collapse (by Fact V.2.1);
« for k =1, both inequalities can be strict.
Moreover, for any k > 1, contracted tree-width at most k and one-way con-
tracted tree-width at most k are both closed under refinements: if a query
has tree-width at most k, so does any refinement thereof. In fact, the CQs
of contracted tree-width 1 precisely correspond to what in [BRV16, §5.2.1,
p1358] is known as “pseudoacyclic graph databases”.

Fact V.7.2. Let k > 1. For any CRPQ y, we have Applka(y) = App;‘@twk(y).
Moreover, for any C2RPQ v, Appmuk(;/) = Appg,twk(y).

Proof.

Appg,wk(y) = App elwk(y) since contractions preserve semantics,

= Appg,twk(y) by Fact V.3.5.

The same arguments work with one-wayness. O

V.7.2  The Key Lemma for Contracted Tree-Width One

We show next that contracted tree-width 1 has all the needed properties for
the analogue of Key Lemma for k =1 to hold.

*,Sfl
1@&01

¢, = O(|lyl3,). Similarly, for a C2RPQ v, Appgtwl(y) = App’ééfl ).

Lemma V.7.3. For any CRPQ y, we have App’l"c,ml(y) = App (), where

Proof. Consider the proof of the Key Lemma (Lemma V.3.8). We claim that:
1. the constructions of Lemmas V.5.2 and V.5.4 both preserve contracted

tree-width at most 1 and one-way contracted tree-width at most 1;
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2. the upper bound ¢ € O(||y|[3, - 27/lat) can be easily boiled down to /; €

(9(||)/||§t) in the special case of k = 1.

W (1) Preservation of contracted tree-width. We claim that all constructions
of Section V.5 preserve contracted tree-width at most 1. The setting is similar,
except that now, a trio consists of a triple f: p — a where p is a refinement
of a fixed C2RPQ y, and «a is a C2RPQ of contracted tree-width 1. We now
apply the constructions not to a decomposition of a but to a fine tagged tree

decomposition of a contraction of  of tree-width 1.

Fact V.7.4. Let y be a C2RPQ, x be a contraction of y, and (T, v, t) be a fine
tagged tree decomposition of x of width at most 1. Let z,z" € v(b) for some
bagb € T. Theny Az 2, 2’ still has contracted tree-width at most 1.

As a consequence, the construction of Lemma V.5.2—which takes us from
Figure V.5 to Figure V.7—preserves contracted tree-width 1. Then, Proposi-
tion V.4.5—illustrated in Figure V.6—can be trivially adapted to our setting as

follows:

Fact V.7.5. Let y, " be two C2RPQ with a disjoint set of variables. Let z (resp.
z’) be a variable of y (resp. »’). If both y and )" have contracted tree-width
at most 1, then so does y Ay’ Az 4 7.

As a consequence, the construction of Lemma V.5.4—which takes us from

Figure V.7 to Figure V.10—preserves contracted tree-width 1.

W (2) Improved upper bound. In the proof claiming that in a sufficiently
long non-branching path, we can always find two non-full, non-atomic bags
with the same profile (see the proof of Lemma V.5.4), we obtain a bound of
O@2M). We actually claim that it can be improved to obtain a polynomial
bound. This is because, for width 1, a non-full bag b contains exactly 1 variable
zZp. So, its profile consists simply on a set of atoms of y—namely the set of
atoms whose refinement induces a path which leaves the bag b at z,. But we
claim that in a non-branching path, not all of these 2/t profiles can occur
at the same time. Indeed, in tree decompositions, the set of bags containing
a given variable must be connected. This property can be lifted to paths in

tagged tree decompositions in the following way.

Fact V.7.6. Let (T, v, t) be a tagged tree decomposition of some homomor-
phism f: p 2% . Let tbe a path in p. Assume that:

« the simple path in T from b to b” goes through V’,

« there exists some variable z of & such that t[7t] leaves b at z, and

« there is no variable like that for the bag b’.

Then, there is no variable z of & such that t[7] leaves b” at z.

Proof of Fact V.7.6. Fix a tagged tree decomposition (T, v, t) of some homo-
morphism f: p 2% 4 and 7 be a path in p. Let b, b’,b” be bags such that
the simple path in T from b to b” goes through b’. Say that an induced path
t[n] = ((}2))1 visits a bag b if b; = b for some i. Note that this is equivalent

to saying that there exists a variable z of « s.t. t[rr] leaves b at z. Hence,
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Fact V.7.6 boils down to the following property: if t[7t] visits both b and b”,
then it must also visit b’. This property holds because by construction, the
sequence (b;);,—namely the projection of t[rr] onto T—is a path in T, with

some node repetition. 0

As a consequence, if an atom occurs in a bag, but not in a latter one,
then it can never occur again. Hence, the number of bags of size 1 in a
non-branching path where each bag has a different profile must be at most
n = ||yll,. Hence, Fact V.5.7 yields a bound of O(||y||%). Finally, we can
conclude like in Section V.5.3: we obtain a tree with at most O(||y||,;) leaves,
and with non-branching paths of length at most O(||y[[%,), so the tree has
size at most ¢; € O(|ly|3,). By local acyclicity, this concludes the proof
of Lemma V.7.3. The case of one-way contracted tree-width is completely

similar. 0

Lemma V.7.7. Letk > 1.

1. Given a UCRPQ T, it has one-way semantic tree-width at most 1 iff T’ =
Appyet(D);

2. Givena UC2RPQT, it has semantic tree-width at most 1 iff ' = Appg,;j}fl (I);

where ¢, € O(|[yI12).

Proof. To prove the first point:
« ifI'is equivalent to a UCRPQ A of tree-width at most 1, then A C Appﬁul(T)
and by Fact V.7.2 and Lemma V.7.3, A C App;éiﬁi (I'), and hence:

Ir=AC Appfé,fzﬁi (I CT.

« IfT = App;éiﬁi (I'), then T’ is equivalent to a UCRPQ of contracted tree-
width at most 1, and hence (by contraction) it is equivalent a UCRPQ of
tree-width at most 1.

The second point can be proven similarly. O

Corollary V.7.8 (Upper bound of Theorem V.1.3 for k = 1). The semantic
tree-width 1 problem and one-way semantic tree-width 1 problem are in

ExpSpace.

Proof. The fact that the semantic tree-width 1 problem is in ExpSpace is
actually the main result of [BRV16, Theorem 6.1], but we show how the upper
bound follows as a direct corollary of Lemma V.7.7 above. Since ¢; € O(|[y|3,),
Appggfl (y) is an exponential union of polynomial sized C2RPQs, and thus
by Proposition V.3.10 the CONTAINMENT PROBLEM I' € Appgi}fl (T') is in
ExpSpace, and so is the semantic tree-width 1 problem (since the converse
containment Appg,;fl (') € T always holds, ¢f: Remark V.3.2). The proof for
one-way semantic tree-width 1 problem is analogous. O

Lastly, note that we can derive from Lemma V.7.3 a characterization of

semantic tree-width 1 somewhat similar to Theorem V.3.12.
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Corollary V.7.9. Assume that £ is closed under sublanguages.

@ Two-way queries: For any query I' € UC2RPQ(L), the following are

equivalent:

1. T is equivalent to an infinitary union of conjunctive queries of contracted
tree-width at most 1;

2. T has semantic tree-width at most 1;

3. I'is equivalent to a UC2RPQ(L) of contracted tree-width at most 1;

4. T is equivalent to a UC2RPQ(L’) of tree-width at most 1, where £’ is the
closure of £ under concatenation and inverses, i.e. £’ is the smallest class
containing £ and such thatif K,L € £’ then K-L € £’ and K™ € £'.

W@ One-way queries: Similarly, if ' € UCRPQ(L), then the following are

equivalent:

1. T is equivalent to an infinitary union of conjunctive queries of one-way
contracted tree-width at most 1;

2. I has one-way semantic tree-width at most 1;

3. I'is equivalent to a UCRPQ(L) of one-way contracted tree-width at most
1

4. T is equivalent to a UCRPQ(L’) of tree-width at most 1, where £’ is the
closure of £ under concatenation, i.e. £’ is the smallest class containing
£ and such that if K,L € £’ thenK-L € £’.

Note in particular how point (4) of each characterization reflects that a
UCRPQ of semantic tree-width 1 can have one-way semantic tree-width at
least 2—as we showed in Remark V.3.13. More generally, the differences
between this last corollary and Theorem V.3.12 highlight the different com-
binatorial behaviour that semantic tree-width k has, depending on whether
k=1ork>1.

Remark V.7.10. Finally, note that results of Sections V.6 and V.7 can be joined
in order to show that the semantic tree-width 1 problems are decidable in
Hg for UC2RPQs over the closure under concatenation and inverses of SREs
(resp. for UCRPQs over the closure under concatenation of SREs). &

V.8 Semantic Path-Width

In this section, we extend our results to path-width. Our motivation lies in
the fact that UC2RPQs of bounded semantic path-width admit a paraNL®
algorithm for the evaluation problem—see Theorem V.8.8—to be compared

with FPT for bounded semantic tree-width.

V.8.1 Path-Width of Queries

Recall that for tree-width, for any k > 2, we proved that a CRPQ is equivalent
to a finite union of C2RPQs of tree-width at most k iff it is equivalent to
finite union of CRPQs of tree-width at most k (Theorem V.3.12). In other

words, two-way navigation does not help to minimize further the semantic
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5> While this the whole class of UCR-
PQs over SREs has the same expres-
sivity as UCRPQs over the closure
under concatenation of SREs, this is
not true if one adds the constraint
of having tree-width at most 1, see
Corollary V.7.9.

®This is the parametrized counter-
part of non-deterministic logspace.
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tree-width of a query that does not use two-way navigation. This property
does not hold for k = 1 (Remark V.3.13). We show in Section V.8.2 that it also
does not hold for path-width, no matter the value of k > 1.

This motivates the following two definitions:

o the semantic path-width of a UC2RPQ is the minimal path-width of a

UC2RPQ equivalent to it
« the one-way semantic path-width of a UCRPQ is the minimal path-width of

a UCRPQ equivalent to it.

For a given UCRPQ, the two natural numbers are well-defined, and the former
is always less or equal to the letter. The semantic path-width k problems ask,
given a UCRPQ (resp. UC2RPQ), if it has semantic path-width (resp. one-way
semantic path-width) at most k.

In this section, we first show that the semantic path-width k problems are
decidable (Theorem V.8.6), and then after showing that evaluation of UC2RPQs
of bounded path-width is NL (Lemma V.8.9) we deduce that for the evaluation
problem for UC2RPQs of bounded semantic path-width (in particular, this
captures the case of UCRPQs of bounded one-way semantic path-width) is in
paraNL when parametrized in the size of the query (Theorem V.8.8).

V.8.2 Deciding Bounded Semantic Path-Width

The key (implicit) ingredient in the proof of Theorem V.3.12 and Section V.3
is that tree-width at most k is closed under expansions (Fact V.2.1). Unfortu-

nately, this property fails for path-width.
Fact V.8.1. For each k > 1, the class of graphs of path-width at most k is not
closed under expansions.

The counterexample is illustrated in Figure V.12. A formal proof can be
found in Section V.B. Contrary to the case of semantic tree-width, for every
k there are CRPQs which are of semantic path-width k but not of one-way
semantic path-width k.

Proof. Indeed, let

- - a b
)/k(x,]/) - ( /\ X — x]) A ( Xi— yl)
1<i<j<k-1 1<i<k-10<j<3
d e
/\( /\ yz—>yi+1) ANY1—=z2 ANYr— 2z
0<j<3

whose underlying graph corresponds to Figure V.12b. Observe that it is a
core and that only z is existentially quantified. Then in y(X,7), one can
replace the two atoms 1, Lz A Y, zby iy de, Vo, while preserving the
semantics. The underlying graph of this new query being Figure V.12a, it
shows that y; has semantic path-width k.

Finally, we claim that ), has one-way semantic path-width k + 1. The upper
bound follows from Figure V.12d. For the lower bound, consider a UCRPQ
Ay(x, i) such that y, = A. Since y; is a CQ, the equivalence implies that there
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(a) Graph G} with a path decom-
position of width k, with three
bags.

Yo Y1 : iyz‘ Y3

z

(b) Expansion G; of Gy with a (c) Tree decomposition of G} of
path decomposition of width k + width k, with four bags.
1, with three bags.

—p
\/

(d) Path decomposition of Gy of

width k + 1, with three bags.
exists an expansion & of a CRPQ of Ay such y; and & are homomorphically
equivalent. Since Y} is a core, it follows that & contains it as a subgraph.
Hence, the underlying directed multigraph of the CRPQ in A; from which
¢ originated must contain a one-way contraction of £ as a subgraph. But
the only one-way contraction of £ is itself, and so it follows that at least one
CRPQ in Ay contains the underlying graph of & as a subgraph. Therefore, Aj
has path-width at least k + 1, which concludes the proof that the one-way
semantic path-width of y; is at least (and hence exactly) k + 1. O]

As done for contracted tree-width, we define contracted path-width.

Definition V.8.2. Define the contracted path-width (resp. one-way contracted
path-width) of a C2RPQ as the minimum of the path-width among its contrac-
tions (resp. of its one-way contractions). Let Cpw; and 1Cpw be, respectively,
the set of all C2RPQs of contracted path-width at most k and of CRPQs of

one-way contracted path-width at most k.

The statements and proofs of this section are analogous to the ones of
Section V.7 in the context of contracted tree-width 1. We keep the order and
structure to make this correspondence evident.

Again, by definition, contracted path-width at most k and one-way con-
tracted path-width at most k are both closed under refinements: if a query

has width at most k, so does any refinement thereof.

Fact V.8.3. Let k > 1. For any CRPQ y, we have App, ?wk(y) = Appr@rrwk()/).
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Figure V.12: The class of multigraphs
with path-width at most k > 1 is
not closed under expansions: illus-
tration of a multigraph G of path-
width k (Figure V.12a) whose expan-
sion G} has path-width k + 1 (Fig-
ures V.12b and V.12d)—but tree-width
k (Figure V.12¢). Set X represents a
(k —1)-clique.
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- *
Moreover, for any C2RPQ y, App j}wk()/) = App C,pwk(y).

Proof.

App, ?ka(y) = Applepwk()/) since contractions preserves the semantics,

= App{‘c,pwk()/) by Fact V.3.5.

The same arguments work for C2RPQs. O

Lemma V.8.4. For k > 1 and CRPQ y, we have App;@pwk(y) = App{‘éfnik()/),

where ¢ = O(|ly|[% - (k + 1)), Similarly, for a C2RPQ v, Appgpwk(y) =
*,<(

APP s, (7).

Proof. Consider the proof of the Key Lemma (Lemma V.3.8): both construc-
tions (Lemmas V.5.2 and V.5.4) preserve the contracted path-width of « if the
operations are applied to a suitable path decomposition of a contraction of «

of width k. O

Lemma V.8.5. Letk > 1.
1. Given UCRPQ T, it has one-way semantic path-width at most k iff I' =
*, <l .
APP 1, (1)
2. Givena UC2RPQT, it has semantic path-width at mostk iff I’ = Appg,;vi D).
Proof. To prove the first point:
« if y is equivalent to a UCRPQ A of path-width at most k, then A C
Appy)wk(y) and by Fact V.8.3 and Lemma V.8.4, A C Appfé,;ik(y), and
hence:
= C *,<l C
y=ACAppio, ()<Y
« Ify = App;‘éiik(y), then y is equivalent to a UCRPQ of contracted path-
width at most k, and hence it is equivalent a UCRPQ of path-width at most
k.

The second point can be proven similarly. O

We can now prove the main theorem.

Theorem V.8.6. For each k > 1, the semantic path-width k problems are
decidable. Moreover, they lie in 2ExpSpace and are ExpSpace-hard. Moreover,

if k =1, these problems are in fact ExpSpace-complete.

Proof. The upper bounds follow from Lemma V.8.5. The lower bounds will be
shown in Lemma V.9.1. Lastly, to prove the ExpSpace upper bound for k =1,
we can apply the same trick as in Corollary V.7.8. O

Similarly to Corollary V.7.9, we can derive from Lemma V.8.4 a characteri-

zation of semantic path-width at most k.

Corollary V.8.7. Assume that £ is closed under sublanguages, and let k > 1.
W@ Two-way queries: For any query I' € UC2RPQ(L), the following are

equivalent:
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1. I' is equivalent to an infinitary union of conjunctive queries of contracted
path-width at most k;

2. T has semantic path-width at most k;

3. I'is equivalent to a UC2RPQ(L) of contracted path-width at most k;

4. T is equivalent to a UC2RPQ(L’) of path-width at most k, where £’ is the
closure of £ under concatenation and inverses, i.e. £’ is the smallest class
containing £ and such thatif K,L € £’ then K-L € £’ and K™ € £'.

W@ One-way queries: Similarly, if ' € UCRPQ(L), then the following are

equivalent:

1. T is equivalent to an infinitary union of conjunctive queries of one-way
contracted path-width at most k;

2. T has one-way semantic path-width at most k;

3. I'is equivalent to a UCRPQ(L) of one-way contracted path-width at most
k;

4. T is equivalent to a UCRPQ(L’) of path-width at most k, where £’ is the
closure of £ under concatenation, i.e. £’ is the smallest class containing
£ and such thatif K,L € £’ thenK-L € £’.

V.8.3  Evaluation of Queries of Bounded Semantic Path-Width

In this section, we show that, as a consequence of Theorem V.8.6, we can

obtain an efficient algorithm for the evaluation problem.

Theorem V.8.8. For each k > 1, the evaluation problem, restricted to
UC2RPQs of semantic path-width at most k is in paraNL when parametrized
in the size of the query. More precisely, the problem, on input (I', G), can
be solved in non-deterministic space f(|I) + log(|G|), where f is a single

exponential function.

The class paraNL was introduced in [CCDF97, Definition, p. 123] under
the name “uniform NL + advice”. It was renamed paraNL in [FG03, Definition
1, p. 294]. For the sake of simplicity, instead of either of those definitions, we
use the characterization of paraNL proven in [FG03, Theorem 4, p. 296].

We define paraNL as the class of parametrized languages L € " X N for

which there is a Turing machine M s.t.
M accepts (x, ky iff (x,kyelL,
—

input parameter

and, moreover, M runs in non-deterministic space f (k) + O(log(|x[)), where
f: N — N is a computable function. A typical example of paraNL problem
is the model-checking problem for first-order logic on finite structures, when
parametrized by the maximum degree of the structure [FG03, Example 6].

To show Theorem V.8.8, we first focus on the evaluation of queries of
bounded path-width.

Lemma V.8.9. For each k > 1, the evaluation problem, restricted to UC2RPQs
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of path-width at most k, is NL-complete.

Proof. The exact same proof as for CQs works, see Lemma V.8.9.7 To get
the NL complexity, we require an extra argument: namely that each atomic
check—checking if there is an L-labelled path from f(x) to f(y)—can be done
in non-deterministic space. In fact, using a straightforward adaptation of the
NL algorithm for graph reachability, we obtain an algorithm in O(log(|D|) +
log(|A;|)) where A; is an NFA for L, ; note that these atomic checks are

independent of one another, so we can reuse this space. O

We can now conclude and prove that the evaluation problem for UC2RPQs

of semantic path-width k is in paraNL.

Proof of Theorem V.8.8. Given a UC2RPQ I'(X) of semantic path-width at most

*, <l _ 2
1@VLL;IC(I“)—\)\Jhelre =0 - (k+

1)/Mlla)—, which is equivalent to T’ by Lemma V.8.5. Then, we use Lemma V.8.9

k and a database G(i1), we first compute App

to evaluate each 6(X) € Appfé;f]k(r) on G(#). If one of the queries accepts, we
accept. Otherwise, we reject.
The non-deterministic space needed by the algorithm is:
« O({) bits to enumerate and store 5(%), where ¢ = O(|||2, - (k + 1))
« O(log |G| +log||0]]) € O(log |G| +log|¢| +log |[T']|) to evaluate 6(X) on G(it),
by Lemma V.8.9 and since |[0]| < ||T| - /.
Overall, we use non-deterministic space f(|[I'|[) + O(log(|G|)) where f is a

single exponential, which concludes the proof. O

V.9 Lower Bounds for Deciding Semantic Tree-Width and
Path-Width

An ExpSpace lower bound follows by a straightforward adaptation from the
ExpSpace lower bound for the case k =1 [BRV 16, Proposition 6.2].

Lemma V.9.1 (Lower bound of Theorem V.1.3). For every k > 1, the following
problems are ExpSpace-hard, even if restricted to Boolean CRPQs:

« the semantic tree-width k problem;

« the one-way semantic tree-width k problem;

« the semantic path-width k problem;

« the one-way semantic path-width k problem.

We say that a C2RPQ is connected when its underlying undirected graph is

connected. We first give a small useful fact.

Fact V.9.2 (Implicit in [BRV16, Proof of Proposition 6.2]).

1. Let G, G’ be two databases and 0 be a connected Boolean C2RPQ. If the
disjoint union G W G’ satisfies 0, then either G satisfies 6 or G’ satisfies 0.

2. Lety, 6 be Boolean C2RPQs. If 6 is connected and 7 € 0, then there exists a
subquery )’ of y, obtained as connected component of y, such that " € 6.
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Notice first that if  and 6 are CQs then the proof of Fact V.9.2 follows
directly from the equivalence of y € 0 (resp. G satisfies ) and the existence
of a homomorphism from 6 to y (resp. ¥ to G).

Proof. We first prove the second point. Write ¥y = y; A .. Ay, where
Y1, -, Vy are connected components of y, and assume by contradiction that
for all i, y; € 6. Then there exists a database G; such that G; satisfies y; but
not 0. Consider the disjoint union G = G; W .. W G,,.

On the one hand, since the y;’s have disjoint variables and G; satisfies
y; for each i, then G satisfies . On the other hand, G cannot satisfy 0: if
there was a homomorphism from 6 to G, since 0 is connected, there would
exist an index i such that 6 is mapped on G;, which would contradict the fact
that G; does not satisfy 0. Hence, G does not satisfy 0, which contradicts the
containment y € 0.

To prove the first point, we simply apply the second one, by letting  be the
conjunction of the canonical CQ associated with G and G’—which is in fact
the canonical CQ associated with G W G’. From the assumption that G & G’
satisfies 6 it follows that € 0 and so, by the first point, there is either a

homomorphism from 6 to G or from 6 to G’. O]
We can then prove Lemma V.9.1.

Proof of Lemma V.9.1. Fix k > 1. We focus on semantic tree-width, but the
exact same reduction works for the other three problems. We introduce an
intermediate problem, called the asymmetric containment problem for tree-
width k: given two Boolean CRPQs y and y’, where y has tree-width k, " is
connected and does not have semantic tree-width k, it asks whether y € ).
The proof of the lemma then contains two parts:
1. first, we reduce the asymmetric containment problem for tree-width k to
the semantic tree-width k problem,
2. then, we prove that the asymmetric containment problem for tree-width k
is ExpSpace-hard.
Q@ (1): We reduce the instance (), ") of the asymmetric containment problem
for tree-width k to the instance y A )" of the semantic tree-width k problem.
We simply have to check that y € )’ if and only if A »” has semantic tree-
width k. The left-to-right implication is straightforward since y € 9’ implies
that y Ay’ = y and y was assumed to have tree-width k. For the converse
implication, if y Ay = 6 where 6 is a UC2RPQ of tree-width k then write
0= \/;7:1 0; where the 6;’s are C2RPQs and let 0;4, ..., 0; be the connected
components of 0;.
Since for each i we have 6; € 0 = y Ay’ €9/, by Fact V.9.2, there exists

ji such that 0;; € y’. Let ¢’ = \/?:1 0;j, so that, by construction " € )".

ui =
However, note that ' has tree-width at most k but )" was assumed not to
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have semantic tree-width k, hence 6" & ), so there exists G’ such that:

G’ satisfiesy” and G’ does not satisfy ¢’. (V.5)

We now prove that y € 9’. Let G be a database satisfying y. Then the
disjoint union G W G’ satisfies A )y’ since G satisfies y, G’ satisfies " and y
and )’ are Boolean so we can assume w.l.0.g. that they have disjoint variables.
As a consequence, G W G’ satisfies 6 and hence ¢’, so there exists i such
that G W G’ satisfies 0;; . Since 0; is connected, either G satisfies 0;; or G’
satisfies 0; ;. By Equation (V.5), the latter cannot hold, so G satisfies 0;; and
hence ).

Therefore, we have shown that for each database G that satisfies y, then G
satisfies )/, i.e, € 9’. Overall, y A )" has semantic tree-width k if and only
ify Sy

@ (2): We now show that the asymmetric containment problem for tree-
width k is ExpSpace-hard. It was shown in [Fig20, Lemma 8] that the con-
tainment of CRPQs was still ExpSpace-hard when restricted to inputs of the
form:

Ly

y():oi>o

N
°

e =00,

Ly

where K, Ly, ..., L, are regular languages over A. We reduce it to the following

problem:
# L .
R T

1N
.

Y0ze L5e . > > o =0).

.
D N
where the right-hand side of &’ is a directed (k + 2)-clique and where # is a
new symbol, i.e. # ¢ A.

We claim that y C 6 if and only if ” € &’. The forward implication is
direct and the converse implication simply relies on the fact that # ¢ A2
Then, observe that )" has tree-width 1 < k, and that ¢ is connected but do
not have semantic tree-width at most k.

To prove the last point, consider a UC2RPQ A” that is equivalent to &'.
Pick any expansion &} of 0. Since A” C ¢’, there exists an expansion &” of
A" such that there is a homomorphism from &] to £”. Dually, since 6" € A”,
there exists an expansion &, of " such that there is a homomorphism from
& — &. Overall, we have homomorphisms £ — &” — &). Since &
and &; are both expansions of ¢, they contain a #-labelled directed (k + 2)-
clique, and the #-letter appears nowhere else. Should the homomorphism
&1 — &” not be injective, £” would contain a #-labelled self-loop, and hence,
the homomorphism &£” — &7, would yield a #-self loop in &7, which does not
exist! Hence, the homomorphism from &] to &” is injective on the (k + 2)-

clique. As a result, £” contains a (k + 2)-clique and has tree-width at least
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k +1. We conclude that A” has tree-width at least k +1 by Fact V.2.1, provided
that k > 2.

Hence, we have shown that y € 6 if and only if " € ¢’ where 3’ has
tree-width at most k, where &’ is connected and has semantic tree-width at
least k + 1. Since our reduction can be implemented in polynomial time, we

conclude that the problems of Lemma V.9.1 are ExpSpace-hard. O]

V.10 Discussion

V.10.1 Complexity

We have studied the definability and approximation of UC2RPQ queries by

queries of bounded tree-width and shown that the maximal under-approximation

in terms of an infinitary union of conjunctive queries of tree-width k can
be always effectively expressed as a UC2RPQ of tree-width k (Section V.3).
However, while the semantic tree-width 1 problem is shown to be ExpSpace-
complete (which was also established in [BRV 16, Theorem 6.1, Proposition
6.2]), we have left a gap between our lower and upper bounds in Theorem V.1.3

for every k > 1.

Question V.10.1. For k > 1, is the semantic tree-width k problem ExpSpace-

complete?

A related question is whether the CONTAINMENT PROBLEM between a C2RPQ
and a summary query is in ExpSpace. Should this be the case, then the
semantic tree-width k problem would be in ExpSpace. We also point out that
since every path-/ approximation can be expressed by a polynomial UC2RPQ
of tree-width 2k—this is the same idea as in [RBV17, Lemma IV.13]—, one can
produce, for every UC2RPQ A a union I of poly-sized C2RPQ of tree-width
2k such that Appka(A) C I' C A. This implies that the following “promise”
problem” is decidable in ExpSpace: given a UC2RPQ ', answer ‘yes’ if I is
of semantic tree-width 2k, and answer ‘no’ if I' is not of semantic tree-width
k. The fact that Appka(A) can be approximated by an exponential query
of tree-width 2k +1 can also be seen as a corollary of the proof of [RBV17,
Theorem V.1].

We also do not know whether the Hé’ bound on the semantic tree-width
k problem for UCRPQ(SRE) has a matching lower bound. The known lower
bound for the UCRPQ(SRE) CONTAINMENT PROBLEM [Fig+20, Theorem 5.1]
does not seem to be useful to be employed in a reduction in this context, since

it necessitates queries of arbitrary high tree-width.

V.10.2  Characterization of Tractability

Our result implies that for each k the evaluation problem for UC2RPQs I of
semantic tree-width k is fixed-parameter tractable when parametrized by

the size of the query, i.e. it works in time O(|G|¢ - f(|T'])) for a computable
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function f and constant ¢, where G is the database given as input. While this
was a known fact [RBV17, Corollary IV.12], the dependence on the database
was ¢ = 2k + 1. Our results show that the dependence can be improved to
¢ =k +1, similarly to [BRV16, Theorem 6.3] for the case k = 1. It has been
further shown by Feier, Gogacz and Murlak that the evaluation can be done
with a single-exponential f [FGM24, Theorem 22].

In a similar vein, our results show that the evaluation problem for UC2RPQs
of semantic path-width k is in paraNL. It is unknown whether the semantic

bounded width properties characterize all FPT and paraNL classes.

Question V.10.2. Does every recursively enumerable class of CRPQs with

paraNL evaluation have bounded semantic path-width?

Question V.10.3 (Also mentioned in [RBV17, §IV-(4)]). Does every recur-
sively enumerable class of CRPQs with FPT evaluation have bounded semantic
tree-width?

Note that the classes of bounded contracted path-width or contracted
tree-width are not counterexamples to Questions V.10.2 and V.10.3, since
the path-width is upper-bounded by one plus the contracted path-width,
and lower-bounded by the contracted path-width—and similarly for tree-
width—and so a width is bounded iff its contracted variant is bounded.

In the case of CQs, the answer is ‘yes’ to Question V.10.3 [Gro07, Theo-
rem 1] under standard complexity-theoretic hypotheses (W[1] # FPT). For
Question V.10.2, the answer is still ‘yes’ [CM13, Theorem 3.1] conditional to
a less standard assumption!? (no Tree-hard problem is in paraNL).

However, attempting at answering these questions for CRPQs is consid-
erably more challenging. In particular, one important technical difficulty is
that a class of CRPQs with unbounded tree-width may contain queries with
no expansions which are hom-minimal in the sense of containment. That
is, for every k, for every query y of semantic tree-width > k and expansion
¢ of semantic tree-width > k there may be another expansion &’ such that
& Jom, ¢ (i.e, such that & C &’). In fact, for classes of CRPQs avoiding such
problematic behavior, Question V.10.3 can be positively answered. We next
show why.

Let us call a UC2RPQ finitely-redundant if there is no infinite chain &;(X) &

&p(X) S -+ among its expansions. See Figure V.13 for a non-example. Observe

b an+1 a
b *
(i) O—rO—>OSD0 (ii) s
b n
O—OL D0

that the classes of CQs and UCQs are finitely-redundant, and also the class of
loopless CRPQs, meaning no directed cycle in its underlying directed graph

and no empty word ¢ in the atom languages.

Lemma V.10.4. The class of loopless CRPQs is finitely-redundant.
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0By [CM13, Theorems 3.1 & 4.3],
if the class has bounded semantic
path-width, then the problem is in
Path C paraNL; by [CM13, Theorems
3.1 & 5.5], if the class does not have
bounded semantic path-width, then
the problem is Tree-hard.

Figure V.13: (i) A simple non-finitely-
redundant Boolean CRPQ. (ii) For
every n, there is a homomorphism
from the (n + 1)-expansion to the
n-expansion, but no homomorphism
in the converse direction.



Proof. By means of contradiction, let  be loopless and suppose there is an
infinite chain &{(X) & &,(X) & -+ of expansions of y. Hence, there must
be an atom expansion which grows arbitrarily in the chain. Take &; such
that it contains an atom expansion of size bigger than &;. Since such atom
expansion is a directed path (as we are dealing with one-way CRPQs), the
fact that &; Jom, &, implies that there is some cycle in &;. Since y cannot
contain the empty word in the atom languages, this is in contradiction with

the hypothesis that there are no directed cycles in y. O

We next show that, restricted to classes of finitely-redundant UC2RPQ, we

can obtain a characterization of evaluation in FPT.

Theorem V.10.5. Assuming W[1] # FPT, for any recursively enumerable
class € of finitely-redundant Boolean UC2RPQs, the evaluation problem for
C is FPT if, and only if, € has bounded semantic tree-width.

Proof. «w Left-to-right By contraposition, we show that if € has unbounded
tree-width, then its evaluation problem is W[1]-hard via an FPT-reduction
from the parameterized clique problem. This is the problem of, given a param-
eter k and a simple graph G, whether G contains a k-clique. We do this by a
simple adaptation of the proof of Grohe [Gro07, Theorem 4.1] for the case of
CQs.

Given an instance (G, k) of the parameterized clique problem, the idea is

to first search for a query y € € of “sufficiently large” semantic tree-width.

Proposition V.10.6. For any k > 3, if a finitely-redundant C2RPQ has seman-
tic tree-width > k, then there is a hom-minimal expansion thereof of semantic
tree-width > k.

Proof. Let y be a finitely-redundant C2RPQ. Consider the infinitary UCQ
2 £ {£ | & is a hom-minimal expansion of 4R

Since y is finitely-redundant, we have y = E. We prove the fact by contrapo-
sition. If all hom-minimal expansions of 7 have semantic tree-width < k-1,
then all CQs of Z have tree-width < k —1, and so by the implication (1) = (3)
of Theorem V.3.12, query y has semantic tree-width at most k —1. Note that
for Theorem V.3.12 to apply, we need k -1 > 1 i.e. k > 3. O

Proposition V.10.7. The set of all hom-minimal expansions of queries from

C is recursively enumerable.

Proof. We first show that given an expansion & of some C2RPQ y, it is decid-

able whether & is hom-minimal. This follows from the following claim: there

exists an expansion &’ of y s.t. &’ hom £ and & 225 & iff there exists such an
expansion whose atom expansions have length at most 2" - || - |A 24l where

|€| is the number of variables of £ and m is the greatest number of states

of an NFA labelling an atom of y. Decidability of hom-minimality clearly
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follows from this claim: it suffices to check if &’ Jhom, & implies & Jhom, &’ for

all “small” &’.
To prove the claim, let £’ be an expansion of ), and assume that there is a

homomorphism f: &’ — & and that & hom &’. Consider an atom expansion

wo=xp S xy B Dy Iy,

of &’, and let A denote the NFA associated with the atom. For any index
i € [0,n] which is neither among the || first positions nor the |&] last
positions, define its type 7; as the word a;_g —1--- ;4,1 -*- a;, 5 of length
2|&|—note that 7; uniquely describes the ball of radius || centred at x; in
. Consider the function which maps index i € [|], 7 — || + 1] to the pair
(f(x;),Q;, 7;), where Q; is the set of states q of A which admit a path from
an initial state to g labelled by a; ---a;. Ifn > |&]-2M - |A 2] + 2/&] then
by the pigeon-hole principle, there exists i,j € [|E],n =[] +1] s.t. i < j,
f(x;) = f(xj), Q; = Q, and 7; = 1;. Letting

M =xg xSy Doy =y Ay A Sy Sy,

consider the query &” obtained from &’ by replacing 7" with 7”. Since Q; =
Q). &” is still an expansion of . Moreover, f(x;) = f (x;) implies that there is
a homomorphism from &” to &. Lastly, it there was a homomorphism from
& to &”, then this homomorphism should contain x; in its image—otherwise
there would clearly be a homomorphism from & to &’. Note that the image
of this homomorphism is included in the ball of £” centered at x; = x; of
radius [£]. But since 7; = 7; this ball is equal to the ball of &’ centered at x;
(or equivalently at x;) of radius |<[, and so we found a homomorphism from
¢ to &, which is not possible. Hence, there cannot be any homomorphism
from & to &”, which concludes the proof.

Finally, to enumerate all hom-minimal expansions of queries from C, it
suffices to enumerate all expansions of queries from €—which is doable since
C is recursively enumerable—and only keep those which are hom-minimal,

using the previous algorithm. 0

We proceed with the reduction. For any value of k which is big enough, we
enumerate all hom-minimal expansions of € until we find one such expansion
& whose core contains a K X K grid as a minor, for K = (S) We know that
this must happen by Proposition V.10.6 and the Excluded Minor Theorem
[RS86], stating that there exists a function f : N — N such that for every
n € N every graph of tree-width at least f(n) contains a (1 X n)-grid as a
minor. Once we get hold of such a hom-minimal expansion &, we proceed
as in [Gro07, proof of Theorem 4.1] to produce, in polynomial time, a graph
database G such that:

1. there is a homomorphism G : Jbom, &, and

2. G satisfies ¢ if, and only if, G has a clique of size k.
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Now consider the UC2RPQ I' € € of which ¢ is an expansion, and observe
that if Gg satisfies I', then we must have that G c also satisfies &, by the fact
that G, Jom, ¢ and ¢ is hom-minimal. Hence, the following are equivalent:
. Gg satisfies I,

. Gg satisfies &,

+ G contains a k-clique.

This finishes the FPT-reduction.

A Right-to-left This direction does not need any of the hypotheses (neither
finite-redundancy, W[1] # FPT, nor r.e.), by Section V.3. O

V.10.3 Larger Classes

A natural and simple approach to extend the expressive power of CRPQs
is to close the queries by transitive closure. That is, given a binary CRPQ
y(x,y) we can consider CRPQ over the extended alphabet A U {y}, where
the label y is interpreted as the binary relation defined by y(x,y). This is
the principle behind Regular Queries [RRV17]. The notion of tree-width can
be easily lifted to this class, and classes of bounded tree-width still have a
polynomial-time evaluation problem. However, this class has not yet been
studied in the context of the semantic tree-width. It is not known if the
semantic tree-width k problem is decidable, nor whether classes of bounded

semantic tree-width have an FPT evaluation problem.

Question V.10.8. Is the semantic tree-width k problem for Regular Queries
decidable?

V.10.4 Different Notions

Query class Membership problem Evaluation problem

path-width < k
sem. path-w. < k

L-c [KM10, Theorem 1.3, p. 2]
2ExpSpace & ExpSpace-h
(Theorem V.8.6)

NL-c (Lemma V.8.9)
paraNL (Theorem V.8.8)

P (Folklore)!1
FPT [RBV17, Corollary V.2]'3
NP-c [RBV17, Theorem V.3]

tree-width < k
sem. tree-w. < k

L-c [EJT10, Lemma 1.4]
2ExpSpace & ExpSpace-h!?
(Theorem V.1.3)

CRPQs of small tree-width or path-width enjoy a tractable evaluation prob-
lem, see Table 14. However, it must be noticed that containment between tree-
width k or path-width k queries is still very hard: ExpSpace-complete (even for
k =1) [CDLV00]. The more restrictive measure of “bridge-width” [Fig20] has
been proposed as a more robust measure, which results in classes of queries
which are well-behaved both for evaluation (since bridge-width k implies
tree-width < k) and for containment (since containment of bounded-bridge-

width classes is in PSpace). It is not hard to see that bridge-width is closed
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Table 14: Complexity of the member-
ship and evaluation problem for some
classes of UC2RPQs studied in this
chapter, where k > 1 is fixed. The
same results hold for the contracted
variants. The abbreviation “-c” (resp.
“-h”) stands for “-complete” (resp. “-
hard”).

" Originally proven by Chekuri & Ra-
jaraman [CRO00, Theorem 3] for CQs.
The generalization to UC2RPQs is
trivial, see e.g. Proposition V.1.1 or
[RBV17, Theorem IV.3].

12 5ee also [BRV16, Theorem 6.1] for
k=1

13 See also Section V.3 and [FGM24,
Theorem 22].
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under refinements, and thus that this notion is amenable to our approach (cf.
Fact V.3.5).

Question V.10.9. Is the problem of whether a UC2RPQ is equivalent to a
UC2RPQ of bridge-width at most k decidable?
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V.A. ALTERNATIVE UPPER BOUND FOR CONTAINMENT OF UC2RPQS

Appendices

V.A  Alternative Upper Bound for Containment of UC2RPQs

In Section V.3, in order to prove the 2ExpSpace upper bound to the semantic
tree-width k problem (Lemma V.3.9), we proved an upper bound on contain-
ment of UC2RPQs (Proposition V.3.10) by relying on the notion of bridge-
width. In this section, we give a slightly different bound, which is more
elementary (in the sense that it does not rely on bridge-width) and still yields
a 2ExpSpace upper bound to the semantic tree-width k problem.

Proposition V.A.1. The cONTAINMENT PROBLEM I' € A between two UC2RPQs
can be solved in non-deterministic space 2Tl + p, - 267 where m, is the
size of the greatest disjunct of A, namely m, = max {||6,]| | 6 € A}, p, is the

number of disjuncts of A, and c is a constant.

Proof sketch. The proposition can be shown by close inspection of the stan-
dard cONTAINMENT PROBLEM for UC2RPQs [CDLV00, Theorem 5]: the con-
TAINMENT PROBLEM is reduced, in this instance, to checking the inclusion

between NFAs of the form!* 4 Ar and Ag are denoted A; and
As, respectively, in [CDLVO00].

Ar < | ) As, (V.6)
O€EA

where Ay is a regular expression which is exponential in |[T||, and .4 has
size exponential in [[0]| < m,. Should (V.6) not hold, there must exist a

counterexample of size at most
2lArl % H 2lAs|
O€EA

Letting p be the number of queries in A, we get that the logarithm of the
expression above—representing the size of the non-deterministic space needed

by the algorithm—is upper bounded by

C0(|Ar|+2|_,46|) < 20l 4 p, oema,

beh eventually

for some constants ¢y and c. O

V.B Path-Width is not Closed under Refinements

Fact V.8.1. For each k > 1, the class of graphs of path-width at most k is not

closed under expansions.

Proof. Let X be a set of k —1 variables. Consider the undirected multigraph
Gy whose set of nodes is X U {y,, 11, Y5, y3} with the following edge set:

« each X U {y;} (1 € {0,1,2,3}) is a clique,

« there is an edge from y; to y;,4 fori € {0,1,2}, and
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+ there is a second edge from v, to y,.

By definition, this graph has path-width exactly k: it is as least k since it
contains a (k +1)-clique—namely X U {y;, y;,1}—and, moreover the following
sequence of bags—cf. Figure V.12a—defines a path decomposition of G of
width k:

XU{yo, yab, XUy, vl XU{yn, ysh).

Let G} be the graph obtained by refining the second edge from y; to v,
into two edges (11, z) and (z, i, ), where z is a new variable—see Figures V.12b
and V.12d. We claim that G; has path-width at least k + 1. Indeed, let (T, v, t)
be a path decomposition of ;.

Note that X U {yg, 11}, X U {y1, ¥}, X U {y,, y3} and {z, 4, y,} are cliques,
so there must be bags of (T, v, t) containing each of them. Let by 1, by 5, by 3
and b, denote these bags—note that they do not have to be distinct.

1. If b, appears in T between at least two bags among by ;, by , and b, 5 (as
in Figure V.12b), since X C V(bi,j) for all (i,]), then X C v(b,). Hence
X U{z,y1,Y,} C v(b,) and so b, has k + 2 elements.

2. Otherwise, w.Lo.g. b, appears strictly before all three bags by 1, b , and
b, 3, as in Figure V.12d. We consider the way by 1, b; ; and b, 5 are ordered
in the path decomposition. If by ; or b, 5 appears first, then they are located
between b, and b; ,, which both contain {y;,1,}, and so this bag must also
contain {y;, y,}, and so it has size at least k + 2. Otherwise, if b; , appears
first, depending on the relative ordering of by ; and b, 5, we either get that
Yo € v(by 1) or that y; € v(b, 3). In both cases, we have a bag with at least
k + 2 elements.

In all cases, the path decomposition has width at least k + 1, showing that
9,’( has path-width at least!® k +1. O
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CuapTer VI
Conclusion & Open Problems

ABSTRACT

We conclude the first part of the thesis on graph databases. We recall the most
interesting open problems and conjectures on minimization that we discussed in the
previous chapters. We conclude by presenting the notion of profinite databases: we
briefly explain that while the notion does seem promising to help understand the

structure of CRPQs, we unfortunately failed to use it in an interesting manner.
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VI. CONCLUSION & OPEN PROBLEMS

VI.1 Minimization Problems

Rather than closing the complexity gaps between our k-ExpSpace upper
bounds and the ExpSpace lower bounds in the decision problems studied in
Chapters IV and V, we believe that the most interesting questions w.r.t. to
minimization are actually those related to structure, and more precisely those

that try to connect the different notions of minimality together.

Conjecture IV.6.1. There exist (atom) minimal CRPQs which are not variable

minimal.

Minimization & Trees. The question of whether the seminal results of [CMNP18]

could be lifted from tree patterns to their encoding as CRPQs remain open.

Conjecture IV.6.4. If a tree pattern is minimal among tree patterns, then its
encoding as a CRPQ should also be minimal among CRPQs, up to contracting

internal variables.

On a similar note, an interesting question is whether two goals (e.g. the
number of variables and the number of atoms) can be simultaneously min-
imized. For CQs, this is always the case by Proposition III.1.19. However,
this question seems quite hard for CRPQs, even on concrete examples. We
say that a CRPQ is forest-shaped if its underlying directed graph is a disjoint

union of directed trees.

Question VI.1.1. Is it the case that every Boolean CRPQ that is (1) equivalent
to a forest-shaped CRPQ and (2) equivalent to a CRPQ with at most k atoms

is necessarily equivalent to a forest-shaped CRPQ with at most k atoms?

We conjecture the answer to this question to be yes, but we were unable
to prove it: we only managed to prove that, under these assumptions, the
query should be equivalent to a forest-shaped CRPQ with at most 2X atoms
(Theorem VI.A.2).

Maximal Under-Approximations. Both the result on UCRPQ MINIMIZATION of
Chapter IV and of semantic tree-width minimization of Chapter V rely on the
existence—and computability—of maximal under-approximations. In the first
case, the target class consists of finitely many graphs (Lemma IV.4.6), but in
the second case, it is infinite (Lemma V.3.8): as such the proof is significantly
harder. Having the remarkable genericity of Proposition III.1.19 in mind, we

could only hope to be able to capture both Lemmas IV.4.6 and V.3.8.

Question VI.1.2. Given a class € of graphs that is closed under minors, do
maximal under-approximations by UC(2)RPQs over € always exist? If so, are

they computable?
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VI.2. PROFINITE DATABASES

VL2 Profinite Databases

As we have seen in Section III.1, duality—namely the existence of a dual
isomorphism between queries and models—provides a remarkable framework
to study conjunctive queries. For the more complex language of conjunctive

regular path queries, however, this isomorphism fails, making static analysis

much harder. We thought that part of the enjoyable properties of conjunctive
queries could be recovered for CRPQs by considering the notion of profinite
databases. In short, a profinite database consists of, a “projective system” of Figure VI.1: Circle Limit IIl, M. C. Es-

finite graph databases, i.e. an w-sequence of homomorphisms cher, © The M.C. Escher Company.

hy h h h h
G, &Gy dem g b dom

that we denote by l(ln G,.
neN

A typical example of such a system can be obtained as follows: just like
we did in Section II.1, we let C,, (n € N_) denote the directed cycle with
domain Z/n7Z and with an edge from i to j iff i +1 = j, see Figure VI.2. Recall

that C, Jom, C,, iff nis a multiple of m. In particular, we have

hom hom hom hom hom
C, e Cp e .. & Cpn ¢ Cyps1 e ...

e Figure VI.2:  The graphs Cg (left)
/ \ \ and C; (right) and a homomorphism
(o} o) (o) from the former to the latter, de-
\ / / scribed by colour coding. (Replica
o of Figure 111.5.)
—0

The crucial point is that projective system have a natural semantics: we
define the semantics of
lim G,
(—
neN

as the set of points that above some element of this sequence, i.e. as

He[limG,] when 3n.G, Lom, H,
neN

For instance

l(iLn Con

neN
has a simple semantical interpretation: letting G be a graph database, for
any n € N, we get that Cy 1% G if, and only if, G contains a directed
cycle of length 2". And so, there exists n € N s.t. Cyn 1%, G if, and only
if, G contains a directed cycle whose length is a power of 2. In fact the true

definition of projective system allows the sequence to be indexed by a directed
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set rather than N: in the case we would obtain an object

lim C,,
H
ne(Nyq,|)

where we order N, by divisibility, and whose semantics is “the database

contains a directed cycle”!

How Profinite Databases Arise. Profinite models naturally arise by consider-
ing Stone duality. Roughly, Stone duality is a theory that, starting from a logic
and its models, adds new idealized/abstract models which are necessary to
make the theory compact, well-behaved and nicely describable. For instance,
applied to first-order logic over all structures, this construction does nothing!
This is precisely because this logic is already compact. On the other hand,
when applied to regular languages of finite words, we obtained profinite
words, which are exactly the models needed to describe pseudovarieties of
monoids! We refer the reader to [GG24] for a not so short survey of the topic.

Second, profinite databases naturally appear when dealing with the seman-
tics of CRPQs.! Indeed, let () and () be CRPQs, and assume that y() = 6().
Over CQs, it would mean that their core are isomorphic (by Proposition I1.2.3
and duality), but over CRPQs, we do not have such a nice characterization.
However, pick a canonical database G £* y. From the fact that y C 0, we
get the existence of D £* 0 s.t. G dom D,. In turn, using the converse
containment 6 C y, we get that there exists G; F* y; s.t. D, &0 G,. By

induction, we obtain an infinite sequence

hom hom hom hom hom hom hom
Gye—Dye—...—G,«—D,—G,,;«—D, 4 — ...

In other words, we get that the profinite databases

limG, and limD,
— —
neN neN

are semantically equivalent!

What Profinite Databases Could Help Us Achieve. In the previous chapters, we
presented two results that where conditional to the existence of hom-minimal
expansions:

« the semantical structure theorem (Theorem IV.2.8), which provides lower
bounds on the complexity required to express a CRPQ—and which is, to
out knowledge, actually the only result of this form for CRPQs;

« a very partial generalization of Grohe’s theorem to finitely-redundant
Boolean UC2RPQs (Theorem V.10.5).

However, a very simple CRPQ such as y() £ x 2 x, expressing that the

database contains directed cycle no do not have hom-minimal expansions,

186

" They actually are at the heart of the
proof of Theorem VI.A.2!
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but it does have a hom-minimal profinite database, which is

lim C,.
H
n&(Nyq,[)

More generally, by Zorn’s lemma, every CRPQ admits at least one hom-

minimal profinite database, see Figure V1.3!

Question VI.2.1. Can we generalize Theorems IV.2.8 and V.10.5 to handle

hom-minimal profinite databases rather than hom-minimal finite databases?

A positive answer to this question would provide a necessary and sufficient
condition on all CRPQs to be expressibly by simple CRPQs, and might lead to
a characterization of tractable classes of CRPQs—which are results we can

only dream of given our current knowledge.

Question V.10.3 (Also mentioned in [RBV17, §IV-(4)]). Does every recur-
sively enumerable class of CRPQs with FPT evaluation have bounded semantic
tree-width?

One the positive side, we managed to prove—in an unpublished work with
Sam van Gool—that the Stone dual of the Heyting algebra of conjunctive
queries is isomorphic to the space of profinite databases, which seems to
point towards the fact that profinite databases are natural objects.

On the negative side, we do not know what to do with this result... One
of the main difficulties however is to find a reasonable definition for the

notion of “C-profinite databases”. We would like this notion to be defined
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Figure VI.3:  Semantics of a query
that does admit a hom-minimal
model (in yellow), together with a
profinite database built out of its
models in an effort to lift the opaque
veil of the infinite structure of the dis-
tributive lattice of graph databases
(in orange).

Figure VI.4: When your Ph.D. stu-
dent talks about the Stone dual space
of the Heyting algebra of conjunctive
queries for the forth time this month.
Skrik, by Edvard Munch.


https://commons.wikimedia.org/wiki/File:Edvard_Munch,_1893,_The_Scream,_oil,_tempera_and_pastel_on_cardboard,_91_x_73_cm,_National_Gallery_of_Norway.jpg
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at least whenever € is a minor-closed class of CRPQs, and intuitively C-
profinite databases should generalize the C-finite databases. For instance, for

tree-width, we might have that homomorphisms
G hom D hom G,

where G and G’ have tree-width at most k, but where D is nowhere having

semantic tree-width at most k... More abstractly: homomorphisms do not

2 2This contrasts with the fact that

minor-closed classes are closed un-

interact that well with the notion of minor.

der taking cores.
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VI.A. TREE-LIKE QUERIES

Appendices

VLA Tree-Like Queries

HyroTHESIS. In this section, all CRPQs are assumed to be positive,

meaning that no language can contain the empty word.

VILA.1 Forest-Shaped and DAG-Shaped Queries

We say that a CRPQ is semantically forest-shaped if it is semantically equivalent
to a CRPQ which is forest-shaped.

Say that a CRPQ is DAG-shaped if its underlying directed multigraph is a
DAG—parallel edges are allowed, not self loops. If 6 is DAG-shaped, define
its unfolding, denoted by U/ (9), as the following CRPQ:

« its variables are exactly labelled path of 6 of the form x Ly Ly x, with

n € N and x is a vertex of 6 with no predecessor;

+ the atoms exactly go from x, Ly Ly X, to xg NN X, Lusy

with label L, ;.

n+1»

Fact VILA.1. If 6 is a DAG-shaped CRPQ, then %/ () is a forest-shaped CRPQ,
and moreover 6 S 1/(0).

The rest of this section is devoted to proving the following result.
Theorem VI.A.2. Let 6 be a CRPQ. The following are equivalent:
1. 6 is semantically forest-shaped,
2. 0 is DAG-shaped and for every hom-minimal canonical database D of 9,

the core of D is a forest,
3. 0 is DAG-shaped and 6 = 1/(0).

Note that since semantical equivalence is decidable in ExpSpace and since
1L(6) has exponential size, it follows that one can test if a CRPQ is semantically

forest-shaped in 2ExpSpace.

VLA.2 Semantically DAG-Shaped Queries

Fact VI.A.3. A CRPQ is semantically DAG-shaped iff it is DAG-shaped.

Corollary VI.A 4. If a CRPQ is semantically forest-shaped, then it is DAG-
shaped.

VI.A.3 Semantically Forest-Shaped

From the fact that a CRPQ 0 is equivalent to a forest-shaped query ¢ we know
that for all canonical database Dy of 6, since 6 € ¢, there exists a canonical
database Fj of ¢ s.t. D o F,. But dually since ¢ C 0, there exists D; E* 0

s.t. Fy Qom D;. By induction—and the axiom of choice—we obtain an infinite
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co-chain of homomorphisms

h h h h h h h
DO om FO om D1 om Fl om  hom Dn om Fn om )

We show that co-chains of forests are actually quite simple.

hom hom hom

Fact VLAS5. IfFy «— F; «— --- —F,, & ... is an infinite co-chain of
homomorphisms betweens forests, then there exists n € N s.t. all F,, with

m > n are hom-equivalent to one another.

hom

Proof. Foralln € N, from F,, «— F,,; it follows that the maximal depth of
atree in F, 4 is smaller or equal to the maximal depth of a tree in F,,. So, at
some point this parameter must become stationary, say d. Then observe that
there are finitely many forests with depth at most d, up to hom-equivalence,

and hence, one of these must occur infinitely often in the co-chain. O

Corollary VI.A.6. If § is semantically forest-shaped, then for any D £* 0,
there exists D’ E* § such that D &2% D , D’ is hom-minimal and the core of

D’ is a forest.

We can now proceed with the proof of Theorem VI.A.2, after giving a

proposition that will prove useful.

hom

Proposition VI.A.7. Let F be a forest and D a graph. If F — D then
F 2% (D).

Proof. The homomorphism F hom, U (D) can be defined by induction on F,

from roots to leaves. O

Proof of Theorem VL.A.2. «w (1) = (2). This follows from Corollaries VI.A .4
and VLA.6.

@ (2) = (3). By Fact VI.A.1 we have 6 € U/(0) so it suffices to prove the
converse containment. Let U be a canonical database of 2/(6). Then there
exists D £* 6 s.t. U = U/(D). By Corollary VI.A.6 there exists D’ £* 0
st. D &% D’ and the core of D’ is a forest. So D <22 Y, and so by
Proposition VI.A.7, since D’ is a forest, then 2/(D) 1Y e U(D) & p,
which proves that /(D) F 6. Therefore, 2/(5) S 6.

@ (3) = (1). This is because 1/(0) is forest-shaped by Fact VL.A.1. O
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Entracte: What the Hare Said to Patroclus

Waiting for Achilles to return from his race, Patroclus stumbled onto a Hare
that appeared to be lost in deep thought.

“Greetings, my friend. What seems to be bothering you?” inquired the
Greek.

“Well, I have been thinking about Automedon—an automaton I mean” an-
swered the Hare, “for [ want to study rationality, but the notion of computation
eludes me. After all, Babbage’s machine hasn’t been invented yet!”

“By far the most natural way of understanding rational languages is through
the lens of algebra,” Achilles’ lover explained. “They simply consist of lan-
guages recognized by finite monoids”

“A monoid? What in Zeus’s name is this?”

“Are you familiar with category theory? It is a branch of mathematics—"

“A branch of mathematics? What need do you have of having multiple
branches? Have you found inconsistencies in Euclid’s axioms?” interrupted
the Hare.

“Not exactly. It provides a useful framework to abstractly study different
structures. In geometry, points are considered atomic objects, and they are
connected through shapes. In category theory, points are abstracted, and
shapes are treated as first-class citizens, connected by shape transformations.”

“This seems rather pointless... But if such abstract nonsense is what you
have to endure to have provably consistent foundations of mathematics, I
suppose it might be worth it,” conceded the Hare.

“Anyway,” added Patroclus after a brief pause, “a monoid can simply be
defined as an Eilenberg-Moore algebra for the monad of finite words in the
category of sets.”

“A monad? Don’t tell me that after disavowing points you abjured all gods
but one”

“It has nothing to do with religion, put some faith in category theory: a
monad is quite simple to define” said Patroclus. “Endofunctors of a category
form themselves a category, whose morphisms are natural transformations.
A monad consists of nothing else but a monoid in this category.”

“A monoid? What in Zeus’s name is this?” echoed the Hare.

At this point, the narrator, having to write his thesis, had to leave our two

protagonists to their discussion. Several days passed after he submitted his
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Figure E.1: Overconfident, the Hare
preferred to think about algebraic
language theory rather than how to
win the upcoming race, see [Car95].
The White Rabbit, by John Tenniel.


https://commons.wikimedia.org/wiki/File:The_White_Rabbit_%28Tenniel%29_-_The_Nursery_Alice_%281890%29_-_BL.jpg#/media/File:Alice_par_John_Tenniel_02.svg

ENTRACTE: WHAT THE HARE SAID TO PATROCLUS

manuscript when he went back to the spot, only to find the two companions
arguing.

“As I said, a monad is a monoid in the category of endofunctors!” Patroclus
exclaimed, visibly irritated.

“But that doesn’t help me understand what is a monoid...” the exhausted
Hare replied, “at least we can hope for logicians not to be foolish enough to

define rationality using monads”
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The Frontier of Decidability
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Cuapter VI

Finite-Word Relations and Automatic Structures

ABSTRACT

This preliminary chapter surveys the literature on the notion of rationality for finite
word relations and automatic structures.

We start by reviewing competing definitions of rationality for k-ary relations of finite
words (k > 2). We survey the corresponding hierarchy, which is mainly shaped by
the expressive power of multitape automata. We also briefly mention other models
such as transducers to emphasize their relationship with our hierarchy. Automatic
relations naturally emerge as one of the most expressive class of relations having
desirable closure properties and for which most “basic” problems are decidable.
After a brief logical interlude mostly dedicated to logical characterizations of auto-
matic relations, we move on to automatic structures, which are infinite relational
structures that can be finitely described using automatic relations. As a result, the
first-order theory of such structures is decidable, explaining why automatic struc-
tures play a central role when looking for algorithms dealing with infinite structures.
Unfortunately, other decision problems, such as the ISOMORPHISM PROBLEM, are un-
decidable, but become decidable when restricted to a specific subclass of structures.
We hence conclude this chapter by discussing the computability status of natural

decision problems on automatic structures.
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VII.1. THE LANDSCAPE OF RATIONALITY FOR RELATIONS OVER FINITE WORDS

VIL.1 The Landscape of Rationality for Relations over Finite
Words

VIL1.1 Regularity is Key

The study of classes of relations on words have always been a central topic
in language theory [EM65; Niv68; Ber79; FS93; Cho06]. More recently, their
study has also been motivated by database theory and verification, where they
are used to build expressive languages. For instance, suitable classes of word
relations where shown to be relevant for querying strings over relational
databases [BLSS03], comparing paths in graph databases [BLLW12]—see also
[Fig21b, §8, p. 17] for more context & results on extended conjunctive regular
path queries—, or defining string constraints for model checking [LB16]. We
start by showing that, while the notion of regular language is canonical and
admits numerous characterizations, these definitions are no longer equivalent
when dealing with finite word relations, leading to a hierarchy of notions of
rationality.

The class of regular languages is remarkably stable, and can be character-
ized as the languages recognized by either:
« deterministic or non-deterministic finite state automata,

see e.g. [Pin21a, Proposition 1.2.3, p. 7];

 two-way finite state automata by Shepherdson-Rabin-Scott theorem

[She59, Theorem 2, p. 198] [RS59, Theorem 15, p. 123];
rational expressions! by Kleene’s theorem,

see e.g. [Pin21a, Theorem 1.5.11, p. 34];

« monadic second-order logic by Trakhtenbrot-Biichi-Elgot theorem,

see e.g. [B0j20, Theorem 2.2, p. 32]; or
« finite monoids, see e.g. [Pin21a, § 1.4.2, p. 19].
Moreover, all transformations between these representations are effective—
although some models are strictly more succinct than others.

These equivalences explain why the terms recognizable language—meaning
implicitly “recognizable by a finite-state automaton” or “recognizable by a
finite monoid”—and rational language—meaning “described by a rational
expression”—are used interchangeably. In fact, in this thesis as well as in most
of the literature, we will use the generic term of “regular language”. However,
in more complex settings, for instance subsets of non-free monoids,? the
equivalence between these classes no longer holds [Pin21b].

The landscape of rationality for k-ary relations of finite words (k > 2) is
far more complex than for languages,? as depicted in Figure VIL.1. We will
briefly present these classes, although this thesis will mostly deal with the
two most restrictive ones, namely recognizable and automatic relations.*

We fix two alphabets I" and X. In the rest of this section, we focus on
relations R C IT'* X . We will sometimes provide definitions for relations of

higher arity when the generalization is not trivial.
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T Usually called “regular expressions”
by non-French speakers, however we
use the terminology “rational” for its
unambiguity.

2 Recall that a language is nothing
else but a subset of a free monoid.

3 Which can be seen as unary rela-

tions of finite words.
41t should be noted that the names

of these classes were often coined in-
dependently of one another and the
terminology should be handled with
care: for instance, “regular relations”
do not correspond to the intersection
of regular functions with functional
relations.
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FUuNCTIONAL
RELATIONS

Two-wAY
RATIONAL
RELATIONS

N\

DET'® Two-

palindrome function
RATIONAL \
RELATIONS

‘greatest suffix in L’
function

suffix relation
RATIONAL

IC
RELATIONS

subword relation

identity function

prefix relation

equal length relation = ---se-oipemioseeemees

same parity length relation -------seresiiesnees et

Figure VIL.1: Clickable landscape of
rationality for binary relations. See
also Figures VI1.8 and VII.9.
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Goal of this section. Beyond introducing the classes of recognizable and
automatic relations, the goal of this section is also to clarify the literature.
When dealing with relations, there are essentially two families of machines
for recognizing a relation X C I'* X X*:

« multitape automata: this model reads a pair of words (u,v) € I'* X X" and

decides if it belongs to X;

« transducers: this model reads a word u € I'* and produces a word (or no
word, or multiple words) v € X, in which case we say that (u,v) € k.
The latter model is inherently passive while the former is more active: the
output is produced, or transduced, from the input. However, these two families
are far from being incomparable: when non-determinism is allowed and the
model is expressive enough, a transducer can always guess the output and
simulate a multitape automata. Despite this fact, the works on multitape
automata and transducers rarely reference each other, and the relationship
between classes of relations defined by these two families of models is often
unclear.” For instance, we will see in Section VIL1.8 that deterministic two-
way rational relations and deterministic two-way transductions actually differ:
the distinction between multitape automata and transducers is hence of capital

importance.

Thus, the goal of this section is to provide an overview of these classes
of relations/transductions, explain how they relate to one another, and give
pointers to suitable references. The aim of this section is not to be exhaustive,
which would be a daunting task,® but rather to present a quick overview of

the most common classes of relations studied in the literature.

Relations vs. transductions. Often, in the literature, when the terminology
“transduction” is used, these relations are thought as functions from I'* to
P(Z*). These functions are equivalent’ to relations, i.e. subsets of ['* X *. For
deterministic transducers, the output is a singleton, and hence its semantics
can be seen as a partial function—or equivalently as a functional relation—from
" to X"

When the terminology “relation” is used, we often take I' = £.8 Note also
that most notions defined by multitape automata can be trivially extended
to k-ary relations (k > 3): we simply work here with binary relations for
the sake of simplicity. On the other hand, transducers intrinsically recognize
functions I'* — P(X"), i.e. binary relations.

Given two classes of finite-word relations € and D s.t. € 2 D,’ we will

often want to know if this inclusion is effective:

D-MEMBERSHIP PROBLEM FOR (C-RELATIONS
A C-relation %.
Does X € D?

Input:

Question:

This problem is also called the €’/2)-MEMBERSHIP PROBLEM. Since Part 2 will

mostly focus on automatic relations, we use the terminology Z2)-MEMBERSHIP
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5 To witness this claim, | want to em-
phasize that | unwillingly included
an erroneous version of Figure VII.1
in [Mor25]: the suffix relation was
misplaced and, more importantly, the
regular functions were claimed to cor-
respond to the intersection of ratio-
nal relations with deterministic two-
way rational relations.

6 Sakarovitch’s book [Sak09] dedi-
cates its second part to “Rational-
ity in relations”, which spans over
more than two hundred pages—one
can only imagine how extensive this
part could have been if the book was
not dedicated to presenting elements
of automata theory but the full the-
ory itself! Note in fact that the book
does not even mention two-way mod-
els. What we call here multitape au-
tomata are called there “transduc-
ers” and our transducers are called
“sequential transducers” there. We
made this choice of terminology be-
cause it seems more consistent with
the literature, and we find both more
natural and more intuitive.

7 Meaning formally that these cate-
gories are isomorphic.

8 For instance this is somewhat im-
portant when dealing with logic or
defining automatic structures in Sec-
tions VII.2 and VIL.3.

° Formally, for the decision problem
to make sense € and 2D should rather
be classes of machines (recognizing
relations), but we abuse the terminol-
ogy for the sake of readability.
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PROBLEM to refer to the problem above when € is the class of automatic
relations.
A natural extension of this problem is the so-called separability problem,

which has received a lot of attention.

D-SEPARABILITY PROBLEM FOR (°-RELATIONS
Two C-relations X and R’.
Is there a D-relation S s.t. RC Sand X' NS = @?

Input:

Question:

In this case, we say that § separates R from R’. Note that when 2 is closed
under complement, R and R’ play a symmetric role in this problem. Moreover,
if D is effectively closed under complement, then MEMBERsHIP reduces to
SEPARABILITY since X € 2 if, and only if, R and its complement are separable
by a D-relation. Since this thesis is focused on automatic relations, when
C is the class of automatic relations we simply call this problem the “7D-
SEPARABILITY PROBLEM”.

For a given class C, the inclusion problem takes two (machines recognizing
two) relations of € and asks whether one is included in the other, and the

equivalence problem asks if these relations are equal.!’

VIL1.2 Recognizable Relations

A relation & C I'* X X" is recognizable if there exists a finite monoid M

together with a monoid morphism
f:I*"xL" =M,

as well as a subset Acc C M s.t. R = f1[Acc]. We denote by REc the class
of recognizable relations.!!

For instance the same parity relation

~mod 2 = {(l/l, 'U> el xx” | |M| = |U| mod 2}

is recognizable. Indeed, letting f: I'* X 2" — Z/27Z be defined by f(u,v) =
[u] = || mod 2, then =, 4, can be written as f ~1[0]. These relations admit

a remarkably simple characterization.

Proposition VIL.1.1 (Mezei theorem.).'? A relation R is recognizable iff
there exist n € N, regular languages (K;);cp ,,j over I and regular languages

(LiYie[1,n OVer L s.t.

n
%= JK:xL.
i=1
In other words, recognizable relations are exactly the finite unions of

Cartesian products of regular languages. For instance,
Rodz = (IT) X (ZX) " UTIT)" x Z(XX)".

We provide a slightly more general statement of Mezei theorem.
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10 Note that functional relations rep-
resent partial functions, and hence
one can be included in the other with-
out the two relations being equal.

"To avoid preposterous set-
theoretic paradoxes, we use the
classical shenanigan of defining this
as a function which maps any pair
of alphabets I' and X to the set of

recognizable relations over I and L.

12See e.g. [Sako9, Corollary 11.2.20,
p. 254]. [Sak09, § 2, “Notes & refer-
ences”] mentions that this proposi-
tion is “unanimously ascribed to G.
Mezei (unpublished)”.
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Proposition VII.1.2. Let V be a pseudovariety of monoids and V be the
corresponding pseudovariety of regular languages. Let X C I'* X 1" be a
relation. The following are equivalent:
1. there exists a finite monoid M € V, a monoid morphism f: I'* X L* - M
and Acc C M s.t. R = f~[Acc];
2. there exists n € N and Ky, ...,K,, € Vrand Ly, ..,L, € Vy st. R =
UL, K xL,P
in which case we say that R is VV-recognizable.
When V is the pseudovariety of all regular languages, we get back Propo-
sition VIL.1.1.

Proof. & From monoids to products. Assume that X is recognizable. Then by

definition

®={J fal.

z€Acc
Observe then that f(u,v) = f((u,e) - (&, v)) = f(u,€)- f(e,v) forall u,v €
I'* x X%, and hence:

R = U el | fu,e) =x}x{ver* | fe,v) =y}.
x,yeM
s.t. x-y€Acc =Ky =Ly,

Since M is finite, the union is finite, and moreover, each K, and Ly is recog-
nized by M € V, and hence belong to V.

@ From products to monoids. If X = U?zl K; X L; where all languages
belong to V, then let M;, N; € V be their syntactic monoids, g;, /1; be their
syntactic morphism, and Acc;, Bec; be their accepting sets. Consider the

monoid morphism

[*xx* - JLM;xN)
(u,0) > (giu), hiv));

Then % is the preimage by this morphism of

n
(X (Mg X Ni_p) X (Ace; X Begy) X (Mg X Nis) X ---).
i=1
The conclusion follows from the fact that V is closed under finite products.

O]

Both the algebraic definition of recognizable relations and Mezei theorem
imply, informally, that all reasonable problems on recognizable relations
are decidable. For instance, from Proposition VIL.1.2, we get that 1 has
decidable MEMBERSHIP iff the class of V-recognizable relations has decidable
MEMBERSHIP.

On the other hand, Proposition VIL.1.1 proves that recognizable relations

are not very expressive.

Corollary VIL1.3.1% Let ® C ©* X ©* be a reflexive recognizable relation.
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13V 1 refers to all languages of V over
the alphabet I'.

14 0f course, this property is far from
being sufficient at characterizing re-
flexive relations: note that the proof
does not even use the regularity of
the languages at hand...
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Then X contains an infinite clique, i.e. there exists an infinite language L C >.*
s.t. {u,v)y € Rforallu,v € L.

Proof. Indeed, by Proposition VIL.1.1, write R as U:.l:l K; X L;. Given a word
u € L7, define f(u) € 22" where the 2i-th (resp. (2i + 1)-th) bit of f(u)
indicates if u € K; (resp. u € L;) for all i. By pigeon-hole principle, there
exists a bit-sequence in 22" whose preimage L by f is infinite. Then pick
u,v € L. Since X is reflexive, then (u, 1) € R and so, since f(u) = f(v), we
have u € K; iff v € K; and u € L; iff v € L; for all i, and so {(u,0) € R.1> O

In particular, this corollary implies that neither the prefix relation <, s =
{(u,v) € * X X" | uisaprefix of v}, the suffix relation <,z = {(u,v) €
L*x X" | uis a suffix of v}, the equality relation, nor the equal-length relation

A

Rien = u,0) €T X X" | |u| = v} are recognizable.1®

VIL1.3 Automatic Relations

Automatic relations are a strictly larger class of relations, and trade some
decidability properties to gain in expressiveness. This is precisely what makes
this class interesting to us, and why we will focus on both automatic relations
and automatic structures: while being relatively expressive, some problems
remain decidable.!’

Givenawordu € I'* and v € X%, we define its convolution u ® v to be the

word i = (u;, v;) of length max (|ul, |v|), with the convention that u; = _ (resp.

v; = _) if u; (resp. v;) is undefined, where _ is a new letter called blank symbol
or padding symbol. In other words, u ® v is obtained by writing # and v on
two left-aligned horizontal tapes, adding padding symbols at the end of the
shorter word if their length differ, and then reading pairs of letters from left
to right. For this reason, the pair (g, b) is instead written (Z) WeletI'@ X
denote the alphabet

TxD)uITx{-Hhu}xD),

and we let X2 = L@ L.
By construction, ifu € T*andv € £*, then u®v € (' ® £)*.!8 For instance

aba@baa = (§)(5)(4) and ababecdd = (2)(4)(5)(?)-

We denote by R® the language {u®v | (u,v) € R} C (T ®L)".

A (finite-state) synchronous automaton A over input alphabet I" and output
alphabet T is a finite-state automaton over I' ® £.1° We say that .4 accepts
the pair of words (u, v) € I'* X 1" if it accepts u ® v as a “classical automaton”.
Similarly, A recognizes R if it R® is exactly the set of words of the form
u ® v that are accepted by A as a classical automaton. Figure VIL.2 depicts a
synchronous automaton for the prefix relation. Note that (7 )(%) corresponds

to a run of the automaton from an initial state to an accepting one. However,
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15 Another way of proving this result
would be to apply Ramsey’s infinite
theorem to f: Z* X L* — M. Again,
we do not use the fact that f is a
monoid morphism, but simply that it
is a finite-domain function.

16 Note

lary VII.1.3 does not apply since we

however that Corol-
assumed there that the input and
output alphabets are equal.

7 They are known in the literature
under many names: “automatic rela-
tions” e.g. in [CCGO06, Definition 2.3],
in [KNO5,
Definition 2.2], “automatic relations”
eg. in [LS19, § 2.1]. Frougny and
Sakarovitch’s work, which is often

“regular relations” e.g.

referred as the first one that exten-
sively studied this class, refer to them
as “synchronized rational relations”
[FS93, § 4]. Of course, this class al-
ready appears in prior work, e.g. in
Hodgson’s work on automatic struc-
tures [Hod83], but no terminology
was coined on these relations there.

8 When dealing with relations of
higher arity, note that ® is associative
up to a trivial alphabet relabelling.

H@D(g),(;)forae):

Figure VIL.2: A deterministic one-
state synchronous automaton recog-
nizing the prefix relation.

1In particular, just like for clas-
sical automata, we allow for non-

determinism unless otherwise speci-
fied.


https://en.wikipedia.org/wiki/Ramsey%27s_theorem#Infinite_graphs
https://en.wikipedia.org/wiki/Ramsey%27s_theorem#Infinite_graphs
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since (7 )(§) cannot be written as 1 ® v, then this run plays no role whatsoever
in the semantics of this synchronous automaton.
We say that a relation is automatic if it is recognized by a finite-state syn-

chronous automaton, and we denote by AuT the class of automatic relations.

Remark VIIL.1.4. Note that some words of (I'® X)* do not correspond to
encodings of pairs of words, in the sense that they are not of the form u ® v
for some u € I'* and v € X*. This is for instance the case of (*)(). In
fact, ("X XZ*)® = {u®uv |€ u € T'* Av € L} precisely corresponds to the
words of (I'® X)* s.t. if some padding symbol is seen on some tape, then all
subsequent symbols on this tape must also be padding symbols. These words
are called well-formed, and the set of all well-formed words over I' and X is
denoted by WeIIFormedr,Z.ZO <&

Because of this last remark, some automata that are not classically equiva-
lent become equivalent when seen as synchronous automaton. For instance,
both synchronous automata of Figures VII.2 and VIL.3 recognize the prefix
relation. However, they do not recognize the same language when seen as
classical automaton. Generalizing this example, it is trivial to check that two
synchronous automata have the same semantics if, and only if, they have the
same intersection of their semantics, when seen as classical automata, with
an automaton for WellFormedr 5.

Note that, by definition of synchronous automata, everything that can be
done on classical automata can be done with synchronous automata, including
determinisation, removal of e-transitions, completion, etc. Moreover, observe
by the previous paragraph that the universality of a synchronous automaton
A amounts to the universality of the disjoint union of .4 with an automaton
for the complement of WellFormedp ;. A similar construction works for the

inclusion problem.

Property VII.1.5. Inclusion and universality of synchronous automata is

PSpace-complete.

Similarly, the emptiness of a synchronous automaton .4 amounts to the
emptiness of the classical automaton obtained by intersecting A with the set

of well-formed words WellFormedr 5.
Property VII.1.6. Emptiness and non-emptiness of synchronous automata
are NL-complete.

It is straightforward to prove that the equal-length relation and the equality
relation, a.k.a. the identity relation, denoted by Jd, are automatic, but, as

already mentioned, not recognizable.

Proposition VII.1.7. Every recognizable relation is automatic.

Proof. Clearly, automatic relations are closed under union: it suffices to do
the disjoint union of their automata. So, to prove this result, it suffices to

show that if K and L are regular languages, then K X L is automatic. Let A
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20 When the alphabets are equal, we
will write WellFormedy. instead of
WellFormedy. 5.

— (4)forae X

(z)forae X

@D(,})forueZ

Figure VIL.3: A deterministic two-
state synchronous automaton recog-

nizing the prefix relation.
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(resp. B) be an automaton recognizing K (resp. L). We build a synchronous
automaton A ® B as follows:

- its states are the pairs of states of .4 and of states of B,

+ {p,q) is initial if both p and g are initial,

+ {(p,q) is accepting if both p and g are accepting, and

transitions follow these rules:

p—">p'€/l q—b>q’€B
waolh @,gyedes
ge B

. i—L v, e ARB

p—“>p'€/l peA q—b>q’€B

and

0D pqye A0 B

By construction, for any u € I'* and v € L, there is an accepting path in
A ® Blabelled by u® v iff u € Kand v € L. O

As often in automata theory, the pumping lemma provides a useful tool to
prove non-regularity, or rather here non-automaticity. For instance, the suffix
relation is not automatic: otherwise, using the pumping lemma on 4" ® b"a"
for some sufficiently big 7 € N would imply that a™** @ b"**a" € (< 4)® for

some k € N_,. Similarly, the subword relation < is also not automatic.?!

subw

Another useful tool to prove non-automaticity is the following one. Given
I C [1, k], we say that a k-ary relation ® C X.] X --- X X} is [-locally finite if
for every (w;)ic € II,.; X/, there are only finitely many (w;);¢ € H]. g I St
(wq, ..., wi) € R.22 Note that every k-ary relation is trivially [1,k]-locally
finite.

Proposition VIL.1.8 (See e.g. [KNRS07, Proposition 3.1]).23:24 Let R C
Y] X -+ X X[ be [-locally finite. If R is automatic, then there exists a constant
n € N s.t. for every (wy, ..., wy) € R,

max |w]-| —max |w;| < n.
jel il

For instance, consider the ternary relation of concatenation, consisting
of all triples (u, v, w) s.t. uv = w, where u,v,w € L*. Then this relation
is {3}-locally finite, and so by Proposition VIL1.8, there exists n € N s.t.
for all u,v € X%, [uv| < max (|u|,|v]) + n. This is trivially false, and hence,
concatenation is not automatic.

Despite being somewhat expressive, automatic relations retain some decid-

ability properties.

Proposition VII.1.9 ([BHLLN19, Theorem 1], see also [BGLZ22, Corollary
2.9]).25 The REC-MEMBERSHIP PROBLEM FOR AUTOMATIC RELATIONS is PSpace-

complete.

On the other hand, the associated SEPARATION PROBLEM remains open.

This part of this thesis is mostly motivated by this problem.

Open Problem VII.1.10. Is the REC-SEPARABILITY PROBLEM FOR AUTOMATIC
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21 Recall that this relation is defined
by, for all u,v € X*, u <ypw v iff
there exists j; < jo < .. < jj St
u; = vj, for all i € [1,]ul]l: in other
words, u can be obtained from v by
removing letters.

22 Note that this is one of the very
few statements that we spell out for
k-ary relation since its generalization
from binary to k-ary relations is not
entirely trivial.

23 [KNRS07] attributes this proposi-
tion to older work by Khoussainov,
Nerode and Blumensath, but we
failed to verify this claim.

24 By convention max @ = —oo, and
so in the case of I = [[1, k], this state-
ment is trivially valid.

5 Decidability, first in 3ExpTime and
then in 2ExpTime was already known
in the 1970s as a consequence of
Proposition VII.1.13. An ExpTime up-
per bound was incorrectly claimed in
[CCGO6, Table 1], and proved wrong
in [LS19, § 4.1]. Loding and Spinrath
noticed that the previous algorithm
was actually working in 2ExpTime,
and improved the bound to ExpTime
for binary relations in [LS19, Corol-
lary 22].
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RELATIONS decidable?

This problem goes back at least to 2006, when Choffrut and Grigorieft
solved a special subcase of commutative relations. While the general problem
is not explicitly mentioned in their paper, the question is rather obvious given
their contribution the and formulation of the result: they show that given two
rational relations of " X N™, whether they are separable by a recognizable
relation is decidable [CG06, Theorem 1]. Note that relations X C Z* X N
are in natural bijection with the relations ®’ € L* X I'* where I is an alphabet
with m letters, satisfying the property that for each u € Z* and v € T'", for
any permutation v’ of the letters of v, we have (u,v) € R’ iff (u,v’) € R’.

Closure under morphisms. We say that a monoid morphism f: I'* — L* is
length-multiplying when |f(a)| = |f(D)| for alla,b € T.

Proposition VIL.1.11. Automatic relations are closed under direct images
26

and preimages of length-multiplying morphisms.
Proof. Any length-multiplying morphism f: I’ — X" induces a monoid
morphism f: ([4)* — (Z2)" by letting f (Z) = (;EZ; ) Then for any relation,
(FIRD® = fIR®] and (f1[R])® = f ![R®]. The conclusion follows from
the fact that regular languages are closed under direct images and preimages

of monoid morphisms. O

This is false for arbitrary monoid morphisms. For instance, {{(0",1") | n €
N} is automatic, but its image by the monoid morphism f: 2* — 2" defined
by f(0) = 0and f(1) £ 11is {(0",12"y | n € N} which s clearly not automatic.
Similarly, its preimage by the same morphism is {(0?",1") | n € N} which is
not automatic either, by symmetry.

We will see more properties of automatic relations—or rather of automatic

structures—in Sections VII.2 and VIL3.

VIL.1.4 Rational Relations

Rational relations are perhaps the most natural class of finite-word relations:
they are defined similarly to automatic relations, except that the automaton
used to defined them has one head per tape, and can move each head inde-
pendently of one another—however each head can only move from left to
right. For the sake of convenience, we assume that the automaton can move
multiple heads at every step. This can be formalized as follows.

A multitape automaton over I', ¥ can be syntactically defined as a classical
automaton over I ® £.27 We thenlet 7;: T® L)' » I and r,: T®Z)* —
L be the monoid morphisms defined by

a ifx=aeT, b ify=bekL,

n1(§)£ e ifx=_, and nz(j) e ify=_,

1>
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26 For the notion of “direct image”
and “preimage” to make sense, we
need the input and output alphabets
to be equal.

Figure VIIL.4: 2 motifs, transitional
system I(a) - I(a), M. C. Escher, © The
M.C. Escher Company.

2’ They share the syntax as syn-
chronous automata, however be reas-
sured: their semantics will differ!


https://mcescher.com/gallery/symmetry/#iLightbox[gallery_image_1]/57
https://mcescher.com/gallery/symmetry/#iLightbox[gallery_image_1]/57
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for all (;) € I'® L. Then 7,4 = 711 X 71, defines a monoid morphism from
(F'®X)" toI'" X X7, that reads both tapes one after the other, while ignoring
padding symbols. For instance:

a_b_a_c_\ —
nword( i ) = {abac, aabbaacc).

The semantics of the multitape automaton can be defined as the image by
Tlyord Of its semantics when seen as a classical automaton.??
We say that a relation X C I'* X L* is rational if it is recognized by a
multitape automaton, or equivalently if it is the image by .4 of a regular

language over I'® X. The class of all rational relations is denoted by RAT.
(z)foraeX Yforae X

fj(b
& g )foraezé H<

For instance, the suffix relation is rational: see Figure VII.5. Slmllarly, the
subword relation <, is rational: the idea behind the automaton recognizing
it is that, when reading an a on the first tape, it will only move its second
head right, until it reads an a; it then reads the next letter on the first tape
and iterates this process, see Figure VIL5.

Alternative definitions exist, but yield an equivalent definition of rational
relations. For instance, in [CCGO06, Definition 2.1], the multitape automaton
are defined analogously (under the name “k-tape automaton”) except that the
alphabet is not ' ® X but (I' x {_}) U ({-

only move one head at a time. Of course, this makes little difference: we can

} X X). In other words, their model can

simulate an (Z)-transition in our model by two transitions labelled by (?)
and () in their model, at the cost of adding a new state. Moreover, rational

relations can be equally characterized as the rational subsets of I'* X ©*.2°

Undecidability. While emptiness and finiteness of rational relations are
decidable—see e.g. [Ber79, § III, Proposition 8.2]—unfortunately rational
relations are maybe too expressive: most other decision problems on them are
undecidable, including intersection non-emptiness, inclusion, equivalence,
universality, co-finiteness and the RAT/REC-MEMBERSHIP PROBLEM, see [Ber79,

§ III, Theorem 8.4].3°

Closure properties. More or less by construction, the class is closed under
union. However, it is not closed under intersection (see e.g. [Ber79, § III,
Example 2.5]), and hence, it is also not closed complementation.3! We will see
later that this has some interesting consequences, such as the undecidability of
the intersection non-emptiness problem (Example VII.1.14). The class is also

closed under concatenation, Kleene closure and reversal [FR68, § 3, Table I].
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28 These automata are often sim-
ply called “k-tape automata”. They
are sometimes referred to as “asyn-
chronous automata”, e.g. in [CL11,
§ 3] or [Pel97, § 3.1.2.2, p. 88]. We do
not use this terminology following a
suggestion of Anca Muscholl to avoid
the confusion with Zielonka’s “asyn-
chronous automata” used in concur-
rency [Zie87, § 4].

Figure VIL5:
for the suffix relation <y (left-hand

Multitape automata

side) and for the subword relation
<qbw When X = {a,b} (right-hand
side).

2 Meaning the smallest collection
of subsets of I'* X X* containing the
empty set, all singletons, closed un-
der union, concatenation and Kleene
star, see e.g. [Ber79, § 111.2, Defini-
tion].

30 All these results essentially follow
from an encoding of Post Correspon-
dence Problem into rational relations.

31 Indeed, closure under union and
complementation implies closure un-
der intersection, using De Morgan’s
law.
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VIL1.5 Deterministic Rational Relations

Because of the undecidability results above, a subclass of rational relations
was introduced: deterministic rational relations. We will see that, while still
strictly extending the class of automatic relations, its equivalence problem is
decidable.

Note that the automaton of Figure VIL5 is deterministic as a classical
automaton. However, we claim that it should not be considered to be “de-
terministic” as a multitape automaton. For instance, assume that we are
running this automaton over the pair {(aab, ababaab), and that we started
reading the sequence (7), (), while staying in the initial state. Should we
take the () and stay in the initial state, or take the transition (%) and go to
final state? In the first case, we can obtain an accepting run, but in the second

case we cannot. In other word, assuming that u < v, we need to guess

subw
when we’ve reached the suffix of v corresponding to u, and this is a source
of non-determinism. Observe that the automaton for <, of Figure VIL5 is
deterministic as a classical automaton because (7 ) and (%) are distinct letters
of I'® L, although in the multitape setting, both pairs can be simultaneously
admissible. In other words, the lack of injectivity of the function 7,4 creates
another source of non-determinism. This motivates an alternative definition
for determinism.
Hence, we say that a k-ary multitape automaton over X, ..., L is deter-
ministic when:
1. it has a unique initial state,
2. for any state g, for any 7 € X1 ® --- ® Xy, there is at most one outgoing
transition from ¢ labelled by 4, and
3. there exists a partition (Qp)pey, (i) ©of its states s.t. for every H €
P, ([1, k), for every g € Qp, every outgoing transition from g can only
be labelled by elements of the forma € £; ® --- ® X, with a;, € L), for
everyh € Hand a, = _forevery h ¢ H.
In other words, we ask for classical determinism to hold, but moreover we
need to know a priori, at each state, which set of heads we will be moving
at the next step. For instance, in Figure VIL5, the automaton for <, is
deterministic, but the automaton for < ¢ is not: its initial state has outgoing
transitions from both X X X and from {_} X X.

Claim VIL.1.12. Let A be a k-ary deterministic multitape automaton over
X, , Ly Forany (wy, ..., wy) € X X --- L/, for any state g of .4, there exists
at most one run of .4 starting at g labelled by a word w € (£; ® -+ ® X})" s.L.

nword(w) = (wl, ,wk>.32 320n the other hand, observe that
. . L . . . classical determinism only ensures at
We say that a relation X C I'* X L.* is deterministic rational if the relation Y

most onerunforeachw € (X1 ® - ®
Z)*, and not for each (wy, ..., wy) €

{u<,v<) | (u,v) € R} TOX - B

is recognized by a deterministic multitape automaton, where < is a new
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symbol. We denote by DRAT the class of all deterministic rational relations.

For instance, starting from Figure VIL5, it is easy to build a deterministic
multitape automaton for {(u<, v<l) | u <y, v}, proving that the subword
relation is deterministic rational. The motivation behind this somewhat
strange definition is that, this way, deterministic rational relations generalize

automatic relations.

Proposition VII.1.13. Every automatic relation is deterministic rational.

Proof sketch. Start from a synchronous automaton .4 recognizing R: w.lo.g.
it can be assumed to be deterministic, when seen as a classical automaton.
However, when seen as a multitape automaton, some non-determinism re-
mains: for instance some state can have outgoing transitions labelled both by
(%) and (7). To fix this, we build a multitape automaton A’ by triplicating the
states: each original state q yields a state q; for H € P_([1, 2]]). Transitions

are built using the following rules:
p 1’—l> ge A

P2 L), G2 €A

p&qe/l pﬁl)qeﬂ

P2 L2), gy € A’ Py L), gy € A’
) )

p—q>qe/l and p:qe/l ‘

P2 L), Goy € A’ Py — gy € A’

We also add to A’ a single new state g, and for every accepting state p of
A, we add a transition from py (H € P, ([1, k])) to g labelled by the unique
tuple having < at every index h € H, and - at every other index. g, is the
unique accepting state of .A’, and moreover py; jj is the unique initial state
of A’, where p is the initial state of 4. See Figure VIL6 for an example.

By construction, A’ is a deterministic multitape automaton. Using the fact
that .4 is synchronous, it can be shown that if R is the relation recognized
by A, then A’ precisely recognizes {(u<,v<) | (u,v) € R}. And hence, X is

deterministic rational. O

Observe how the addition of the end-of-tape symbols is crucial for the
multitape automaton of the previous proof to be deterministic. For instance,
while the prefix relation is deterministic rational, it can be shown that <,
cannot be recognized by a deterministic multitape automaton.

Clearly, the automaton for < 4 of Figure VIL5 is not deterministic. But in
fact, we can prove a stronger result: < 4 is not even deterministic rational.33
However, the next example shows that deterministic rational relations are

still quite expressive, leading to some undecidability results.
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*’OD(Z)&"”EZ

(j)foraez

Q;)(;)foraez

(2)forae X

O

Figure VIL.6:  Construction of the

proof of Proposition VII.1.13 applied
to the deterministic multitape au-
tomaton built from the synchronous
automaton of Figure VII.2 recogniz-
ing the prefix relation.

33 This can be shown by using e.g.
[Sak09, Lemma IV.5.15] on the pair
of words (a"b<1, a"1ba"b<1) (n € N).
We remark that there is a typo in the
statement of [Sak09, Lemma IV.5.15]
and that “|(f, g)| = 0” should be re-

placed by “|(f, )l > 0”.
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Example VII.1.14 (Post Correspondence Problem (PCP) [RS59, Theorem 18]).
Deterministic multitape automata are actually quite expressive: given an
instance (uy, ..., Uy, Uy, .., V) € (Z*)% of PCP34, we can define a relation R,
that essentially encodes the function i - u;, and a relation X, that encodes
i — v;, and show that their Kleene stars (®,,)* and (X,)* are deterministic
rational. By construction, any element in the intersection of (X,,)* and (X,)"
exactly corresponds to a solution of PCP. It follows that the intersection
non-emptiness problem for deterministic rational relations, taking two such

relations and asking if their intersection is non-empty, is undecidable. &

Surprisingly, while the inclusion problem for deterministic multitape au-
tomata is undecidable [FR68], Harju and Karhumaki proved in 1991 that their
equivalence problem is decidable [HK91, Theorem 3.11].%

While the class is closed under complementation, it is in fact neither closed
under union, intersection [RS59, Theorem 17], concatenation, Kleene closure
nor reversal [FR68, Table 1].

Lastly, the DRAT/REC-MEMBERSHIP PROBLEM is decidable. There is a double-
exponential time algorithm for binary relations given by Valiant [Val75],
improving Stearns’s triple-exponential bound [Ste67]. The decidability result
was later extended to relations of arbitrary arity by Carton, Choffrut and
Grigorieff [CCG06, Theorem 3.7].

VIL.1.6 Restricted Head Movements

Observe that synchronous automata can be seen as multitape automata with
a restriction on the head movements: at each step, all heads must move. This
motivates the following generalization, introduced by Figueira and Libkin in
[FL15].

Given a word w € (X1 ® -+~ ® )", we define 7, (w) € P ([1, k])* to be
the word whose i-th letter is the set of tape indices on which w; is distinct

from _. For instance,
ntape(@;’i},ﬁ;ﬁg) =1{1,2}-{2}-{1,2} - {2} - {1, 2} - {2} - {1, 2} - {2}.

Note that neither 71, nor 7,4 are injective, but putting both information

together

(Z1®®Ly) —

w (g

(E] X o X T x P ([, k)"

<nword (ZU), Tltape (ZU))

yield an injective map. The word 7, (w) describes, starting from 7t,,,4(w),
which head movements have to be done to obtain a word of (£ ® --- X;)",
which represent possible runs of a multitape automaton.3°

Given a regular language T over the alphabet P_([1, k]), a T-multitape
automaton is a multitape automaton over X4, ..., £; whose semantics is re-
stricted in the following way: a tuple (uy, ..., 1) € L] X --- X X[ is accepted if

there exists w € (X1 ® --- @ Ey)* s.t. Tyrq(W) = Uy, .., Uy) and T, (w) € T.
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34 Recall that this undecidable prob-
lem asks if there exists n € N and a
sequence of (possibly repeating) in-
dices iy, ..., i, € [1,k] s.t.

ul. Uy

3 i =0

i 0; .
n I !

n

35 Back then, this was one of the
most prominent open questions in
the field: recall that this model was
introduced more than thirty years be-
fore by Rabin and Scott [RS59].

36 The information Ttiape is NOt unlike
what is called “origin information”
for transducers [Boj14].
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Binary synchronous automata exactly correspond to T, .-multitape au-
2 {1,2) - ({1} + {2}):37 we start by moving both heads

synchronously, and then only of them—and we stick to the choice we made.

tomaton when Ty,
Similarly, it can be shown that for T,.. = {1}* - {2}", then T,,.-multitape au-
tomaton exactly recognize recognizable relation [FL15, Proposition 1]. Both
P (1, kI)*-and {{i} | i € [1, k]]}*-multitape automata exactly recognize all
rational relations—corresponding to the models where we allow any set of
heads to move at a given time, or where we only want a single head to move
at each time, respectively.

A T-controlled relation is any relation that can be recognized by a T-
multitape automata.3® The central question around this notion is to character-
ize the expressiveness of T-multitape automata. [FL15, Theorem 1] provides
characterizations of T s.f. all T-controlled relations are recognizable (resp.
automatic), and this characterization is actually effective [FL15, Corollary 3].
Descotte, Figueira and Puppis showed that given regular languages T and T,
it is decidable if T;-controlled relations exactly correspond to T,-controlled
relations for binary relations (i.e. assuming k = 2) [DFP18, Main Theorem)].
Their algorithm fails to capture the general case, and the decidability of this
problem is still open for relations of arbitrary arity [DFP18, § 9].

Open Problem VIIL.1.15. Given k € N, given regular languages T; and
T, over [1, k], can we decide if T;-controlled relations exactly correspond to

T,-controlled relations?

Similarly, Descotte, Figueira and Figueira showed that given a regular
language T, it is decidable whether the class of T-controlled relations is closed
under intersection, complement, concatenation, Kleene star and projection
[DFF19, Theorem, p. 2] but the problem remains open for relation of higher
arity [DFF19, § 6].

VIL1.7 And All Other Multitape Automata

“Regular prefix relations”, also known as “special relations”, are a subclass of
automatic relations introduced in 1984 that admits a nice logical characteriza-
tion [Cho06, § “19847].

Right-automatic relations can be defined analogously to automatic relations
by putting padding symbol at the beginning of the words instead of at the end.
The prefix relation is automatic but not right-automatic, and dually the suffix
relation is right-automatic but not automatic. Hence, this class is orthogonal
to the class of automatic relations, and shares all its closure properties and
decidability results.

Multitape automaton have been extended to “two-way multitape automata”
by allowing heads to move both ways by Rabin and Scott [RS59, § 12]. Simi-
larly to what we did in the definition of deterministic rational relations, not
only do we add an end marker < at the end of words, but also a beginning

marker > at their beginning. We do not provide a formal definition but only
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37 In the expression above {1,2} de-
notes a single letter!

3 This notion was introduced in
[FL15, § 3]. In fact, the authors
only allow one head to move at each
step, i.e. T is a regular language over
[1, k] and not over P, ([1,k]) as de-
fined here. However both models are
clearly equivalent: up to duplicating
the states of the automaton, we can
simulate the movement of multiple
heads by moving one head at a time.
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an example in Figure VIL.7.

The resulting model, namely two-way rational relations contains the class
of rational relations. In fact, this model is closed under union and intersection:
since rational relations are not closed under intersection, it follows that two-
way rational relations are strictly more expressive than them [RS59, § 12].

Of course, since equivalence is already undecidable on rational relations, it
is also undecidable for this class.

It also makes sense to look at their deterministic models: informally, in a
given state, we should not only know on which tapes we will read non-blank
symbols, but also what head movements we will operate. This gives rise to
the notion of deterministic two-way multitape automata. This model is in fact
remarkably expressive: given two deterministic rational relations R; and
R,, it is possible to describe their intersection ; N X, by a deterministic
two-way multitape automaton: the idea is to first simulate the first automaton
from left to right, then, when reaching the end markers, to go back to the
beginning of the tapes, and then simulate the second automaton from left to
right. Since the intersection non-emptiness problem of deterministic rational
relations is undecidable (see Example VII.1.14), it follows that non-emptiness
of deterministic two-way rational relations—i.e. relations recognized by deter-
ministic two-way multitape automata—is undecidable [RS59, Theorem 19].
It follows that both the inclusion problem and the equivalence problem are
undecidable: this class is simply too expressive.

Generalizing the construction above for the intersection, shows that both
deterministic two-way rational relations and two-way rational relations are
closed under union and intersection.’

Deterministic two-way rational relations are closed under complement*’
We believe two-way rational relations are not be closed under complement,
and that the proof is similar to rational relations; nonetheless, we could not
find any formal reference to back this claim. Neither model are closed under
composition [CES17, Theorem 5].

Two-way multitape automata where the two-wayness is restricted to mov-
ing all heads simultaneously back to the beginning of the words are known
as “rewind automaton”, and were introduced by Rosenberg in 1965, see e.g.
[Cha80, § 4]. Alternating two-way two-tape automata have been introduced
and studied by Carton, Exibard and Serre who showed that this class is not

closed under complementation [CES17, Theorem 1].

VIL1.8 The Surprisingly Strange World of Transducers

Recall that, by construction, multitape automata have access to a pair of
words (1, v) and then can decide whether this pair should be accepted or not.
Transducers differ in that they have access to u# and can potentially produce,
from u, the word v.

Formally, non-deterministic one-way transducers, or transducers for short,
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Figure VIL7: A “two-way multitape
automaton” for the relation

u,u-u"y |ueXlt

where u" denotes the reverse of
u. Arrows in the transitions of the
machine represent how the heads
should move: for instance, (T)
means that the first head should
move left and the second one should

stay in place.

3 The closure under union of deter-
ministic two-way rational relations is
slightly less immediate, see [CES17,
Lemma 4] for more details.

40 This can be proven like for classical
deterministic automata, by simply
complementing the set of accepting
states. This construction also works
for deterministic one-way rational re-
lations [RS59, Theorem 17]. How-
ever, in the case of two-way automa-
ton, we need to first assure that the
automaton does not reject by loop-
ing forever: as mentioned in [CES17,
Lemma 4] this can be dealt with us-
ing Sipser’s trick [Sip80, Theorem 1].
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TWO-WAY
RATIONAL
—incl - —equiv
P N
DETERMINISTIC

RATIONAL TWO-WAY RATIONAL

—bool - —incl - —equiv bool - =incl - —equiv

G o
DETERMINISTIC
RATIONAL

—bool - =incl - equiv

e N

AUTOMATIC RIGHT-AUTOMATIC
bool - incl - equiv bool - incl - equiv
RECOGNIZABLE
bool - incl - equiv

are defined as multitape automata, but their transition relation is a subset of

Q x Tuleg x X x Q.

—— ~—— — —
source state  input alphabet output word  target state

We will also assume that the input word has markers at its extremities. This
model is quite clearly equivalent to the one of multitape automata, and so
transductions actually correspond to rational relations.*!

However, because we think of transducers and multitape automata dif-
ferently, the notion of deterministic transducer differs from the one of de-
terministic multitape automata: recall that the latter model has access to
both the input and output, and so we say that it is deterministic when its
behaviour it uniquely guided by both the input and the output. However, we
say that a transducer is deterministic when its transition relation can actually

be described by a partial function

Q x r - Q x
sou;é:tate

R ——

input alphabet target state  output word

Hence, by construction, a deterministic transducer recognizes a partial func-
tion from I'* to . Note however that the deterministic multitape automaton
of Figure VIL5 recognizes the subword relation, which is not functional. And
hence, deterministic transducers are strictly less expressive than deterministic
multitape automaton. But in fact we can prove a strictly stronger result: there
are functional relations that can be recognized by a deterministic rational but
that are not a deterministic transduction—i.e. recognizable by a deterministic

one-way transducer. For instance, consider the function, where ¥ = {a, b, c},
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Figure VIL.8: The hierarchy of ratio-
nal relations. Arrows denote strict in-
clusions between classes of relations.
Predicates bool, incl and equiv indi-
cate whether the class is closed un-
der Boolean operators, has decidable
inclusion problem and equivalence
problem, respectively.

41 This is to ensure this equivalence
that we allow a transducer to produce
an output on ¢. This feature is usu-
ally not allowed is most definitions
of transducers.
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2D A T
a-b"-c > c-b"-a (neN)
a-b"-a — a-b"-a “

In fact, this relation is even automatic! A synchronous automaton can simply
use two states to remember if the first pair it reads is (£) or (%), in which
case it will know if it should expect to read () or (#) at the end of the word.
On the other hand, a deterministic one-way transducer only has access to
the input word, and while reading the first 4, it has no choice but to non-
deterministically guess if it should produce a ‘c’ or an ‘a’.4?

The same complication happens for two-wayness: a two-way transducer
can move both left and right on its input tape, but not on the output, since
the output is produced and not read. We call two-way transductions and
deterministic two-way transductions the relations recognized by two-way
transducers and deterministic two-way tranducers, respecitvely.

Deterministic two-way transductions are actually widely known as reg-
ular functions, and have been extensively studied in the past decade. They
admit several characterizations, in the frameworks of multitape automata,
transducers, logic, ete.B

Remarkably, the intersection of the classes of functional relations and of
two-way transductions collapses exactly to the class of all regular functions
[EHO1, Theorem 22, p. 243]. In other words non-determinism does not in-
crease the expressiveness of two-way multitape automata, when restricted to
functional relations. As a consequence, the hierarchy of functional relations is
surprisingly more linearly ordered than expected, as depicted in Figure VIL9.

Note however that the equivalence problem remains undecidable for (non-
functional) two-way transductions because the class includes all rational
relations. However, the problem becomes decidable—and even PSpace—when
one wants to check “origin equivalence”, which is a restricted form of equiv-
alence: informally not only we want the transducers to describe the same
relation, but we also require for the outputs to be produced in the same way
[BMPP18, Theorem 1].44

The equivalence problem of regular functions was shown to be decidable by
Gurari [Gur82, Theorem 1]. Note that for the subclass of functional rational
relations, this result was proven one decade earlier, by Schiitzenberger in
1975—see e.g. [Ber79, Corollary IV.1.3].

Polyregular functions. Regular functions all have a linear growth, in the
sense that if (u, v) belongs to the relation, then |v| < k - [u| for some constant
k.*> This model has been generalized to polyregular functions—which have
polynomial growth—see [Boj22] for a recent survey: one way of defining
this class of functions is by allowing transducers to put and move a bounded
number of pebbles on the input word. A typical example of polyregular
function that is not regular is the squaring function, which takes a word u and

maps it to the concatenation u™ of 1 as many times as there are letters in the
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42 One can prove formally that this
function is not recognizable by a de-
terministic one-way transducer by
using [Sak09, Theorem V.4.2] since
f is clearly not Lipschitz for the pre-
fix distance.

43See [Boj22, 4th Paragraph] for
pointers.

4 This “origin information” is not un-
like the function 7,,. introduced
earlier for multitape automata.

4 In the case of one-way determin-
istic transductions, this follows from
[Sak09, Theorem V.4.2].
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FUNCTIONAL TWO-WAY Figure VI1.9: The hierarchy of func-
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word. Since this function has quadratic growth, it cannot be regular, but it
can easily be recognized by a deterministic two-way transducer with a single
pebble, that puts a pebble on the first position, outputs the input word, moves
the pebble one position to the right, and iterate this process until the pebble
reaches the end of the word. However, the decidability of the equivalence
problem for this class remains widely open [Boj22, § 8].

We represent the hierarchy in Figure VIL.9. Note that some classes are
defined semantically and admit no machine characterization: for instance, the
class of “two-way rational relations” is the intersection of functional relations
with two-way rational relations. Given a two-way rational relation, it is unde-
cidable whether the relation it recognizes is functional.® We refer the reader
to Gauwin’s habilitation [Gau20], and in particular to the splendid [Gau20,
Figure 2.1, p. 16]*” for a clickable taxonomy of word-to-word transducers,
and references towards decidability of their membership problem. See also
Douéneau’s Ph.D. thesis [Dou23, § 1] for variations on transducers models.
Lastly, let us note that most classes of relations usually become quite “simple”
when restricted to a unary alphabet, see e.g. [CG14, Theorem 1] for a simple
characterization of deterministic two-way rational relations over a unary
alphabet.

VIL2 A Logical Excursion

VIL2.1 First-Order Interpretation

A major construction in logic is to restrict the scope of the class of models—
thereafter called “universe”. Formally, given a universe ¢/ and a class of queries

Q48 given a subclass V of U, we can consider the restriction
Oy £{pNV | ¢ € 0}

For instance, letting 2/ be the class of all o-structures and O be the set of all first-
order sentences over g, by taking V to be the set of all finite o-structures, then
9|y, precisely corresponds to the first-order sentences over finite structures.
For instance, the class of all finite o-structures belongs to 9|, but not to Q.
However, this construction does not preserve any reasonable property
on O, since V is an arbitrary subclass of &. The idea behind first-order
interpretation is precisely to circumvent this problem, by interpreting a class
of structures inside another one by using first-order logic, allowing this way
to preserve some properties.
Let 0 and 7 be relational signatures. A d-dimensional first-order interpreta-
tion J consists of the following tuple of first-order formulas over o:
« dom,(x%, ..., x%) (specifying the domain)
o =, o xh), Y, ., yP)) (specifying equality)
. Jej((x%, ,x‘li), . (x,%, ,xz)) for any predicate X € 7 of arity k,

such that =; defines an equivalence relation on the domain of J.
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46 This can be proven by reduction
from the inclusion of functional two-
way rational relation since a function
f is included in another function g iff
f Ugis functional and the domain of
f isincluded in the domain of g. This
reduction works for any class that is
effectively closed under union.

47 Note however that arrows are re-
versed compared to Figure VIL8.

48 Recall that we see queries here in a
purely semantical way: it is nothing
but a subclass of (.
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Given a o-structure A, the J-interpretation of A is the 7-structure denoted
by J(A) defined as follows:*’
« its domain is the quotient of {7 € A4 | A,a F dom(X)} by the equivalence
relation {(@,b) | A,a,bE =,(%,7)},
« for any predicate R € 7, we have

k
R (T(A)) = {<5c1, B | Fre e TG N F = 5 A Re G, e yk)}.
i=1

For instance, letting 0 = 7 be the graph signature, consider the one-dimensional
interpretation J where:

+ the domain formula keeps all vertices,

« the equality formula is proper equality,

« the formula for the edge predicate puts two variables x and y in relation if
either there is an edge from x to y, or if x has no successor and y has no
predecessor.

Then, the J-interpretation of a directed path is a cycle, see Figure VIL10.
The idea behind first-order interpretation is that first-order formulas about

the interpretation J(A) can be translated into first-order formulas over A.

Formally, given a first-order formula ¢(xy, ..., x;) over 7, we can define a

first-order formula ¢” (%, ..., X;) over ¢ defined inductively by:

« replacing each variable x by a d-tuple X,

« replacing every occurrence of R(xy, ..., X;) (with R € 7) by the formula

k

. .. 3%, ( /\xi =, x;) ARy (%, ., 7,
i=1

« relativizing quantification with respect to dom,, meaning that

@x. ¢(x))? 2 Ix. dom, (%) A ¢” (%), and
(Vx.p(x))? 2 ¥x. dom, (%) = ¢” (%).

Proposition VIL.2.1. For any first-order formula ¢(xy, ..., x;) over 7, for any

pointed o-structure (A, dy, ..., @), we have:
(TA), (@], (3] E dxy, o ) iff (A, aq, e, G E Q7 (Ry, o, Xp)-

And so, in particular, if C is a class of structures, then model checking (resp.
satisfiability, resp. validity) over the class J(C) can be reduced to the same
problem over C.

Typical examples of one-dimensional interpretations include restricting a
structure to a first-order definable subset, or taking the complement—that is,

swapping hyperedges and non-hyperedges.

Example VII.2.2. We consider a 2-dimensional interpretation that we call

“box product”. Let 0 and 7 be the graph signature. We define a two-dimensional
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4 For the sake of readability, we use
a or X to denote d-tuples of elements
of A and d-tuples of variables, respec-
tively.

O—>0—0 O0—>0—0
Figure VII.10: A directed path (left)
and its interpretation by J (right),
that adds an edge from any vertex
with no successor to any vertex with

no predecessor.

O—0—0

[ T 1

O0—0—0
Figure VIL.11: Interpretation of the
directed path of Figure VII.10 by the

“box product interpretation”.



interpretation J with trivial domain and equality®® and we put an edge from
(x!,x2) to (y!,y?) if either there is an edge from x! to y' and x? = 2, or
if x! = y! and there is an edge from x? to y?. Then the interpretation of a
directed path is a directed grid, see Figure VII.11. <&

An interpretation is said to be injective if the equality formula is the proper
tuple-equality. Note that each interpretation J can be transformed into an
injective interpretation J s.t. for any totally ordered structure A—meaning
that there is a binary predicate in the signature that is interpreted as a total
order in A, then J(A) and J(A) are isomorphic: for this, it suffices to encode
any equivalence class in A by its minimal element—for more details, see
Proposition VIL.3.2.

We say that A is first-order interpretable in B if there exists a first-order
interpretation J s.t. J(A) is isomorphic to B. We say that two structures are
first-order equivalent if they are first-order interpretable in one another. Two
structures that are isomorphic are clearly first-order equivalent. Moreover,
if a k-ary relation X is first-order definable in a g-structure A, then A is
first-order equivalent to the structure A to which we add a new k-ary predi-
cate interpreted as K. For instance, (N, +) and (N, +, <,0,1) are first-order

equivalent.

VIL.2.2  First-Order Reduction and First-Order Model Checking

As we have seen, first-order interpretations preserve logical properties of
classes of structures. In this part, we show that most complexity classes are
closed under this construction.

We define a first-order reductions to be an injective first-order interpreta-
tion.”! Complexity classes are defined in terms of decision problems, namely
languages L C 27, rather than as classes of structures. However, it is known
that:

« any language L C 2" can be seen as a class of structures over the signature
of binary strings;

« for any relational signature o, there is an encoding of finite o-structures as
alanguage L C 27, i.e. as a class of structure over the signature of binary
strings—see e.g. [Imm98, § 2.2].

Importantly, these encodings between o-structures and structures over the

signature of binary strings are both first-order reductions. It follows that

there is a first-order reduction between two classes of structures iff there is a

first-order reduction between their encodings as languages. Overall, it implies

that first-order reductions are proper reductions in the complexity-theoretic
sense. We will see that first-order logic actually lives in the lowest levels of
the hierarchy of complexity classes.

We denote by FO'™ the class of all problems over finite structures that are
first-order definable.>?

Proposition VIL.2.3 (Folklore). FOf" C L.
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50 Meaning formally that
domj(xl,xz) £ T, and

and :j(<x1/x2>/ <y1/y2>) is the for-
mula x! = yl Ax2 = yz_

51 The
interpretations” is usually employed

terminology “FO-

in automata theory and graph
theory, while “FO-reduction” is
used in complexity theory—see e.g.
[Imm98, Definition 2.11 & Definition
1.26]—however there is no good
reason to distinguish these two
notions.

52We can either assume the signa-
ture to be fixed, or to be part of the
input.
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Proof sketch. The naive recursive algorithm, recursing over the first-order
formula, works in logarithmic space: it suffices to keep one pointer to the
structure for every variable of the formula, but since this formula is fixed, we

only require a constant number of pointers. O

Moreover, L-hardness is usually defined using first-order reductions. When
the signature is sufficiently expressive, namely when it is able to express basic
arithmetic [Imm98, Proviso 1.14], Immerman showed that FO™ corresponds
to the circuit-class AC’, and also to the whole logarithmic-time hierarchy
[Imm98, Corollary 5.32].

VIL2.3 A Model-Theoretic Perspective on Automatic Relations

Given an alphabet X, we define on X*:

« aunary relation /, indicating that the last letter of a word is a,

« abinary relation =, indicating that two words have the same length,

+ a binary relation <, indicating that a word is a prefix of another.

We denote by 037" the signature ({I,)cx, ®ien, <pref>53 and by L* the o3¥¢-

structure over ©* where the predicates are interpreted as above.>*

Proposition VII.2.4 ([EES69, Theorems 1 & 2]). If X has at least two letters,
then a relation over ©* is automatic iff it is first-order definable in £*.>
Proof. @ From logic to automata. This implication is easy: it suffices to

observe first that each relation [, =, and <__.¢ is automatic, and then to use

re
the fact that automatic relations are closedpunder Boolean operations and
quantification. This last point can be proven using a powerset construction
on the automaton.

@ From automata to logic. The converse implication is less straightforward.
It was originally proven by Eilenberg, Elgot and Shepherdson starting from a
rational expression, making the proof somewhat tedious. In [Cho06, § “19697],
Choffrut notes that “mimicking the automaton yields a much more intuitive
proof and can be reconstructed by a good PhD student”: we present here this
proof.

We start with an example: we want to build a first-order formula ¢ over
05" for the language (00), in the sense that for all u € 27,

25, u) e p(x) iff u e (00)".

For this, it suffices to guess a word v of the same length as u, which alternates
zeroes and ones, and then to check that the first letter v is distinct from its
last letter.

Given a synchronous automaton .4 recognizing R C (X*)¥, we want to
build a first-order formula ¢ 4 over o™ s.t. for all (uy, ..., 1) € (Z*)*:

Uy, e gy € RIE (X5 U, o k) E @ 4(q, 0, Xp).
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33 For the sake of simplicity, we abu-
sively use the same notations for the
predicates and their interpretations
in the signature.

54 This model is also denoted Sy, in
[BLSS03]. In this model I, is not a
unary predicate but a function that
adds an ‘a’ to the end of the word: of
course this makes no difference what-
soever since both models are first-
order equivalent.

5 When X has a single letter, then
the right-to-left implication holds,
but not the converse one. For in-
stance, it can be shown that (aa)*
is not first-order definable in {a}*
[EES69, § 9].


https://complexityzoo.net/Complexity_Zoo:A#ac0

The formula ¢ 4 is built as follows:

« for each state g of A, we guess a word v, € 2* s.t. the length of v, is the
maximal length of a word u; (i € [[1,k]), i.e. [ug ® -+~ @ uyl,

« we check that for each position i, there is exactly one state g s.t. the i-th
letter of (vq) is 1,

+ this way, the tuple of words (v, ), represents a potential run of A over A:
we then check that this indeed defines an accepting run of the automaton.

It is routine to check that all these properties can be written in first-order

logic using the predicates [,, =, and <_..;. Note in particular that this proof

pre
crucially relies on the fact that we can guess words in 2%, which is allowed
by the assumption that ¥ has size at least 2.°° Also, the formula ¢ 4 is of

polynomial size in the size of A. O

We want to highlight that Proposition VIL.2.4 can be extended for k = 0,
since the 0-ary relations are the subsets of @* = {¢}, and so there is exactly
two relations: {e} (identified with “true”) and @ (identified with “false”). Both
are first-order definable, and automatic: observe that synchronous automata
over @ either return “true” if they have an initial state that is accepting, and
otherwise they return “false”. 0-ary relations naturally arise because they
correspond to Boolean queries. For instance, assume that ¢(xq, x,,x3) is
a first-order formula over o3¥°: then Vx;. dx,. YV x3. p(x1, X, X3) is a first-
order sentence over 0y"‘. The proof of Proposition VIL.2.4 builds from a
synchronous (3-ary) automaton for ¢(xy, x,, x3) a triple-exponential-sized
synchronous (0-ary) automaton for ¥ x;. 3x,. ¥V x3. (x1, X5, X3).

Let us point out that the formula built from the automaton is of the form
3V *3* followed by a quantifier-free formula. It shows that first-order logic
over L* collapses to the ©.3 level. Figueira, Ramanathan and Weil proved that
this hierarchy does not collapse to a lower level [FRW19, Theorem 3], and

provide effective characterization of these lower levels [FRW19, Theorem 9].

Example VIL.2.5. Given an ordered alphabet X = {ay, ..., a,,} witha; < .. <

a,, we define the lexicographic order by u <., v iff when there is a prefix

lex
w both of u and of v, s.t. either w has the same length as u, or the letter
following w in u is strictly smaller than the letter following w in .

Note that this can be defined by a first-order formula over 03" since saying
that the letter following w in u is 2 amounts to guessing the smallest prefix
w’ of u that must strictly contain w as a prefix, and checking that w’ ends
with letter a. From Proposition VIL.2.4, it follows that the lexicographic order

is an automatic relation. &

Remark VII.2.6. We want to highlight that, in the case of unary relations,
Proposition VIL.2.4 shows that regular languages are exactly the first-order
definable sets of £* (if £ has at least two letters). This result contradicts in
no way the fact that regular languages exactly those definable in monadic
second-order logic, nor does it imply that monadic second-order logic col-

lapses to first-order logic. Indeed, in this last characterization, the models
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5 Indeed, we can then assume w.Lo.g.
that 2 C X, and then check in first-
order logic that a word v, € X actu-
ally belongs to 2*.
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are finite words, and its first-class citizens>’

are the positions in these words.
In the case of Proposition VIL.2.4, the model is fixed (namely X*), and its
first-class citizens are the finite words. In some sense, this logic is external to
finite words—the logic does not have access to the “inner workings” of the
words—, while monadic second-logic is internal as traditionally used. Overall,
Proposition VII.2.4 can be rephrased as the equivalence between external
first-order logic and internal monadic second-order logic.’® Said otherwise,
when going from FO over the structure L* to MSO over the structure of a
finite word, we gain one level of quantification via the logic, but we lose one

level of quantification via the change of model. <&

VIL.2.4 Logical Characterization of Other Classes of Relations

Benedikt, Libkin, Schwentick and Segoufin studied submodels of

L= <Z‘*l <lu>{1621 lens <pref>

in [BLSS03]. For instance, they show that by removing =y, the definable
sets are exactly the star-free regular languages [BLSS03, Corollary 3.7].
Adding a binary predicate for each regular language L, interpreted as

{(u, uv) | u,v € L*,v € L}, yields alogic called S,,,, whose definable relations

reg>
are exactly the “regular prefix relations”, also called “special relations” [BLSS03,
Corollary 3.22]. This class lives between recognizable relations and automatic

relations, see [Cho06, § “1984”].

VIL.3 Automatic Structures

VIL3.1 Definitions

Automatic structures are a subclass of all relational structures. While some of
them can be infinite, they are all finitely describable, by automata. We will
see that, this way, some problems on finite structures remain decidable on
this larger class of automatic structures.

This notion has a remarkably eventful history: it was introduced by Hodg-
son in his Ph.D. thesis in 1976 [Hod76]?, but the notion went largely un-
noticed. The notion was rediscovered for groups in the late 1980s [Eps92].
Independently, Shapiro in 1992 [Sha92], Khoussainov and Nerode in 1995
[KN95] and Pélecq in his Ph.D. thesis from 1997 [Pel97, § 3.1.3, p. 91] reintro-
duced the notion of automatic structures.%°

We fix a finite relational signature o. An automatic presentation A of a
o-structure consists of:

« an alphabet X,
« aregular language dom 4, C X%,
« for every relation ,’}G(k) € 0, an automatic relation X ;, C (Z*)k, and

« anautomatic relation = ; C ¥.* X ©* that must be an equivalence relation.®!
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57 By “first-class citizens” we mean
the objects over which we can do
first-order quantification.

58 We thank Géraud Sénizergues for
suggesting this terminology to us.

% Unfortunately the manuscript is
not available online. See [Hod83] for
the related journal article.

60 What we call automatic structures
correspond to “synchronous auto-
matic structures” and “structures au-
tomatiques synchrones” in Shapiro’s
paper and Pélecq’s thesis, respec-
tively. Pélecq gives credit for the def-
inition to his advisor Géraud Séniz-
ergues. All three work by Shapiro,
Khoussainov & Nerode and Pélecq
claim to generalize the notion of au-
tomatic groups from [Eps92].

61 Some readers already familiar with
the notion of automatic structures
might be somewhat surprised by the
inclusion of this equality relation:
we will soon see (Proposition VI1.3.2)
that in this specific setting, we do not
need it. This is not true in general,
see Footnote 65.



The structure represented A by an automatic presentation .4 has dom ,/=,
as its domain, and the predicate R, € o is interpreted in such a way that
a tuple (Xj, ..., X}) of equivalence classes belongs to R(A) if, and only if,
there exists (1;)1<j<x € (Xi)1<i<k -t (Uq, .., uy) € R 4. Given u € dom 4, we
denote by A(s) the element of A it represents, namely the equivalence class
of u under = .

We say that a o-structure is automatic if it is represented by an automatic
presentation.%? For instance, (X", (L.} e, jens <pref) 1S an automatic struc-
ture.

Furthermore, the infinite binary tree can be represented by the automatic

presentation B with domgz = 2%,
Eg ={u,u0) | ue2"}U{{u,ul) | ue?2,

and =5 is equality, see Figure VIL.12.
Presentations such as this one, where =3 is the equality relation, are called

injective presentations.

Example VIL3.1. The structure (N, +) is automatic.®> We build an auto-

matic presentation V' by using a binary encoding dom,, = 2*. A word
lw|-1
i=0

bers with their least significant bit first. Naturally, it follows that =, puts

w € 2* will represent the number ¥~ w; - 21~1—notice that we write num-
two words u and v in relation if they are equal after removing the trailing
zeroes. We then need to describe +,,: the idea is to simulate addition, reading
words from left to right, by using two states (0 and 1) to remember the carry.
For instance, the transition 0 <~ 0 can be understood as “when adding
and |, with current carry 0, the results equals |, with a carry of O for the

next bit”. In general, we have a transition

P i cHytp=i42

forallp,q € 2 and {x,y,z) € 2 ® 2 ® 2.%¢ This gives the automaton of figure
Figure VIL.13. By construction, NV represents (N, +). &

Recall that, using Proposition VIL.2.4, a relation is automatic if and only if
it is first-order definable over 0$¥"°. This means that we can alternatively see
automatic presentations as a collection of first-order formulas—one for the
domain, one for equality, and one for each predicate. In turn, this view helps

us prove the following result.

Proposition VIL3.2.% Every automatic structure admits an injective pre-

sentation.

Proof. We prove this property using logic. Let A be an arbitrary automatic
presentation that represents A. The idea to build an injective automatic
presentation A’ of A is to represent an equivalence class [u]™4 C dom 4

by its length-lexicographic-minimal element, where the length-lexicographic
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62 Note that we can always assume
wlog that R, C (dom ) since
(dom_4)¥ is automatic by Proposi-
tion VII.1.7 and automatic relations
are closed under intersection.

o

O'( \01
Y v N\
001 010 011

Q00
Y YN Y Y

Figure VI1.12:  An automatic presen-
tation of the infinite binary tree.

%3 We see + as a ternary relation,
given by {(x,y,x +y) | x,y € N}.

G0

Figure VII.13: Synchronous automa-
ton describing the addition of natural
numbers. For the sake of readabil-
ity, transitions involving the padding
symbol are not represented: _ is
treated as a zero.

64 Of course, we identify - with 0.

%5 This proposition is not true on the
more general class of w-automatic
structures [HKMNO08, Theorem 6.6].
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order is defined by first comparing the length of the word, and in case they
have the same length, using the lexicographic order to compare them: this
order is a well-founded total order.

Concretely, A’ has the same alphabet as .A. Then, we define dom 4, as
the set of minimal elements under the length-lexicographic order of [u]=4
(u € dom ). This can be described by a first-order formula since .4 is assumed

to be automatic, and since <., (and hence the length-lexicographic order) is

lex

automatic by Example VIL.2.5. Equality is interpreted as proper equality, and
then

k
.%A/(xl, ,xk) = 3]/1 Elyk ( /\ X; =4 yl) A R./l(yll /]/k)r
i=1
for any predicate Ry € 0. Overall, A’ is an injective presentation that

represents exactly the same structure as A. O

Proposition VIL.3.3. Any automatic structures admits a presentation with

an alphabet of size 2.

Proof. The idea is to encode each letter of X = {a, ..., a,,} over 2 in such a
way that each letter 4; is encoded over a word a; € 2* s.t. all 4;’s have the
same length—this is necessary to preserve automaticity. For instance, take a;
to be the binary encoding of i over k bits, for some fixed value of k 2 log, (n).

Then, by Proposition VII.1.11, the relations we obtain are still automatic. []

Putting Propositions VIL.3.2 and VIIL.3.3 together, we get the following result,
that says that 2* is “universal”, in the sense that it is not only automatic, but

it “contains” all automatic structures.

Proposition VIL.3.4. Let A be a o-structure. The following are equivalent:
1. A is automatic,
2. A is an injective one-dimensional first-order interpretation of 2,

3. A s afirst-order interpretation of 2°.

Recall that 2" is the structure 2" equipped with [, [, %, and <, it can
be seen as the infinite binary tree, with unary relation saying if a node is a left
or right child, and two binary relations saying if two nodes are at the same

depth, and if one is an ancestor of the other.

Proof. (1) = (2) follows from Propositions VIL.3.2 and VIL3.3. (2) = (3) is
trivial. To prove (3) = (1), consider a d-dimensional interpretation. An
element of the domain of this interpretation is a set of d-tuples of words of

2*. The idea is to encode a d-tuple of words of 2" as a word over the alphabet

2Q--®2
—— ——
d times

by transforming the tuple (1!, ..., u?) into u! ® ... ® u. Formulas for equality

and relations can be derived easily. We obtain an automatic presentation over
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the alphabet 2 ® --- ® 2. O

In the statement of Proposition VIL3.4, 2* can be replaced by any automatic
structure U s.t. there is an injective one-dimensional first-order interpretation
of 2" in U. Another example of “universal” structure consists of the finite
subsets of N equipped with inclusion and the preorder < defined by X <Y
iff X and Y are singletons, say {x} and {y}, respectively, and x <y, see [Blu24,
Theorem XI1.2.3].

Remark VIL3.5.In light of Figure VIL.8, automatic relations and right-
automatic relations emerge as the two maximal classes of relations that admit
both closure under Boolean operations and the decidability of its “basic” de-
cision problems. While these two classes are orthogonal, it should be noted
that “right-automatic structures” and automatic structures are equally ex-
pressive: this can be shown by renaming any word u; ... u,, to its reversal
u,, ... u1. Hence, automatic structures are maximal in this sense: substituting
“automatic relations” for a notion of rationality of Section VIL1 either gives
a less expressive class (recognizable relations), an equally expressive class
(right-automatic relations), or a class that is too expressive leading, both to a

lack of closure properties and undecidability (all other cases). <&

However, it should be noted that the notion of automatic structures can be
generalized by substituting finite words for more complex models. It leads to
the notions of
« w-automatic structures by taking w-words,

o tree-automatic structures by taking finite trees,

« w-tree-automatic structures by taking w-trees,

together with suitable notions of automata for these objects. We refer the
reader to e.g. [Blu24, § XII] for more details.

HypoTHEsIs. In light of Proposition VIL3.2, we will always assume

the automatic presentations to be injective, unless specified otherwise.

VIL3.2 Model-Checking

One of the key interest of automatic structures is that, while they are infinite,

their model checking problem remains decidable.

FirRsT-ORDER MODEL CHECKING OF AUTOMATIC 0-STRUCTURES
Input: A first-order sentence ¢ over o and an automatic presen-

tation A of an automatic o-structure A.
Question: Does A k ¢?

The data complexity of this problem refers to the complexity of the problem
for a fixed ¢. More precisely, we say that it is C-complete for a class € when:

« for every ¢, the problem over fixed ¢ is in €, and
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« there is at least one ¢ for which it is C-hard.

Proposition VIL3.6 (Hodgson’s theorem).%® FIRST-ORDER MODEL CHECKING
OF AUTOMATIC STRUCTURES is decidable, and in fact is Tower-complete under

polynomial-time reductions.

Propositions VIL.2.1 and VII.2.4 prove this problem to be polynomial-time

equivalent to its restriction to the structure 2*.67

Proof sketch. & Tower upper bound. The construction is similar to the easy
implication of Proposition VII.2.4: for any automatic presentation .4, we build
by induction on ¢(xy, ..., x;) a synchronous (k-ary) automaton B? s.t. for all
Uy, . U €XF

B accepts Uy ® .. @uy  iff (A uq, ., up) EO(Xqy, o, Xp).

In the end, we get a synchronous (0-ary) automaton B? that accepts iff A E ¢.
Notice that each quantifier alternation and negation implies to complement
an automaton, ie. to do a powerset construction, and so the size of BPisa
tower of exponentials in the number of quantifier alternations and nested
negations in ¢. Hence, we get a Tower algorithm.

. Tower lower bound. °® In 1990, Compton and Henson proved that there
exists a constant ¢ > 0 s.£. FIRST-ORDER MODEL-CHECKING restricted to the
structure 2* admits 1 — tower(cn) as a lower bound on the running time of a
non-deterministic Turing machine solving the problem [CH90, Example 8.3].
In fact, applying [CH90, Theorem 6.1.(iv)] shows the problem to be hard under
polynomial-time reductions for the class of problems which can be solved in
non-deterministic time at most tower(n°) for some ¢ > 0. This corresponds

to the class Tower, and hence the problem is Tower-hard. O

Proposition VIL3.7 (Folklore). The data complexity of the restriction of
FIRST-ORDER MODEL CHECKING OF AUTOMATIC STRUCTURES to primitive-positive

sentences is NL-complete.

Proof. Letagain .4 be an automatic presentation and ¢ be a first-order formula,

but we now assume that ¢ is of the form

dxq. o Axe P(xg, e, xp),

where 1) is a positive quantifier-free formula, the size of the automaton for ¢
is of the order |A|¥!: conjunctions and disjunctions only require products but
no powerset construction. Now instead of explicitly building an automaton
for Axq. ... Ax. P(xq, ..., x;), we test if the automaton for 1 accepts any word.
The answer is “yes” iff A £ ¢. Testing non-emptiness of the automaton
amounts to checking if an accepting state can be reached from an initial state,
which is NL. Since ¢ is fixed, the automaton in question is of polynomial size.
To argue that we can effectively obtain an NL algorithm, it suffices to notice

that we do not have to explicitly build the automaton for 1, but it suffices to
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%6 Decidability was originally proven
in [Hod83, Théoréme 3.5]. A slightly
weaker form was independently re-
proved by Pélecq in his thesis [Pel97,
Théoréme 61, p. 107].

67 However, this does not work for
data complexity since, when reduc-
ing A £’ ¢ to 2° £ ¢4, the formula
¢ depends on A.

68 We often found this result to be
incorrectly credited to various papers
in the literature.



work with pointers to the automata for .4. The number of pointers required
only depends on 1.

Lastly, the NL lower bound can be proven by a reduction from NFA non-
emptiness, which is itself NL-hard by reduction from the FINITE GRAPH REACH-

ABILITY PROBLEM. O

Recall that since NL is closed under complementation—see e.g. [Imm?98,
Corollary 9.23]—, we obtain the same complexity for negations of primitive-
positive sentences.

We refer the reader to [BG00, § 3] for the detailed complexity of other
variations of Hodgson’s theorem. For instance, the data complexity of its
restriction to existential sentences (here negation is allowed) is NP-complete
[BG0O, Theorem 3.7].

Proposition VIL.3.8 (Folklore). The image of an automatic structure by a

first-order reduction is still an automatic structure.
Proof. This follows e.g. from Proposition VIL.2.4. O

We define FO*" to be the class of all problems over automatic structures
which are first-order definable. By Proposition VIL3.8, this class is closed
under first-order reductions. Moreover, by Proposition VIIL.3.6, we obtain an

upper bound.

Corollary VIL.3.9.%° FO! C Tower.

The goal of the corollary above is to highlight the difference with Propo-
sition VII.2.3: first-order definable problems on automatic structures, while

decidable, are not necessarily in L.

Remark VIIL.3.10 (Presburger arithmetic). Presburger arithmetic is the first-
order theory (over the signature (+,0,1)) derived from the following axioms:
s Yx.0#£x+1;

s Vx Vyx+l=y+1=>x=y;

e Vx.x+0=1x;

s Vx.Vy.Vz.x+({y+z)=x+y)+z

(P(0) A (Vx. Pp(x) = Pd(x +1))) = (VY x. Pp(x)), where ¢(x) ranges over all

first-order formulas.

Note that (N, +,0,1) is a model of this theory, which is moreover complete
(see [Sta84]) and so, for a first-order sentence ¢, the following are equivalent:
+ ¢ belongs to the theory, i.e. it is a logical consequence of the axioms above,
+ ¢ holds in all models satisfying the axioms above, and

« (N,+,0,1) E ¢.

Since (N, +,0,1) is first-order equivalent to (N, +), which is automatic by
Example VIL3.1, it follows that we can decide Presburger arithmetic. <&

The decidability result of Proposition VIL3.6 can be extended to w-tree-
automatic structures. In fact it can even be extended to so-called higher-order
automatic structures, see [Blu24, last remark of § XII.2]. Note that while
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69 Recall on the other hand that FOfi"
C L (Proposition VII1.2.3).
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automatic structures are always countable, higher-order automatic structures
have at most the cardinality of the continuum. From this it follows that there
exist structures with a decidable FIRST-ORDER MODEL-CHECKING that are not
automatic, and not even higher-order automatic. It suffices for instance to
take any non-standard model of Presburger arithmetic of cardinality strictly
bigger than the continuum, which must exist by upward Léwenheim-Skolem
theorem.”® The same argument works to show that “elementary equivalence”

does not preserve the notion of automaticity.

Order-Invariant First-Order Logic. An order-invariant first-order formula’!

over 0 is any first-order formula’? ¢ over the signature o LI {<} s.t. for any
o-structure A, for any total orders <{, <, over A, we have (A, <) F ¢ iff
(A,<5) F ¢. In this case, we say that A models ¢. Similarly, we define

w-order-invariant first-order formulas [Rub08, § 3.2] by restricting the total
orders to have order-type w—i.e. to be isomorphic to (N, <)—or |A| when |A|

is finite.

For instance, the formula
Yx.dy.x<yAx+y

is w-order-invariant: it expresses the fact that the model is infinite. However,
it is not order-invariant.”®> A priori, it is non-trivial to check if an order-
invariant first-order formula (resp. w-order-invariant first-order formula)
holds in an automatic o-structure: how should this order be interpreted? By
order-invariance, any total order will do, and moreover by Example VII.2.5,
the length-lexicographic order is always automatic, and has the required

order-type!

Proposition VIL.3.11 ([Rub08, § 3.2]). Model-checking of order-invariant
first-order formulas (resp. w-order-invariant first-order formulas) over auto-

matic structures is decidable.

A restricted form of this result was originally proved by Blumensath and
Grédel [BG04, Corollary 5.4] for the extension of first-order logic with the
quantifier “there are infinitely many”. Similarly, one can add counting quanti-
fiers of the form “the number of x’s s.t. ¢(x) holds is congruent to k mod n”
[Rub08, § 3.2] while preserving decidability.

Note however that it is undecidable whether a first-order formula is order-
invariant or w-order-invariant, be it on finite structures or on all structures.
This follows from the undecidability of first-order logic, see e.g. [Gri07,
Exercise 3.1.12].74

Interpretations.
would be to first observe that 2 has decidability first-order theory, and then

than this property is preserved under first-order interpretations. The result

One way of rephrasing—and proving—Hodgson’s theorem

would follow since all automatic structures are first-order interpretations
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70 These models form a supclass of
the non-standard models of Peano’s
arithmetic, see [Hod93, Ex. 2, p. 36 &

§ 11.4].

"1 This is a standard notion in model
theory, see eg.  [Gra07, Exer-

cise 3.1.12].

72 For the sake of simplicity we give
all definitions for sentences, but they
easily be generalized to handle free
varirables.

3 Indeed, (N, <) satisfies the for-
mula but not (N, >).

74 Hence, Proposition VI1.3.11 should
be understood as a promise prob-
lem: we can decide the problem if
we are given the promise that the in-
put is order-invariant (resp. w-order-
invariant).


https://en.wikipedia.org/wiki/L%C3%B6wenheim%E2%80%93Skolem_theorem
https://en.wikipedia.org/wiki/L%C3%B6wenheim%E2%80%93Skolem_theorem

of 2* by Proposition VIL3.4. Colcombet and Loding proposed in [CL07] an

alternative vision by showing that:

« (N, succ) has a decidable weak monadic second-order logic, where succ
denotes the successor relation,””

« if a structure U has a decidable weak monadic second-order theory, then
any structure A that admits a “weak monadic second-order interpreta-
tion””¢ from U has a decidable first-order theory [CL07, Corollary 2.5];

« automatic structures are exactly the structures that can be obtained from

(N, succ) using WMSO-interpretations [CL07, Proposition 3.1].

VIL.3.3 Problems on Automatic Structures

From the notion of automaticity two questions naturally arise:

1. What are the structural properties of automatic structures? For instance,
we have seen that all automatic structures are countable. This question
has been somewhat extensively studied for algebraic structures.

2. Given a decidable decision problem on finite structures, is its generalization

to automatic structures still decidable?

IsomoORPHISM PROBLEM FOR AUTOMATIC STRUCTURES
Input: Two automatic presentations A and 5.

Question: Is A isomorphic to B?

Blumensath and Gréadel proved this problem to be undecidable [BG04, Theo-
rem 5.15]. The problem was later shown to be complete for the first level of
the analytical hierarchy [KNRS07, Theorem 5.9].

Automatic Ordinals. Automatic ordinals are quite simple: using e.g. Cantor’s
normal form, it is straightforward to prove that any ordinal strictly smaller
than @® is automatic.”” Delhnommé proved the converse property to be true:
an ordinal is automatic iff it is strictly smaller than w® [Del04, Corollaire 2.2].
Using again Cantor’s normal form, Khoussainov, Rubin & Stephan proved
that the isomorphism problem is decidable for automatic ordinals [KRS05,
Theorem 5.3]. These results have been generalized first to w-tree-automatic
ordinals by Finkel and Todoréevi¢ [FT13] and then to tree-automatic ordinals
which are moreover equipped with addition, by Jain, Khoussainov, Schlicht
and Stephan [JKSS19].
Automatic Boolean Algebras. Recall that a Boolean algebra can be either seen
as a partially ordered set following a set of axioms ensuring among other
the existence of a join, a meet and a negation, or a set equipped these three
operations, together with a minimal and maximal element. Both definitions
are actually first-order equivalent and so considering one or the other does
not change the notion of automaticity.

The 1SO0MORPHISM PROBLEM for automatic Boolean algebras is decidable

[KNRS07, Corollary 3.5] essentially because there are very few automatic
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75 This is the classical result of au-
tomata theory and the motivation
for studying w-automata. Recall that
weak monadic second-order logic
consists of monadic second-order
logic where monadic quantifiers are
restricted to finite sets.

75 This is the equivalent of FO-
interpretation for weak monadic
second-order logic. In particular, fi-
nite subsets elements of the domain
of U are interpreted as elements of
the new structure. See [CL07, § 2.3]
for a formal definition.

77 We see an ordinal as a structure
with a binary relation describing its
order.
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Boolean algebras [KNRS07, Theorem 3.4]. However, when going to w-tree-
automaticity, not only is the 1IsoMorpHISM PROBLEM undecidable, but Finkel
and Todorcevi¢ exhibited two somewhat simple-looking w-tree-automatic
Boolean algebras for which whether they were isomorphic is independent
from ZFC [FT10, Theorem 6.1].

Automatic Groups. The literature on automatic groups is remarkably ex-
tensive. Their study was introduced in the late 1980s, by showing that they
have a solvable word problem [Eps92, Theorem 2.1.9].”% Typical examples of
infinite automatic group are the braid group [Eps92, Theorem 9.3.1] and the
finitely-generated free groups. We refer the reader to [Ree22] for a recent and
detailed account on the history of the development of the theory of automatic
groups. Remarkably, despite being a very active research area, the decidability

of the ISOMORPHISM PROBLEM remains open.

Open Problem VII.3.12. Is the isomorPHISM PROBLEM decidable for auto-

matic groups?

Automatic Semigroups. Following the success of automatic groups, automatic
semigroups have been studied by Campbell, Robertson, Ruskuc and Thomas,
who showed that any finitely generated subsemigroup of a free semigroup is
automatic [CRRT01, Theorem 8.1].

Automatic Rings and Fields. Richer algebraic structures, like rings or fields
actually often fail to be captured by the notion of automaticity. For instance,
(N, +,:,0,1) (Peano’s arithmetic) is not automatic. This essentially follows
from Proposition VII.1.8, applied to multiplication, together with a count-
ing argument, see [Blu24, Corollary XII.8.11]. Khoussainov, Nies, Rubin &
Stephan moreover proved that no infinite field’® can be automatic [JKSS19,
Theorem 3.10 & Corollary 3.11].3

VIL3.4 Automatic Graphs

Chapter VIII will mostly focus on automatic graphs, in which we will study the
question of colourability and the homomorphism problem. One interesting
source of undecidability for automatic graphs comes from the following

construction.

Example VIIL.3.13. Consider a Turing machine 7 = (Q, I’, 6, 4, Acc), where
Q is the set of states, I is tape alphabet,

0: (Q\Acc) XTI — P(QXT x {«,|,—})

is the transition relation, I'_ = I' L/ {_}, and g, and Acc are the initial and set
of final states, respectively. We represent a configuration {1, g, v) by the word
uqu € I'*QI'*: in light of this, we will henceforth denote by “configuration”
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78 Actually this last result is proved
on the slightly bigger class of “regu-
larly generated groups”.

" In fact their result also holds for
integral domains.

80 Note that this contrasts with
Tarski’s result that the first-order the-
ory of (R, +,-,0,1), and more gener-
ally of any real closed fields is decid-
able since it admits quantifier elimi-
nation [Hod93, Theorem 8.4.4].


https://en.wikipedia.org/wiki/Zermelo%E2%80%93Fraenkel_set_theory

any string from the set Conf,; = I'*QI'*.3! The configuration graph of T is
the infinite graph C’Onfj having Conf; as set of vertices and an edge from y
to ’, denoted y — )’ if there is a one-step transition from y to " in 7. The
configuration graph C“’onf7 of any Turing machine 7 is an effective automatic

graph. <&

As a consequence, by reduction from the halting problem of a universal

Turing machine, we obtain the following result.

Proposition VII.3.14. There exists a fixed automatic graph G over the al-
phabet 2 s.t. the problem of whether, given two words 1 and v € 27, there is

a path from u to v in G is undecidable.

Problems on automatic graphs have been mainly studied by Kuske and
Lohrey, who studied the following problems over automatic graphs.

« Highly undecidable problems: the existence of a Hamiltonian path is unde-
cidable, in fact it is complete for the first level of the analytical hierarchy
[KL10, Theorem 3.2]; the existence of an infinite path in directed trees
shares the same complexity [KL10, Theorem 3.6]; and so does the 1somOR-
PHISM PROBLEM [KNRS07, Theorem 5.9].

» Moderately undecidable problems: the existence of an Eulerian path is
undecidable, but is only complete for the second level of the arithmetical
hierarchy l_[éJ [KL10, Theorem 4.13].

However, as a consequence of Proposition VIL3.11, the fact that the graph
contains infinitely many edges—or isolated vertices, or any first-order defin-
able property—, is decidable over automatic graphs as it can be expressed by
an w-order-invariant property.

Some slightly more involved arguments, involving “Ramsey quantifiers”,
can show that whether the graph contains an infinite clique (or transitive tour-
nament) is decidable [KL10, Corollary 5.5], see also [Rub08, Theorem 3.20].

Proposition VIL.3.15 ([Koc14, Proposition 6.5]). Whether an automatic graph
is 2-colourable, or equivalently bipartite, is undecidable. More precisely it is

coRE-complete.

For another survey on automatic structures, see [Gra20]. Lastly, we want
to note that recursive structures have been extensively studied since the late
XXth century: they are defined analogously to automatic structures, but
synchronous automata are replaced by Turing machines. Unsurprisingly, all
non-trivial problems are undecidable: hence, from a computability perspective,
the main question is to characterize the Turing degree of these problems. The
extent of the literature on this topic is too vast to be summarized here: we
refer the reader to the two-volume handbook [EGNRM98a; EGNRM98b].

229

VII.3. AUTOMATIC STRUCTURES

81 We will often write uqo as the con-
catenation u - g - v to emphasize the
separation between all three words.






CHAPTER V

A Dichotomy Theorem for Automatic Structures

ABSTRACT

We study the separation problem of automatic relations, a.k.a. automatic relations,
by recognizable relations—namely finite unions of Cartesian products of regular
languages. We prove it to be computationally equivalent to the FINITE REGULAR
COLOURABILITY OF AUTOMATIC GRAPHS, that takes an automatic presentation ofa
graph as input, and asks whether it admits a regular colouring—meaning that for
each colour, the set of words representing the elements having this colour is a regular
language—with finitely many colours.

While the decidability of this problem remains open, we first show that, if the number
of colours is fixed to be any natural number k > 2, then this problem is undecidable.
This implies the undecidability of the separation problem of automatic relations by
recognizable relations where the number of unions allowed is bounded.

We then generalize this result, and prove a dichotomy theorem for automatic struc-
tures: for any finite relational structure B, the problem of whether an automatic
structure admits a homomorphism to B is either decidable in NL, or is undecidable.
We extend these results to regular homomorphisms, for which we require the ho-
momorphisms to be regular, in the sense that every preimage of any element of the
target structure B must be a regular language. In both cases, structures for which

the problem is decidable exactly correspond to those with “finite duality”.
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VIIL.1 Introduction

VIIL1.1 Classes of Relations

The complex landscape of rationality for finite-word relations described in
Section VII.1 yields a natural question of effectivity: given a relation in some
class, can we decide if it belongs to a given subclass?

Prior work has focused on the REC-MEMBERSHIP PROBLEM, which takes
as input an n-ary rational relation X and asks whether it is equivalent to
a recognizable relation (J; L;y X -++ X L; ,, where each L; is a regular lan-
guage. Intuitively, the problem asks whether the different components of
the rational relation R are almost independent of one another. The study of
REC-MEMBERSHIP is relevant since relations enjoying this property are often
amenable to some analysis including, e.g., abstract interpretations in program
verification, variable elimination in constraint logic programming, and query
processing over constraint databases—see [BHLLN19, Introduction] for a
more thorough discussion on this topic.

As mentioned in Section VIL.1.5, in general, REC-MEMBERSHIP of rational
relations is undecidable [Ber79, § III, Theorem 8.4], but it becomes decidable
for the subclass of deterministic rational relations, which extends the class
of automatic relations. For automatic relations, the decidability of Rc-
MEMBERSHIP can be obtained by a simple reduction to the problem of checking
whether a finite automaton recognizes an infinite language [LS19]—which is
decidable via a standard reachability argument. The precise complexity of the
problem, however, was only recently pinned down. By applying techniques
based on Ramsey Theorem over infinite graphs, it was shown that Rec-
MEMBERSHIP of automatic relations is PSpace-complete when relations are
specified by non-deterministic automata [BHLLN19, Theorem 1] [BGLZ22,
Corollary 2.9].

A natural generalization of this question is the RAT/REC-SEPARABILITY
PROBLEM, which takes two n-ary rational relations &, R’ C L* X X" and
checks whether there is a recognizable relation § = (J. L;y X -+ X L; , that
separates R from X', meaning that X C § and X' N'§ = @, in which case we
say that & and R’ are separable by a recognizable relation. In other words, this
problem asks whether we can overapproximate X with a recognizable relation
& that is constrained not to intersect with &’. Separability problems of this
kind abound in theoretical computer science, in particular in formal language
theory where they have gained a lot of attention over the last few years, in a
large variety of settings—see e.g. [PZ16] for first-order definable languages
over finite and w-words, [CGM22] for their extension to countable ordinals,
[CMRZZ17] for piecewise languages, [Kop16] for separability question over
pushdown languages, or [CCLP17] for Parikh automata.

In this chapter, we focus on the following problem:
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AUT/REC-SEPARABILITY PROBLEM
Input: Two automatic relations X and R’.
Does there exist a recognizable relation § s.t. X C § and

RNS=a?

Question:

Notice that when R’ is the complement of R this problem boils down to REc-
MEMBERSHIP on automatic relations—which is decidable. However, AUT/REC-
SEPARABILITY is more general than this problem, and to this day it is unknown
whether it is decidable.

VIIL1.2 Constraint Satisfaction Problems

Our work on the AUT/REC-SEPARABILITY PROBLEM Will eventually lead up to
the study of HoMOMORPHISM PROBLEMS where the target structure is fixed.
These problems are the central topic in the domain of constraint satisfaction
problems (CSPs).! When the target structure is finite, the HOMOMORPHISM
PROBLEM is known to be decidable in NP. The precise complexity of the
problem, however, depends on the structure of the target, and is tightly
connected to the algebraic properties of the algebra associated to the structure.

A central result in the domain, originally conjectured by Feder and Vardi,
and known as the “dichotomy theorem” (formerly “dichotomy conjecture”),
states that any CSP whose target structure is finite is either in P or NP-
complete [FV98, § 2, “Dichotomy question”],? and the characterization of
structures for which the problem was in P is precisely formulated in algebraic
terms.? This conjecture extended a result of Schaefer, who proved two decades

earlier that CSPs over the Boolean domain*

was either P or NP-complete
[Sch78, Theorem 2.1]. Twenty-four years later, this conjecture was proven
independently by Bulatov [Bul17, Theorem 1] and Zhuk [Zhu20, Theorem
1.4]. This algebraic approach is particularly fruitful but lies beyond the scope
of this thesis: we refer the reader to [BKW17; Lar17] for surveys on the topic.

Beyond P and NP, the complexity of the homomorphism problem can
reach some surprisingly low complexities. Even for Boolean CSPs>, Allender,
Bauland, Immerman, Schnoor and Vollmer extended Schaefer’s theorem to
prove that every not-so-easy problem—meaning that it is not solvable in
coNLogTime—is complete for one class among NP, P, ®L, NL or L under
ACY-reductions [ABISV09, Theorem 3.1].

For non-Boolean CSPs, the landscape becomes even more complex. For
instance, given k € N, we define the k-transitive tournament, denoted by T},
and illustrated on Figure VIIL1, to be the directed graph with vertices 0,1, ...,
k, and with an edge from i to j iff i < j. Similarly, the k-path P, has [0, k] as
its set of vertices, with an edge from i to j iff j = i + 1—see Figure VIIL1.

Then, a graph G admits a homomorphism to T} iff it has no directed path
of size k + 1, in the sense that this is no homomorphism from P, ; to G.
Symbolically:

VG, P 235G iff GBT,.
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T A typical example of such a prob-
lem is to work on the graph signa-
ture, and to fix the target structure to
be the k-clique (k € N, ): it exactly
corresponds to the k-COLOURABILITY
PROBLEM.

21n other words, there is no NP-
intermediate problem amongst these
problems.

3 Structures that admit a CSP prob-
lem in P are exactly those whose alge-
bra admits a “weak near-unanimity
operation”—see e.g. [Zhu20, § 1, p. 3].
4 Meaning that the target structure
can have only two elements—but re-
call that the signature ¢ can be arbi-
trary complex.

@)

l
|

o
Figure VIIL.1: The 2-transitive tour-
nament T, (left-hand side) and the
2-path P, (right-hand side).

O¢— 0«0

5 Meaning again that the target struc-
ture has only two elements
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https://complexityzoo.net/Complexity_Zoo:A#ac0

As aresult, to decide if, for a finite graph G, we have G Jhom, T}, it suffices to
test if P4 295 G, which can be done in FO'"!

Structures sharing the same property as T, meaning that the existence of
a homomorphism to them amounts to not containing any obstructions among
a fixed finite set of obstructions are said to have finite duality. Like T}, their
constraint satisfaction problem is in FOf".% Atserias proved the converse

implication to this result [Ats08, Corollary 4].”

Proposition VIIIL.1.1 (Atserias’ theorem). Let B be a finite o-structure. Then
B has finite duality if, and only if, Hom(All, B) is first-order definable.

Moreover, Larose and Tesson proved a dichotomy theorem for CSPs with

small complexity.

Proposition VIIL.1.2 (Larose-Tesson theorem). Let B be a finite o-structure. If
B does not have finite duality, then Fom(Fin, B) is L-hard under first-order

reductions.

Observe that this last proposition only allows for finite structures on
the source side of the problem. This chapter will generalize some results—
including the latter—on the HOMOMORPHISM PROBLEM from finite structures
to automatic structures. The study of CSPs beyond finite structures is far
from a new topic, and has been the subject of many works in the past decade:
see for instance [KKOT15] for CSPs over “nominal structures”, i.e. structures
with “atoms”, or [KLOT16] for CSPs over o-structures which are first-order
definable over (N, =).

VIIL.1.3 Contributions & Organization

In Section VIIL.3, we start by rephrasing the AUT/REC-SEPARABILITY PROBLEM

in graph-theoretic terms.

FINITE REGULAR COLOURABILITY OF AUTOMATIC GRAPHS
Input: A presentation § of an automatic graph G.
Question: Does G admit a regular colouring with finitely many

colours?

A regular colouring with finitely many colours (resp. a regular k-colouring) is
a partition of the vertices of G into finitely many (resp. k) regular languages
s.t. adjacent vertices cannot belong to the same set. Similarly, the REGULAR
k-coLoURABILITY PROBLEM asks instead if G admits a regular k-colouring, in

which case we say that G is regularly k-colourable.

Theorem VIIL.3.2. There are polynomial-time reductions:

1. from AUT/REC-SEPARABILITY to FINITE REGULAR COLOURABILITY,

2. from FINITE REGULAR COLOURABILITY to AUT/REC-SEPARABILITY, and

3. from REGULAR k-COLOURABILITY to AUT/k-REC-SEPARABILITY, for every
k> 0.

Further, the last two reductions are so that the second relation in the instance
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6 Recall that FOfi" C L, see Proposi-
tion VI1.2.3.

7 This result was followed in the same
year by Rossman’s theorem, that sub-
sumes it.
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of the separability problem is the identity Jd.

While we do not know how to solve the FINITE REGULAR COLOURABILITY,

we prove the problem to be undecidable if the number of colours is fixed.

Theorem VIIL.3.7. The REGULAR k-COLOURABILITY PROBLEM on automatic
graphs is undecidable for every k > 2. More precisely, the problem is RE-

complete. This holds also for connected automatic graphs.

Then, in Section VIIL.3.3, we build on this result to prove the undecidability
of some separability problems for automatic relations (Corollary VIII.3.10
and Proposition VIIL3.15).

Observing that regular k-colourability can be rephrased as the existence of
a regular homomorphism—meaning, in this context, a homomorphism whose
preimages are all regular languages—to the k-clique,® this motivates us to
study the HOMOMORPHISM PROBLEM and REGULAR HOMOMORPHISM PROBLEM
for automatic structures in Sections VIII.4 and VIIL.5. Our main result is a

dichotomy theorem for automatic structures.’

Theorem VII1.4.1 (Dichotomy Theorem for Automatic Structures). Let B be

a finite o-structure. The following are equivalent:

(DT)fin-duat- B has finite duality;

(DMpom-dec- J{om(Aut, B) is decidable;

(DDhom-reg-dec- J10m"™&(Aut, B) is decidable;

(DT)equar- Hom(Aut, B) = FHom™8(Aut, B), i.e. for any automatic presenta-
tion A of a g-structure A, there is a homomorphism from A to B iff there
is a regular homomorphism from 4 to B;

(DT)girst-order- Jtom(All, B) has uniformly first-order definable homomor-
phisms. !0

Moreover, when Fom(Aut, B) and Hom"€(Aut, B) are undecidable, they are

coRE-complete and RE-complete, respectively. When they are decidable, they

are NL.

The easy implications of this theorem are proven in Section VIIL.4.1, and
the undecidability results—one for homomorphisms, and another one for
regular homomorphisms in the rest of Section VIIL.4: both reductions for
undecidability generalize Larose and Tesson’s proof. In the case of regular
homomorphisms, the full sequence of reductions to prove undecidability goes
as follows:

+ from the HALTING PROBLEM on deterministic reversible Turing machines
to the REGULAR REACHABILITY PROBLEM for linear Turing machines;

« which is reduced in turn to REGULAR UNCONNECTIVITY IN AUTOMATIC
GRAPHS;

« and lastly, this latter problem is reduced to Hom"8(Aut, B) when B does
not have finite duality—this reduction is the adaptation of Larose and
Tesson’s proof.

To our knowledge, none of these problems—except the HALTING PROBLEM—

have been studied before. Decidability results are given in Section VIIL5: in
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Figure VIII.2: The 3-clique Kj.
(Replica of Figure 1.19.)

KA O
\O{O/‘o'\ \,o/

~ K
Ol N OZ,\
FAVAY
V>0 T o

Figure VII1.3: A 3-colouring of some
beetle-shaped graph. (Replica of Fig-
ure 1.20.)

8 See Figures VII1.2 and VIIL.3.

Note that while for finite struc-
tures the dichotomy theorems either
separate FO'" from L—in the case
of Larose and Tesson—, or P from
NP—for Bulatov and Zhuk—, in our
case the dichotomy is between NL
and... undecidability!

10 The notion of uniformly first-order
definable homomorphisms is defined
in Section VIIL5.1.



fact, the decidability of Fom(Aut, B) when B has finite duality is trivial, so
this section is dedicated to the problem Fom"8(Aut, B). In Section VIIL5.1 we
give a succinct logic-based proof of the decidability of Fom(Aut, B), however
the proof is somewhat abstract. In Sections VIIL.5.2 and VIIL5.3 we give a more
visual solution, known as hyperedge consistency algorithm. It generalizes the
eponymous algorithm for finite structures, that captures the HOMOMORPHISM
PROBLEM when the target structure has tree duality—which is a supclass of
finite duality. However, the proof of correctness of our algorithm is non-trivial
and relies on providing a fine understanding of the behaviour of the algorithm
for finite structures in the special case of target structures that have finite
duality. We conclude in Section VIIL6, by discussing conjectures and related

problems.

VIIL.2 Preliminaries

VIIL.2.1 Regular Homomorphisms

Given two regular languages K and L,'! a regular function from K to L is a

function f: K — L s.t. the relation

{Cu, f()) | u € K}

is automatic. A regular homomorphism between two presentations of auto-
matic o-structures .4 and 3 is a regular function from dom 4 to domy that
defines a homomorphism from A to B.12-13-14 We denote by .4 ZEhon, B the

existence of a regular homomorphism from A4 to 3.

Property VIII.2.1. Let f: K — L be a function, where L is finite. Then f is a
regular function iff for every v € L, f"![v] is a regular language.

Proof. For the left-to-right implication, if f is a regular function, then there
exists a first-order formula ¢(x, y) s.t. for all (u,v) € K X L, then

I u,0E o(x,y) iff v=f(u).

Then given v € L, the formulal®

Ay, p(x,y) Ay =0

describes {u € K | f(u) = v}, which is hence regular.

Conversely, we consider first-order formulas ¢, describing each set {u €

K'| f(u) = v}, with v € L. Then

¢(x) 2 \ ) Ay =0

veL

is a first-order formula—since L is finite—describing f. O

As a consequence, when B is finite, the existence of a regular homo-
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T Note that whether K and L share
the same alphabet is irrelevant since
we can always work on the union of
their alphabet.

12 We use the terminology “regular”
instead of “automatic” simply be-

« . I
cause “automatic homomorphism
sounds somewhat weird.

13 Note that regular homomorphisms
are to automatic structures what
“definable homomorphisms” are to
“definable structures” in [KLOT16]:
they form a restriction on the notion
of homomorphisms to make then
finitely describable—although the
source structure might be infinite—,
using the same logical framework as
the one used to describe the source
structure.

4 The related notion of “regular iso-
morphism” (under the name “au-
tomatic isomorphism”) was studied
in [KN95, Definition 6.10]. They
showed that for any o-structure A,
there are either zero, one, or w many
automatic presentations of A up to
“regular isomorphism” [KN95, Theo-
rem 6.8].

15 “y = v” is not properly defined in

the syntax of first-order logic but it
is straightforward to come up with a
formula expressing this property.
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morphism to B is independent of its presentation, and we will hence write
A ZE10 B to mean that A “£2% B, In particular, a regular k-colouring
of a presentation of an automatic graph G is equivalently a regular homo-
morphism from G to K, or a k-colouring of G s.t. for any colour, the set of
words of domg sharing this colour is a regular language. Unsurprisingly, this
property cannot be extended to all automatic structures: for instance letting
A be the automatic presentation (0%, {{0", 0" | n € N)}) of (N, succ), and
letting A’ be the automatic presentation ((00)*, {0?",0%"*2 | n € N)}) of
the same structure, it can be shown that A zeghom, g hut A SERES 47

\o L \o L L
o— >0 —> >0 —>
\o L \o L L
o— >0 —> >0 —>
\o L \o L L

In Figure VIIL.4, we provide an example of a regular 2-colouring: we let
G =(V, &) be the automatic presentation of the infinite quarter-grid, defined
over the alphabet {x,y} by V £ x*y* and

E = {(xPyl, Py | p, g € NYU [Py, xPyT*L) | p,q € N}

Then the unique 2-colouring of G assigns one colour!® to the vertices of the
form xPy7 s.t. p — g is even. This colouring is of course regular.
Given a fixed signature o and a o-structure B, we denote by:

o Hom(Fin, B) (resp. Hom(Aut, B), resp. Hom(All, B)) the class of all finite
o-structure (resp. automatic o-structure, resp. arbitrary o-structures) that
admit a homomorphism to B,

o JHom™8(Aut, B) is the class of all automatic presentations of g-structures
that admit a regular homomorphism to B.

Somewhat abusively, we identify these classes with the associated decision

problems—except for FHom(All, B) since arbitrary o-structures cannot be

encoded as finite strings. For finite structures, we assume the input to be
given using adjacency lists, and for automatic structures, we assume the input
to be described by an automatic presentation. We call Fom"8(Aut, B) the

REGULAR HOMOMORPHISM PROBLEM over B.
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Figure VIIl.4: A regular 2-colouring
of an automatic presentation of the
infinite quarter-grid.

1% In yellow in Figure VIII.4.



VIIL.2.2 Constructions on Structures

Given two structures A and B, we define the structure B# as follows:

« its domain are homomorphisms A — B,

« for every predicate X of arity k, for any homomorphism f, ..., f;, we have
(1, fi) € R(BA) when

for every (ay, ..., ay) € R(A), we have (f1(ay), ..., fi(a)) € R(B).

Proposition VIII.2.2 (Folklore: Currying Homomorphisms). Given struc-
tures A, B and C, if f: AXB — C is a homomorphism, then F: A — CB,
defined by a + (b +— f(a, b)), is a homomorphism. In fact, this mapping
f +— F is a bijection between homomorphisms A X B — C and homomor-
phisms A — CB.

Proof. Let R be a predicate of arity k, and let {ay, ..., a;) € R(A). We want
to show that (F(ay), ..., F(a;)) € R(CB): for any (by, ..., b;) € R(B), we have

(F(ay)(by), -, F(ap)(by)) = (f(ay, by), ., fag, by)) € R(C)

since f is a homomorphism from A X B to C. Hence, F is indeed a homomor-
phism from A to CB.

Dually, if F is a homomorphism from A to CB, we define f: A x B — Cby
(a,b) — F(a)(b), and claim that f is a homomorphism. Indeed, if R be a pred-
icate of arity k, for any (ay, ..., a;) € R(A) and (by, ..., b;) € R(B), we have
(f(ay, by), ..., f(ag, b)) = (F(ay)(by), ..., F(a;)(by)). Since (F(ay), ... ,F(ay)) €
R(CB) and (by, ..., b)) € R(B) it follows that (F(a;)(by), ..., F(ap)(by)) €
R(C). Therefore, f is a homomorphism from A X B to C.

It is then routine to check that the maps f +— F and F = f defined in the

two previous paragraphs are mutually inverse bijections. O

VIII.2.3 Constructions on Automatic Presentations

Let A and B be automatic presentations of some o-structures A and B, over
alphabets X and T, respectively. We define .4 X B to be the presentation over
the alphabet (X X T) U (2 x {-})) L ({-} X T) s.t.:

dom 4y 5 2 {u®v | u € dom 4 A v € domy}

RA;B 2 (U ®0q, oo, U QU) | (Uq, o, U) € Ry ANV, ..., V) € Rp)

for each predicate X of arity k in 0. It is an automatic presentation of A X
B. Indeed, given a first-order formula ¢(xy, ..., x;) over o™, describing
R4, and a first-order formula 1(xq, ..., x;) over o3¢, describing Ky, we
let ¢ (resp. 1) be the formula obtained from ¢ (resp. 1) by substituting
I,(x) for \/beru{_} Liapy(x) (resp. \/beZu{_} lipay(x)). Then ¢* A Y™ is a first-
order formula, over the product alphabet, that describes X ;. 5. The same

construction works for dom 4, . This shows that if A and B are automatic
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g-structures, then so is A X B.17

Proposition VIII.2.3. Let A, B and C be automatic o-structures, such that
B and C are finite. Let A (resp. B and B’, resp. € and C’) be an automatic
presentation of A (resp. B, resp. C). Then A x B “2™% @ iff 4 x B’ ~8tom,
¢

Proof. The proof follows from the following claim, which can be proven

exactly in the same fashion as Property VIIL.2.1.

Claim VIIL.2.4. Assuming again that B and C are finite, a function f: A X B —
C is a regular homomorphism iff for every b € dom, for every ¢ € dom,

{a € dom , | f(a,b) = c} is a regular language. O]

In other words, the existence of a regular homomorphism does not depend
on the automatic presentation of the finite structures that are involved, but
only on the structure they represent. As a consequence of Proposition VIIL2.3,

. h h
we write A X B =25 C as a synonym for A X B 225, ©.

Corollary VIIL.2.5 (Currying). Let A, B and C be automatic o-structures,
and let A be an automatic presentation of A. Then /4 x B Z£2%% C iff
A reg hom CB.

Proof. This also follows from Claim VIII.2.4. O

VIIL.2.4 Idempotent Core

e
O, O,
AN

o o

We fix a purely relational signature 0. Given a o-structure B, we denote
by op the signature obtained from ¢ by adding a unary predicate P}, for each
b € B. The marked structure B' of B is the og-structure obtained from B by
interpreting each predicate P, as the singleton {b}.

Proposition VIIL2.6 (Folklore). 31 If B is a finite core, then the problems
Hom(All, BY) and Ftom(All, B) are first-order equivalent. Moreover, this
equivalence preserves finiteness, in the sense that finite structures are mapped
to finite structures. Hence, by restricting this equivalence, we also obtain that
Hom(Fin, BY) and Fom(Fin, B) are first-order equivalent.

The non-easy part is to reduce Fom(Fin, BY) to Zom(Fin, B): only this

reduction requires the assumption that B is a core.

Proof of Proposition VIIL.2.6. < Reduction from Hom(All, B) to Hom(All, BY).

We reduce a o-structure A to the og-structure A’ obtained from A by inter-
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Reduction from
FHom(All, B)
2-transitive

Figure VIIL5:
FHom(All, BY)  to
when B is the
tournament: we depict on the
left-hand side, the op-structure
A ¢ FHom(All, T,1), and on the
right-hand side, the o-structure
D(A) ¢ Hom(All, Ty) to which it is
reduced. The interpretation of unary
predicates in A are described using
colours.

'8 This reduction is folklore, see e.g.
[LT09, Lemma 2.5]. We provide here
a self-contained proof.

¥The marked structure Bt of
the core of B is usually called
the idempotent core of B. From
this proposition, we get that
FHom(Fin, B) and Hom(Fin, BY)
are first-order equivalent.  This
reduction is a central tool in the
algebraic approach to understand
constraint satisfaction problem since
the algebra associated to the CSP
over an idempotent core only has
idempotent operations, making it
much easier to work with.



preting each predicate P;, as the empty set. Clearly, a function from A to B
is a homomorphism from A to B iff it is a homomorphism from A’ to B,
proving the correctness of the reduction. It is, by definition, first-order.

. Reduction from FHom(All, BY) to Fom(All, B). We first define the
reduction @ and show its correctness; the fact that it is a first-order reduction
is straightforward. We reduce a og-structure A to the o-structure ®(A)
illustrated on Figure VIIL.5 and defined as follows:

« its underlying universe is the disjoint union A LI B,
« given a predicate R of arity k, its hyperedges are:

— all R-tuple of A,

— all R-tuple of B, and

- all R-tuple (by, ..., b;_1,a;,b,1, ..., by) s.t. there exists b; for which the

R-hyperedge (b, ..., b;_1,b;,b;.1, ..., b) is in R(B), and a; belongs to
the interpretation of P}, in A.
Note that by construction, the adjacency of a € A in ®(A) is the union of
its adjacency in A, and the union of the adjacencies of b in B for all b s.t.
a € Py(A).

We show that A € Fom(All, BY) iff ®(A) € FHom(All, B). So, assume
that there exists a homomorphism f: A — B'. Then we let f’: AUB — B
be defined by f’(a) = f(a) foralla € A and f’(b) = b for all b € B. We claim
that f” is a homomorphism from ®(A) to B. Indeed, consider a hyperedge of
DO(A):

« if it is a hyperedge of A, its image by f” is still a hyperedge of B since f is

a homomorphism from A to BY;

« if it is a hyperedge of B, then its image by f’ is itself, and is hence a

hyperedge of B;

« otherwise, it must be of the form

<b1, ey bi—l/ aj;, bi+1/ ey bk>

s.t. there exists b; for which (by, ..., b;_q,b;,b;.1, ..., by) € R(B) and a; €
Py (A): in this case, its image by f” is

f/(<b1, .. ,bi_l,ﬂi, bi+1’ .o ’bk>) = <b1, . ’bi—l’bi’ bi+1’ /bk> S .%(B)

since f'(b) = bforallb € B and f'(a;) = f(a;) = b; since a; € P}, (A) and

f is a homomorphism from A to B.
And hence, ®(A) bom, B,

Conversely, now let g: ®(A) — B be a homomorphism. Its restriction to
B, namely g|p is a homomorphism from B to itself, and since B is a core, it
must be an automorphism over B by Proposition I1.2.2. We then define a map
¢’: A — Bby sending a to (¢|3) ! °¢(a), and claim that it is a homomorphism
from A to B'. As a matter of fact, it clearly preserves R-tuple for any ® in o,
since g and (¢]) " are homomorphisms. We must then show that it preserves
all unary predicates Py, with b € B: let a € A s.t. P holds, i.e. a € Py(A).
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Now, by construction of ®(A), the adjacency of g(a) in B and the adjacency
of g(b) in B are equal. Since B is a core, it follows by Proposition II.2.4 that
¢(a) = g(b). By definition of ¢’, this rewrites as ¢’(a) = b, i.e. ¢’ (a) = P,(B).
Therefore, we have built a homomorphism from A to B'.

Overall, this proves that @ is correct. It is trivially a first-order reduction

and moreover, it preserves finiteness since B is finite. O

VIIL.2.5 De Bruijn—Erd6s Theorem

Proposition VIIL2.7 (De Bruijn—Erdés Theorem).?? Let A be an arbitrary
o-structure and B a finite o-structure. There is a homomorphism from A to

B iff for every finite substructure A’ of A, there is a homomorphism from A
to B.

Proof. The left-to-right implication is direct. We prove the converse by using
the Tychonoff’s compactness theorem.?! So, assume that for every finite
substructure A’ of A, there is a homomorphism from A to B. Consider the
topological space B4, consisting of all functions from A to B, together with
the product topology.?? By Tychonoff’s compactness theorem, B4 is compact.
For each finite subset X of A, let Hy denote the set of all f € B4 s.t. f|y
is a homomorphism from the substructure of A induced by X to B. Then,
each Hy is closed—indeed, whether f € B# belongs to Hy only depends on
finitely many f(x)’s—, and moreover the intersection of finitely many Hy’s,
say Hy, N --- N Hy ,is non-empty since Hx N---NHy 2 Hy y.ux, and
by assumption Hy_ _yx, is non-empty since X; U --- U X, is finite. Hence,
by compactness of B4 and the finite intersection property, it follows that
(y Hx is non-empty, which means that there is a homomorphism from A to
B. O

Corollary VIIL2.8.23 Given arbitrary o-structures B; and B,, the following
are equivalent:

1. for every finite o-structure A, we have A Jom, B, iff A Jom, B,;

2. for every arbitrary o-structure A, we have A om, B, iff A om, B,;

3. B; and B, are homomorphically equivalent.

Proof. (2) = (3) and (3) = (1) are trivial. For (1) = (2), we assume w.lo.g.

hom

by contradiction that there is an arbitrary o-structure A s.t. A — B; but

hom

A — B,. Then by Proposition VIIL.2.7, there exists a finite substructure A

hom

of A s.t. A — B,. But then A, Jom, A Lo, B;, which contradicts (1). [

VIIL.2.6  Obstructions and Finite Duality

Let B and D be finite o-structures. We say that D is an obstruction of B

hom

when D — B. In this case, note that finding D inside A—in the sense that
hom

D — A—implies that A cannot have a homomorphism to B: in this sense,

the presence of D in an obstruction to the existence of a homomorphism to B.
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201t is straightforward to note that
one can replace “every finite substruc-
ture” by “every finite induced sub-
structure” in the statement of the the-
orem. The original theorem is about
graph colouring, but the generaliza-
tion is straightforward.

21 This is a direct adaptation from
[Wik24, § “Proof”].

22 \We equip B with the discrete topol-
ogy, making it compact since B is fi-
nite.

23 Another important consequence of
the De Bruijn—Erd6s Theorem is that,
for instance, the notion of dual does
not depend on whether we are consid-
ering finite or arbitrary o-structures.


https://en.wikipedia.org/wiki/Tychonoff%27s_theorem
https://en.wikipedia.org/wiki/Tychonoff%27s_theorem
https://en.wikipedia.org/wiki/Finite_intersection_property

A dual of B is any arbitrary set 2 of finite o-structures s.t. for any finite
o-structure A:
AL BiFvDeD, DIEsA

Note that any dual must only contain obstructions of B.24 The set of all

obstructions of B is a dual of B.

Example VIIL.2.9. Let k € N. The set {P,,} is a dual of the k-transitive
tournament T, —see Figure VIIL1.

Indeed, P} Long T,. Dually, if G if a finite graph s.t. G Jom, T, then
letting f be a homomorphism from G to Tj, we have that any edge from

u € Gtov € G, we must have f(u) < f(v), and so Pk;‘%G. &

Moreover, if D and 2’ are sets of obstructions of B and D C 2, then if D
is a dual, so is 2’: hence, the goal is to find small duals. For this reason, duals
are also called complete sets of obstructions. We say that B has finite duality if
is admits a finite dual, i.e. consisting of finitely many structures. For instance,
T} has finite duality.

An obstruction D of B is critical?®

when for every proper substructure D’
of D, we have D’ 222 B. Clearly, every critical obstruction must be a core.
Note first that the set of all critical obstructions of B is a dual of B. In-
hom

deed, if A — B, then A is an obstruction and so it must contain—by

well-foundedness of N—a critical obstruction D as a substructure.

Proposition VIIL.2.10. Let B be a finite o-structure. B has finite duality iff

it has finitely many critical obstructions.

Proof. The right-to-left implication is trivial. For the converse one, let D =
{Dy, ..., D,,} be a finite dual of B. If C is a critical obstruction of B then in
particular C oM B and so there exists i € [1,m] s.t. there is a homomorphism
f from D; to C. Now the image of f is again an obstruction of B, and since
C is critical, it follows that it must be C itself. In other words, f is strong
onto. In particular, we obtain that C is a quotient of D;. Hence, there are only

finitely many critical obstructions of B. O

One of the key interest of Proposition VIII.2.10 is to prove that some

structures don’t have finite duality.

O(n) nodes
,O
o \0‘10 Oﬂl Oﬂz 0“3 Oﬂ4 O‘ls
N NY N N NN
(@) (@) (@) (@) (@) (@)
by by b, by b, bs N\, b
(@)

Example VIII.2.11 (Example VIIL2.9, continued.). Let n € N. We define
the zigzag graph Z(Zn) of width n and length 2 to be graph whose vertices
are ag, ..., 4y, by, ..., by, aj and by, with edges from a; to b;_; and to b; (for
i € [[0,n], whenever the nodes exist), and with an edge from a;, to a5 and

from b,, to bj,. See Figure VIIL6 for an illustration.
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25 We borrow the terminology from
[LLTO7].

Figure VII1.6: The zigzag graph Z(25).
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Note that Z(zn) does not admit a homomorphism to the 2-path—indeed, such
a homomorphism should send a;,, a5 and b, onto 0, 1, and 2, respectively, and
so all a;’s (resp. b;’s) must be sent onto 1 (resp. 2), but then b, cannot be
mapped anywhere.

We claim that each Z(Zn) (n € N) is a critical obstruction of P,. We have
already seen that Z(Z") is an obstruction of P,. But then notice that to obtain a
proper substructure of 7! we must either:

« remove the edge from a; to ay or the edge from b, to b;,, in which case it
admits a homomorphism to P,, or
« remove any other edge, in which case the resulting substructure is not

connected, and both parts admit a homomorphism to P,.

And hence, by Proposition VIIL.2.10, it follows that P, does not have finite
duality.

On the other hand, each Z(Z") with n € N admits a homomorphism to
the 2-transitive tournament, as witnessed by Figure VIIL7.2° In fact, this
homomorphism is far from being unique: each vertex a;, a5, ..., 4,,_; can be
sent on either 0 or 1 (the red and yellow vertices), and similarly, each vertex
by, by, ...

, b,_1 can be sent on either 1 or 2 (the yellow and blue vertices).?’

o o

> |
(©) o o ) )

AR AN |

o

o

&

While P, and T, are similar structures, one has finite duality and the other
does not.

Recall that by Atserias’ theorem, this implies that Jom(Fin, T}) is first-
order definable?® but Hom(Fin, P}) is not.?’

Remark VIIL.2.12 (From finite to infinite structures). In the property
AL B jf YDeD, DA

defining a dual, we quantified A over finite o-structures. We could equally
quantify over all o-structures without changing the notion of dual by De
Bruijn-Erdés theorem. <&

We say that a o-structure is rigid if its only automorphism is the identity.

Proposition VIIL2.13 ([LLT07, Lemma 4.1]).3" If a finite core has finite
duality, then it is rigid.

VIIL2.7 Trees and Tree Duality

A o-structure is strongly acyclic if its incidence graph is acyclic. A o-tree is

a o-structure that is both connected and strongly acyclic. Do not confuse

244

26 However, observe that Z(ZO) =DP3is
an obstruction of Tj.

27 Note that it is straightforward to
extend the fact that

hom

z{" 20, T, and 7§ 225 p,

to arbitrary values of k € N, in the

sense that
h h
ARIRSLNG T AQIELS 8

by letting Z;{") be the graph obtained
from Z<2") by replacing the path lead-
ing to ag by a path of length k — 1.

Figure VIIL.7: A homomorphism from
the zigzag graph (left-hand side) to
the 2-transitive tournament (right-

hand side).

2 By the formula saying that there
are no variables xg, ..., xp4q s.t. for
all i there is an edge from x; to x;,1.

2 This can also be proven by hand:
for instance we let Z(zn) be defined

analogously to Zgn)

except that we
remove the edge from a; to by for
k = [4]. Then for a well-chosen
single-exponential function f: N —
N, for n € N, we have that Dupli-
cator wins the Ehrenfeucht-Fraissé
game on Z(Zf(n)) and Z(zf(n)). Since
2y Lt p, byt Z§ hom,
P,, this implies that FHom(Fin, P,)
is not first-order definable. See
eg [Kolo7, § 3] for details on
Ehrenfeucht-Fraissé games.

301n fact only assumes that B has
tree duality: as we will see in Propo-
sition VIII.2.14, this is a weaker con-
dition than having finite duality.



this notion with the classical notion of directed trees: every directed tree is a

)_see Figure VIIL.6—is a o-tree while

o-tree for the graph signature o, but Z(Zn
it is not a directed tree.

Given a o-tree T and a vertex t € T, the height of T when rooted at ¢ is the
maximal distance between t and any other vertex of T.

We say that a finite o-structure B has tree duality if it admits a (potentially
infinite) dual consisting only of o-trees. Somewhat surprisingly, Nesetfil and

Tardif showed that this notion generalizes finite duality.

Proposition VIIL2.14 ((NT00, Theorem 3.1]).3! If a finite o-structure B has
finite duality, then it has tree duality.

The converse does not hold.

Proposition VIII.2.15. The 2-path P, has tree duality.

Proof sketch. It can be shown that {Z(ln)n € N} is a dual of P,. Moreover,

each Z(Zn) (n € N) is a o-tree. O

Feder and Vardi introduced a construction to decide if a finite structure
has tree duality: given a o-structure B, we let 1/(B) be the g-structure whose
domain is P, (B), and for every Ry € o, we have (Yy, .., Y}) € R(U(B))
(with Yy, ..., Y € P, (B)) precisely when for every i € [1, k], for every b; € Y;,
there exists b; € Y; for every j # i s.t. (Y1, ..., Yx) € R(B).32 In the case of
graphs, the nodes of 11(H) are non-empty subsets of vertices of H, and there
is an edge from X to Y when:

« for every x € X, there exists y € Y s.t. {x,y) is an edge of H, and
« for every y € Y, there exists x € X s.t. (x,y) is an edge of H.

By construction, note that b — {B} defines a homomorphism from B to

u(B).

Proposition VIIL.2.16 ([FV98, Theorem 21]). A finite o-structure B has tree
duality if, and only if, 1(B) Jom, B, or, equivalently, if B and 1I(B) are homo-
morphically equivalent.

Note that 1 (1I(B)) is always homomorphically equivalent to 1I(B)—see e.g.
[NO12a, § 9.2.2, Proposition 9.1]— and so U(B) always has tree duality, no
matter if B has this property.

Example VIII.2.17 (Example VIIL.2.11, continued). Using Proposition VIII.2.16,
we can prove for instance that if a graph G has tree duality, then either it is a
DAG, or G contains a self-loop.

Indeed, let vy — v; — --- — v, be a directed cycle in G, with v, = v,,,.
Then in U(G), there is an edge from {vy, vy, ..., v,,} to itself. Since G has tree
duality, it follows by Proposition VIII.2.16 that 1(G) 1% G and hence G
also contains a self-loop.

Note that, if G contains a self-loop, then actually it is homomorphically
equivalent to the graph consisting of a single self-loop—that admits @ as a

dual and hence has tree duality. In other words, what we showed can be
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31 The statement of [NT00, Theo-
rem 3.1] is somewhat cryptic: the
relationship with duals is given by
[NT00, Lemma 2.5]. We refer the
reader to Foniok’s Ph.D. for state-
ments that use a terminology closer
to ours: [Fon07, Theorem 2.1.12]
shows that if {A} is a dual of B, then
A is homomorphically equivalent to
atree, i.e. if a structure has “singleton
duality”, then it has tree duality. The
generalization to finite duality then
follows from [Fon07, Theorem 2.4.4].

32n fact U(~) can easily be extended
to be a functor in the category of o-
structures, see e.g. [NO12a, § 9.2.2].
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rephrased as: any non-trivial graph with tree duality is a DAG. For instance,
this implies that K, does not have tree duality.

On the other hand, we saw in Example VIIL.2.11 that P, does not have finite
duality. However, it has tree duality: indeed, see Figure VIIL.8 and observe
that U(P,) 222 P,. &

VIIL3 From Separation to Colouring of Automatic Graphs

VIIL3.1 Separability is Equivalent to Regular Colourability

We start by showing that the REC-SEPARABILITY PROBLEM is equivalent, under
polynomial time reductions, to the REGULAR COLOURABILITY PROBLEM. To
make our statement precise, we need some terminology.

Let k-REc be the class of languages expressed by unions of products of k
regular languages which form a partition: in the binary case, this corresponds
to relations of the form (L; X L;) U --- U (L;, X L;,), with iy, fy, ..., ig, o €

[1, k], for some regular partition®® L, ..., L, of Z* and £ € N. Note that
Rec = |, k-Rec.

Example VIIL.3.1. For instance, (aa)" X (aaa)* belongs to 4-REc but not to
3-REc since, for any k € N, we have that (aa)* X (aaa)* € k-Rec iff there
exists a regular partition of 4" into k languages s.t. both (aa)* and (aaa)*
can be expressed as the union of some of these languages. To get the upper
bound k = 4, consider the partition (Lg, L3, Ly, L, ) where Ly = (a®)*, L5 =
(@) N Lg, Ly = (@) N Lgand L, = a* ~ (L, ULy ULy). &

Theorem VIIL.3.2. There are polynomial-time reductions:

1. from AUT/REC-SEPARABILITY t0 FINITE REGULAR COLOURABILITY,

2. from FINITE REGULAR COLOURABILITY to AUT/REC-SEPARABILITY, and

3. from REGULAR k-COLOURABILITY to AUT/k-REC-SEPARABILITY, for every
k> 0.

Further, the last two reductions are so that the second relation in the instance

of the separability problem is the identity Jd.

Proof of (2) and (3). We start with the last two reductions. Given an auto-
matic graph (V, &) over an alphabet X, consider the instance (%, R,) for
the REC-SEPARABILITY PROBLEM, where B = £ and R, = Jd. If (V,E) is
regularly k-colourable via the colouring V7, ..., V} then the k-REc relation
Uiij Vi XV, separates ®; = & and R, = Jd. Conversely, if a k-REc rela-
tion X C L* X L* on the regular partition V; LI --- LIV} = L* separates &,
and R,, then U#]. V; X V; also separates Ry and X,, and this implies that
V4, .., V} is a k-colouring for (X%, £), and in particular for (V, &). O

For the first reduction, let us introduce some terminology. Given two

relations R, K, over L*, say that u € X" is compatible with u” € " when
for all words v € 2™

246

W ~ A

o

Figure VIIL.8: The Feder-Vardi con-
struction U(Py) on the 2-path.

3 By “regular partition”, we mean
thatLq, ..., Ly is a partition of ©*, and
that moreover each L; is a regular lan-
guage.
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(compy): (u,v) € Ry = (u',v) ¢ Ry, ): (v, u)y € Ry = (v, u’') ¢ R,,
(comp)): (u’,v) € Ry = (u,0) & Ry & (comp)): (v,u’) € Ry = (v,u) ¢ R,.

COMP

Define the incompatibility graph Jnc g, . as the graph whose vertices are all
words of X%, and with an edge from u to v whenever u is not compatible with
v. Note that Jncy, 4, is exactly the graph (L7, R).

Example VIIL3.3. Let £ = {a, b}, R, be the equal-length relation, and

Ry ={(u,uay | ue X}V {(u,ub) | ue X,

that we depict in Figure VIIL9. Then, u is incompatible with u” if [u| = [u’| + 1

(this is given by (compy) or (comp,)), or if |u’| = |u| +1 (this is given by
(comp}) or (compy)). This gives rise to the incompatibility graph of Fig-
ure VIIL.10.

Note that while neither & nor R, are recognizable, they are separable by
the recognizable relation § consisting of all pairs {1, v) such that |u| and ||
have the same parity. Moreover, Jnc g, «, is regularly 2-colourable, the two

colours being the words of even and odd length. <&

Proposition VIIL.3.4. If ; and %, are automatic, then so is Jncy, ..
Moreover, we can build an automaton for Jnc, «, in polynomial time in the

size of the automata for &, and %,.

Proof. By definition, the incompatibility relation Jncg, 5, can be written as

‘%—'(COMP[) U ‘%—'(COMPé) U je—'(COMPr) U R—'(COMP;)’ where:

~(comry) = {w ) € T , (,0) € Ry At 0) € Ry,
~(comr)) = {u 'y €L , (W', 0) € Ry A{u,0) € Ry),
R (comp,) = {uuy e 2 , (v,u) € Ry A v,y € Ry}, and
R_(compl) = {(u, u')ex” , (v, U’y € Ry A{v,u) € jez}

Observe that starting from automata for #; and ®,, then for each of the
relation ‘%—‘(COMPg)’ Rﬁ(COMPZJ)’ ‘%—‘(COMPr) or W—.(COMP’,)’ we can build an
automaton recognizing them using a product construction, which can be
implemented in polynomial time.3* It then follows that we can build a

polynomial-size automaton recognizing Jrcg, r, in polynomial time. O

We can now finish the proof of Theorem VIIL3.2.

Proof of (1).

we reduce it to the REGULAR COLOURABILITY PROBLEM on its incompatibility

Given an instance (R, X,) of the REC-SEPARABILITY PROBLEM,

graph Jnc, «,.
@ Left-to-right implication. Assume that there exists § in k-Rec that
U (L, X L; )

L) is a partition of * in k regular languages. We define the

separates Ry from ;. Then § can be written as (L;, X L; ) U -
where (L, ...,
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/\
/\ /N
ba bb

Figure VII1.9: The relation R, of Ex-
ample VII1.3.3, restricted to words of
length at most 2.

a / \ b
/ \
aa ab ba bb

Figure VIII.10: Incompatibility graph
Jncg, %, and its regular 2-colouring.

34 More precisely, in this product
construction the states are Q; X Q,
where Q; is the set of states of an au-
tomaton A; for R;. Then, for each
transition

in A; (i € {1,2}), we put a transition

(1,42) =D (gl q5),

with a,b,c € L U{L}. Potentially,
this can produce transitions labelled
by (L, L): we can get rid of those
using the standard elimination of ¢-
transitions. Finally, a state (g1, ¢5) is
accepting if g1 and g, are accepting
in Ay and A», respectively.
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colour of a word u € " as the unique i € [1,k] s.t. u € L;. In other words,
the colouring is simply (L, ..., L)

This is indeed a proper colouring: if # and #’ have the same colour, we
claim that (u,u") € Jncy, «,. i.e. that u is compatible with u’. Indeed, take
any v € L*: if (u,v) € Ry, then (u,v) € &, so (u,v) € Lim X ij for some
m € [[1, £]. But since u has the same colour as ', the fact that u € L; implies
u' €L; ,andhence(u’,v) € L; XL; C&.Butd separates R from R, and
therefore (u’,v) ¢ R,. This tells us that (comp,) holds. The other conditions
hold by symmetry. We conclude that (L, ..., L;) defines a proper k-colouring
of Jnc g, ,, that is regular since the L;’s are regular languages by definition.

W Right-to-left implication. Assume that Jncy, , is finitely regularly
colourable, say by (Ly, ..., L;). Then let § be the union of all §;’s (i € [1, k]})

where

S;={u,v) | uel;and (u',v) € R, for some u’ € L,;}

U{{u,v) | veL;and (u,v") € R for some v’ € L;}.

Since (J,L; = 7, we get Ry € 8. Moreover, we claim that %, NS = @.
Indeed, if (u,v) € S, then (u, v) € S, for some 7 € [1,k]. It either means that
(1) u € L; and (u’,v) € Ry for some u” € L;, or (2) v € L; and (u,v’") € R, for
some v € L;. In case (1), u and u’ have the same colour, and since (Ly, ..., L)
is a colouring of Jnc g, ,, # must be compatible with 1. The assumption
(u’,v) € Ry together with (comp)) then yields that (u,v) ¢ R,. The other
case is symmetric. Therefore, (1,v) ¢ R,, and thus § separates X, from X,.

Finally, we show that & is recognizable. In fact,
k
i=1

where for any set X € X" we define R;[X] (resp. ﬂ?[l[X]) to be the set of
v € L" (resp. u € L") such that (u,v) € R, for some u € X (resp. v € X).
Hence, R, and R, are REc-separable.? O]

Motivated by these reductions, we focus our attention to regular colourings

of automatic graphs, eventually proving that both the REGULAR k-COLOURABILITY

and REGULAR COLOURABILITY PROBLEMS are undecidable.

VIIL.3.2 Regular k-Colourability Problem

We show that the REGULAR k-COLOURABILITY PROBLEM is undecidable for
k > 2.3% This is proven by a reduction from a suitable problem on reversible

Turing machines with certain restrictions, which we call “well-founded”.
Regularity of Reachability for Turing Machines. We say that a Turing machine

T is reversible, if every node of C’OnfT has in-degree at most 1, in other words

if the machine is co-deterministic.3”-38 We say that a Turing machine 7T is

248

35 Note however that § does not nec-
essarily belong to k-Rec, but a pri-
ori to 8%-Rec: indeed, from the L;’s,
Rq[L;]’s and Ril[Li]’s, one can pro-
duce using a powerset construction
a partition of T* in 23K = 8F regular
languages s.t. any L; (resp. Rq[L;],
resp. ﬂ{l [L;]) can be written as the
union of some of these languages.

36 Using this, we obtain in the next
subsection the undecidability for the
separability problem on two natural
classes of recognizable relations.

37 The proof of undecidability of the
isomorphism problem for automatic
structures [KNRS07, § 5] also relies
on the use of reversible Turing ma-
chines.

38 For more details and pointers on re-

ver<ible Turine machines see [Morl17.
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well-founded if its configuration graph is such that:
1. the initial configuration has in-degree zero, and
2. there are no infinite backward paths yy < 1 < - in Conf, .

We say that a Turing machine is linear if it is well-founded, deterministic
and reversible. By construction, a Turing machine is linear iff (1) its configu-
ration graph consists of a possibly infinite disjoint union of directed paths,
which are all finite, or isomorphic to (NN, succ) and (2) the initial configuration
has in-degree zero. Such a configuration graph is depicted on Figure VIII.13.3

The REGULAR REACHABILITY PROBLEM is the problem of, given a Turing
machine 7, to decide whether its set of reachable configurations Reachs is a
regular language. To show that is it undecidable, we exhibit a reduction from

the halting problem on deterministic reversible Turing machines.

Proposition VIIL3.5 ([Lec63, Theorem 1]). The HALTING PROBLEM on deter-

ministic reversible Turing machines is RE-complete.

Lemma VIIL.3.6. The REGULAR REACHABILITY PROBLEM is RE-complete, even

if restricted to linear Turing machines.

Proof sketch. The upper bound is trivial. For the converse one, we reduce the
HALTING PROBLEM on deterministic reversible Turing machines, in such a way
that the reachable configurations whose state g coincide with the state of the
original machine are of the form u - g - v >" <" where u - g - v is a configuration
of the original machine, I> and < are new symbols, and n € N. Transitions
are defined in such a way that the new machine is linear: this is implemented
by having, for every transition u-q-v — u’ - g’ - v’ of the original machine

and every n,m € N, a multistep transition
u.q.vbn qm sy’ _q/ Lo il gml
The construction is illustrated in Figure VIIL.11.

p
{

[00101|>|>><1<<]

! simulate T

| overwrite the first two <’s
~L ! with a’s

~
N

\
! append three <I’s
1)
(o101 1> p>><<d<aq)

\

| go back to the new posi-

K tion, in the new state

~>

[001011>>|>|><1<1<1<]L/
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3 Note that it is decidable whether
a Turing machine is linear. In fact,
condition (1) can be expressed in first-
order logic over X*.

Figure VIII.11: Encoding of a single
transition of the form “when reading
a blank in state p, write a 1, go in
state ¢ and move right” of the ma-
chine T in the machine T’ in the
proof of Lemma VIII.3.6. Red unla-
belled states represent states of T’
that are not originally present in 7.
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Moreover:

« if the original machine was halting, then the reachable configurations of
the new one are finite and hence regular;

« otherwise, the set of reachable configurations is not regular, which follows

from the non-regularity of any infinite subset of {>"<" | n € N}. O

Some proof details. Letting J denote the instance of the HALTING PROBLEM,
which runs on the empty word, we denote by T the instance of the REGULAR
REACHABILITY PROBLEM to which it is reduced.

The Turing machine T is defined as follows: every time there is a transition
u-p-v—u -q-v inT, we simulate this transition in T’: to achieve this, >’
and ‘<’s should be treated as blank symbols, and then we rewrite >" <" into
"1+l When T writes on a blank symbol that was actually an ‘>’ in 7,
we must also add an extra I> (to account for the one that was overwritten):
this case is depicted in Figure VIIL.11. Moreover, when 7 deletes a symbol
at the end of the tape, we must shift the >" <" suffix. This can be done by
replacing the blank with an ’, the last >’ with a ‘<’, and deleting the last
<

We now prove that 7 is linear:

1. it is deterministic and reversible:

« every configuration inside a path
u-q-vl>" qm —* oy’ 'q/ .0 i+l gqm+l

has, by definition, exactly in- and out-degree one;

« every configuration of the form u - g - va"b™ has as many predecessors
(resp. successors)in 7 as -4 -vin J, namely one since J was assumed
to be deterministic and reversible;

2. the initial configuration - - g - - has no predecessor;

3. it has no infinite backward path since N is well-founded,

Moreover, 7’ has no cycle,*® and so if 7 is halting on an empty input, then
the set of reachable configurations of T is finite, and thus regular. If 7 is not
halting, the set of reachable configurations of 7 is infinite and its projection
onto {>, <} is an infinite set of words of the form a"b™ where n —2 < m <
n + 2. Hence, since regular languages are closed under homomorphic images,

the reachable configurations of 7’ cannot be regular. O

Undecidability of the regular k-colourability Problem. We can now show

undecidability for the REGULAR k-COLOURABILITY PROBLEM by reduction from

the REGULAR REACHABILITY PROBLEM restricted to linear Turing machines.
A configuration of a Turing machine—or more generally the node of an

automatic graph—is said to be germinal if it has in-degree 0.4!

Theorem VIIL3.7. The REGULAR k-COLOURABILITY PROBLEM on automatic
graphs is undecidable for every k > 2. More precisely, the problem is RE-

complete. This holds also for connected automatic graphs.
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40 Indeed, we encoded a strictly in-
creasing counter inside the configu-
rations of 7.

GERMINAL

Figure VIIL.12: Allégorie pour le mois
de Germinal, Louis Lafitte.

41 A natural terminology would be
“initial” but it clashes with the well-
established notion of initial configu-
ration.
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Proof. & Lower bound. By reduction from the REGULAR REACHABILITY PROB-
LEM for linear Turing machines (Lemma VIIL.3.6). We first show it for k = 2.
Given a linear Turing machine 7, observe that the set Germ of all germi-

nal configurations of Cornf, .

Claim VIIL3.8. Germy is effectively a regular language.

Observe moreover that, by definition of linear Turing machines, the initial
configuration _ - g, - - is germinal. Let b and » be fresh symbols. Consider the
automatic graph (V, &) for V = Confy - (b + ), having an edge from y - c to Rech
y’ - ¢ if either —
1. {c,¢’y=(b,ryand y =)'; g 000
2. {c,c’) =(r,b) and there is an edge from y to ’ in Conf_; or 0—0—0—0—0 "

3. {c,c’) =(b,b), y is the initial configuration, and )" # y is germinal.

- . ) O—0—0
Symbols b and r are utilized to represent two versions of each configuration.
This graph is depicted in Figure VIIL.14. Note that (V, &) is connected and
2-colourable: in fact, it is a directed tree whose rootis - - gg - - - b. Figure VIII.13: Configuration graph

of a linear Turing machine.

We claim that (V, &) is regularly 2-colourable if, and only if, the set of

reachable configurations of T is a regular language. In fact, up to permuting nodes originating from Reach
the two-colours, (V, &) admits a unique 2-colouring (C;, C,), defined by: O/,O/,O/,O

i67 7 & ¢

C; # Reachy - b U (Confs \ Reachy) - 7 .

1y

{0 0 0 0 0
and C, is the complement of C;. If Reach is regular, then so is C;. Dually, \ 6/ 5/ 5/ 5/ 5
if C; is regular, then Reach is exactly the set of configurations y such that ‘\d
y - b € C; and hence is regular. It follows that (V, £) is regularly 2-colourable ¢ /;O /;O
if and only if the reachable configurations of T are regular, which concludes ¢ o o

the proof for k = 2.

To prove the statement for any k > 2, we define (V, &) as the result of Figure VIII.14: The automatic graph
adding a (k — 2)-clique to (V, £) and adding an edge from every vertex of the to which the configuration graph of
clique to every vertex incident to an edge of £. This forces the clique to use Figure VIIL13 is reduced.
k — 2 colours that cannot be used in the remaining part of the graph and the
proof is then analogous.

@ Upper-bound. We show that the problem is RE. Let us define a k-coloured
automaton like a regular (complete) DFA, except that instead of having a set
of final states, it has a partition (Cy, ..., C;) of its states. Such an automaton
recognizes a regular colouring * — [[1,k]. Given an automatic graph
G = (V,&)—whose edge relations is given by a synchronous automaton
€g—and a k-coloured automaton B, we can build, by a product construction,
an automaton A’ which accepts all # ® v € R® such that the colour of u is
distinct from the colour of v. Then, A’ is equivalent to é’g if, and only if, B
describes a proper k-colouring of (V, £). The RE upper-bound of the REGULAR
k-coLourABILITY PROBLEM follows: it suffices to enumerate all k-coloured

automata and check for equivalence. O

Note that this reduction provides an easy way of building graphs in the
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shape of Figure VIII.14 that are 2-colourable (in fact, they are trees) but
not regularly 2-colourable. In fact, we can provide a slightly more direct

construction.

& —— gb — g2p2 — B3 ---
a—— qab — 2302 — 43 --~

: b - ﬂbb s ﬂ2b3 SN a3b4 -

\

\ aa — B3 — A2 — Ppd - -~
\

\
\

¥ C VA\C

Example VIIL.3.9. On the alphabet X = {a, b}, the tree T depicted in Fig-
ure VIIL15 whose set of vertices is V' = a*b* and whose set of edges is

E = Eiper Y Eipip» With

incr init>

Einer = (@b, aPT1H7*Y) | p,q € N}

={(e, @) [ pe N}U{(e, b7) [ g€ N},

init —

is automatic but not regularly 2-colourable. Indeed, its only 2-colouring

consists in partitioning the vertices of 7 into

C={a"b" | n € 2N}
U{aPb? | p > g and q is odd}
U {a’b7 | p < g and p is odd}

and its complement V' \ C. Let P = {a’V7 | p,q € 2N} = (aa)*(bb)*: P is
regular, yet CN P = {a"b" | n € 2N} is not. Hence, C is not regular, and thus
T is not regularly 2-colourable. &

VIIL.3.3 Bounded Recognizable Relations

Separability for Bounded Recognizable Relations. In this part, we capitalize
on the undecidability result of Section VIIL.3.2, showing how this implies the
undecidability for the separability problem on two natural classes of bounded
recognizable relations, namely k-Rec and k-Prop. For any k, k-Probp is
the subclass of REc consisting of unions of k Cartesian products of regular
languages (which is a subclass of 22-Rkc).

First, observe that the 1-REC-SEPARABILITY PROBLEM is trivially decidable,
since the only possible separator is Z* X X*. However, for any other k > 1,

the problem is undecidable.

Corollary VIIL.3.10. The k-REC-SEPARABILITY PROBLEM is undecidable, for

every k > 1.

Proof. This is a consequence of the reduction from the REGULAR k-COLOURABILITY

PROBLEM of Theorem VIIL3.2, combined with the undecidability of the latter
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Figure VIII.15: The automatic tree
T of Example VIII.3.9, and its unique
2-colouring (C, V '\ C), which is not

regular.
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for every k > 1 (Theorem VIIL3.7). O

On the k-ProD hierarchy we will find the same phenomenon. In particular

the case k = 1 is also trivially decidable.

Proposition VIII.3.11. The 1-PROD-SEPARABILITY PROBLEM is decidable.

Proof. Given two automatic relations X, X5, there exists S € 1-ProD that
separates R from R, if and only if 71;(R;) X 1,(R;) separates X, from
R,.42 O

As soon as k > 1, the k-PROD-SEPARABILITY PROBLEM becomes undecidable.

Lemma VIIL3.12. A symmetric automatic relation & and the identity Jd
are separable by a relation in 2-Prop iff they have a separator of the form
(AXB)U(BxA).

Proof. Assume that § € 2-Prop separates R from Jd. Then X C 8, but since
R is symmetric, X = R1c St andso R € SN S L. Moreover, since 8
has empty intersection with Jd, so does § N §7. Hence, § N 87! separates
R from Jd.

Since § € 2-Prop, there exists A;, Ay, B;,B, € " such that § = A; X
B UB, X A,. Note that §N Jd = @ yields A; N B; = @ for each i € {1,2}.
Finally:

8§N81 = (A;xByUB, X Ay) N (B X A; U A, XBy)
= (A1 xBy) N (B X A)) U (A X By) N (Ay X By))
U ((By X Ay) N (By X Ay)) U ((By X Ap) N (A, X By))
= (A1 N By) X (A, N By)) U ((A; N Ay) X (B; N By))
U ((By NBy) X (Ay N Ay)) U ((A; N By) X (A, N By))

=0

= ((A; N Ap) X (B; N By)) U ((By N By) X (A; N Ay)).

Therefore, § N 8§71 is a separator of R and Jd of the desired shape. O

Corollary VIIL3.13. A symmetric automatic relation R and Jd are separable
by a relation in 2-Prop iff (X*, X) is regularly 2-colourable.

Proof. By observing that for any symmetric relation X C X" X X%, we have
that A,B C X" is a colouring of (X%, R) if, and only if, (A X B) U (B X A)
separates R from Jd. O

We can now easily show undecidability for the 2-PROD-SEPARABILITY

PROBLEM by reduction from the REGULAR 2-COLOURABILITY PROBLEM.

Lemma VIIIL.3.14. The 2-PROD-SEPARABILITY PROBLEM is undecidable.
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2 Here, my(Ry) = fu € T* |
dv € ¥, (u,v) € Ry}, and simi-
larly, T5(Rq) £ {v € ¥ | Ju €
X, (u,v) € Rq}. Both languages can
be effectively computed from ;.
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Proof. By reduction from the REGULAR 2-COLOURABILITY PROBLEM on auto-
matic graphs, which is undecidable by Theorem VIIL3.7. Let (V, &) be an
automatic graph and (V, £’) the symmetric closure of (V, £). It follows that
(V, &) is still automatic and that there is a regular 2-colouring for (V, £”)
iff there is a regular 2-colouring for (V, £)—take the same colouring. Thus,
by Corollary VIIL.3.13, (V, &) is regularly 2-colourable iff there is a 2-ProD
relation that separates £’ from Jd. O

Further, this implies undecidability for every larger k.

Proposition VIIL.3.15. The k-PROD-SEPARABILITY PROBLEM is undecidable,

for every k > 2.

S
veXr”

Wl ap aq ap
T (x84
A

by |by  |bp
/')2

uexr”

Proof. The case k = 2 is shown in Lemma VIIL.3.14, so suppose k > 2. The
proof goes by reduction from the 2-PROD-SEPARABILITY PROBLEM. Let X, R,
be a pair of automatic relations over an alphabet X.. Consider the alphabet
extended with 2(k — 2) fresh symbols £/ = L U {ay, -+, a5_5,by, -, by_p}.
We build automatic relations R], X5 over " such that (:R;, X,) are 2-PrRoD
separable over X iff (K7, Rj) are k-PrRoD separable over X"

Let R £ Ry U{{a;,b;) :1<i<k-2}and

Ry =Ry (a;,v)y |vel”, ie[l,k-2]}
b)) lueXr, iel,k-2]}
{(ai,b]-) | i,j€[1,k-2]andi # j}
{

[
L
L {Cby, a;) 14,5 € [1,k—2]1)

If R, and R, have a 2-ProD separator &, then S LI {{a;, b;) | i € [1,k-2]}
is a k-ProD separator of ®] and %;.

Conversely, if 8" = (A; X B;) U --- U (A; X By) is a k-ProD separator of
R} and R}, then for every i there must be some j; such that A]-l, X B]-l, contains
(a;,b;). From 8’ N R, = @, we get:

« A;, UB;, cannot contain any a; or by for i’ # i, and

. A]-l, U B]-l, cannot contain any w € X*;

since otherwise we would have (A; X B;) N R, # @. Hence, {i — j;}; is
injective, and thus &’ is of the form & = (A; X By) U (A, X By) U ({ay} X
{b:H U - U ({ay_p} X {by_p}). We can further assume that A;, By, A,, B, do
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Figure VII.16: Construction in the
proof of Proposition VII1.3.15 for k =
5. & is depicted as the union of two
grey rectangles since § € 2-Prob.
The relation R] is obtained from R
(blue shape) by adding all blue edges,
namely a; — b; fori € [[1,k-2].
The relation R} is obtained from
Ry (red shape) by adding all red
edges, namely every other non-self-
loop edge involving a vertex a; or b;.
Finally, 8’ (S plus three grey rectan-
gles) is obtained from S by adding
each {a;} x {b;}.
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not contain any 4; or b; since otherwise we can remove them preserving
the property of being a k-PrRop separator of X} and &;. Hence, § = (A; X
By) U (A, X B,) must cover X and be disjoint from X,, obtaining that & is a
2-Prob separator of X and X,. O

Membership for Bounded Recognizable Relations. Up until now, we have exam-
ined two hierarchies of bounded recognizable relations, namely k-Prop and
k-REc. Our previous analysis demonstrated that, for any element in these hier-
archies (where k > 1), their separability problem is undecidable. Nevertheless,
we will now establish that their membership problem are decidable.

Given an automatic relation X C X* X %, consider the automatic equiv-
alence relation ~;, C X" X X%, defined as w ~5 w’ if for every v € 1" we
have
1. (w,v) e Riff (W',v) € R, and
2. (v,w)e Riff (v,w') e R.

It turns out that equivalence classes of ~,, define the coarsest partition

onto which R can be recognized in terms of k-REc.

Lemma VIIL.3.16. For every automatic X € X% X L*, ~ has index at most
k if, and only if, X is in k-Rec.®3

Proof. < Left-to-right. Assume that ~ has the equivalence classes Cy, -+, Cy.
Consider the set P C [[1, k] of all pairs (i, j) such that there are u; € C; and
uj € Cj with (u;, uj) € R. Define the k-Rec relation R’ = U(i,j)eP C; % Cj. We
claim that X = &’. In fact, by definition of ~, note that if there are u; € C;
and u; € C; with (u;, u;) € R, then C; X C; € R. Hence, X' C R. On the
other hand, for every pair (u,v) € R there exists (i,j) € P such that u € C;,
v € C; implying (u,v) € R’. Hence, X C R’

W Right-to-left. If X is a union of products of sets from the partition
C; U ..U Cy = %, then every two elements of each C; are ~-related, and
thus ~ has index at most k. O

We can then conclude that the membership problem for k-REc is decidable.

Corollary VIIL3.17. The k-REc-MEMBERSHIP PROBLEM is decidable, for every
ke N,,.

Proof. An automatic relation [ is in k-REc iff ~ has at most k equivalence
classes by Lemma VIIL.3.16. In other words, an automatic relation X is not
in k-Rec iff the complement of ~, contains a (k + 1)-clique, which can be

easily tested. O

The relation ~ can also be used to characterize which automatic relations

are definable in the class k-PrRoD.

Proposition VIIL.3.18. An automatic relation [ is in k-Prob if, and only if,
R = (A; X Bj)U..U (A X By) where each A; and B; is a union of equivalence

classes of ~.
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43 Recall that the index of an equiva-
lence relation is its number of equiv-
alence classes.
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Proof. The right-to-left implication is trivial. For the converse implication,

assume that X is in k-ProD, say
.% = (Al X Bl) u..u (Ak X Bk)

for some arbitrary regular languages Ay, ..., A, and By, ..., B. By definition

of ~4, we also have
R = ([A]"* X [B1]™*) U ... U ([Ar]™® X [Bi]™%). ]

Again, this characterization allows us to show that membership in the class
k-Prop is decidable.

Corollary VIIL3.19. The k-PROD-MEMBERSHIP PROBLEM is decidable, for

every k > 0.

Proof. By brute force testing whether the automatic relation X is equivalent
to (Ay X By) U ... U (A X By) for every possible A;, B; which is a union of

equivalence classes of ~. O

VIIL.4 Undecidability of the Homomorphism Problems

Recall that Theorem VIIL.3.7 show that the REGULAR k-COLOURABILITY PROB-
LEM is undecidable for all automatic graphs. This problem can be rephrased
in terms of homomorphisms, and naturally leads us to conjecture that for
most target structure B, the problem of given an automatic presentation .4,
to decide if there is a regular homomorphism from .4 to B is undecidable.
This is formalized in Theorem VIIL.4.1, and we devote the rest of this chapter

to proving it.

VIIL4.1 Overview & Easy Implications of the Dichotomy Theorem

Theorem VIIIL.4.1 (Dichotomy Theorem for Automatic Structures). Let B be a

finite o-structure. The following are equivalent:

(DT)fin-duat- B has finite duality;

(DTpom-dec- Jlom(Aut, B) is decidable;

(DDhom-reg-dec- J0m™é(Aut, B) is decidable;

(DMequal-
tion A of a o-structure A, there is a homomorphism from A to B iff there

FHom(Aut, B) = Hom"™5(Aut, B), i.e. for any automatic presenta-

is a regular homomorphism from A to B;
(DTgirst-order- Jtom(All, B) has uniformly first-order definable homomor-
phisms.*4
Moreover, when Hom(Aut, B) and Hom"8(Aut, B) are undecidable, they are
coRE-complete and RE-complete, respectively. When they are decidable, they

are NL.

Remark VIII.4.2 (Beyond automatic relations). In the statement of Theo-
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4 The notion of uniformly first-order
definable homomorphisms is defined
in Section VIIL.5.1.
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rem VIIL.4.1, automatic structures can be replaced by w-tree-automatic struc-
tures, or even higher-order automatic structures and the statement of the
theorem would remain true. The undecidability results obviously remain
true when defined on a larger class. Moreover, to prove decidability, notice
that the key lemma of Section VIIL.5.1, namely Lemma VIII.5.2, actually deals
with Fom(All, B) and not Hom(Aut, B). The decidability follows from the
fact that the first-order theory of any higher-order automatic structure is

decidable. &

We prove Theorem VIIL4.1 by showing the implications depicted in Fig-
ure VIIL.17. The most difficult implications are (DT)gn-quat = (DTfirst-orders

(DT)fin—duaI

l

(DT)fi rst-order

l

(DT)equaI

7N

(DT)hom-reg-dec (DT)hom-dec

which we prove in Section VIIL5, and the implications (DT)},om-dec = (DTfin-duar  Figure VIIL17: Implications shown

and (DT)pom-reg-dec = (DT)fin-dual» Which we prove by contraposition in Sec-
tions VIII.4.2 and VIIL.4.3.

On the other hand, the implications (DT)g;,st-order = (DT)equals (DT)equal =
(DDhom-reg-dec a0 (DT)equal = (DT)pom-dec are straightforward: we prove
the first one in Section VIIL5, and the last two in this section. Before showing

these implications, we start by proving (DT)in-dual = (D Dhom-dec-

Decidability of the Homomorphism Problem.

Proposition VIIL4.3.4¢ Let B be a finite o-structure. If B has finite duality,
then Hom(Aut, B) is decidable in NL.

Proof. Given a finite o-structure D with domain {d;, ..., d,}, we build the

first-order sentence

¢p = dx;. - dx,,. /\ /\ R(xpy oo s X ).
RET (i, .. ip)e[1n]k
s.t. <dl'1,...,dik>€ﬁ(D)

By construction, for any arbitrary o-structure A, we have A k£ ¢p iff D Jom,
A. Then, since B has finite duality, it admits a finite dual Dy, ..., D,,. Then

m
Ar \-¢p, iff AZSB.
i=1

The conclusion follows from the fact that the data complexity of FIRST-ORDER

MODEL CHECKING OF AUTOMATIC STRUCTURES is NL by Proposition VIL.3.6. [

Note that Proposition VII1.4.3 still holds when the HOMOMORPHISM PROBLEM
takes as input higher-order automatic structures since such structures have a

decidable first-order theory.
Equality of the Homomorphism Problems Imply their Decidability.
Proposition VIIL.4.4.47 Let B be a finite o-structure. If Hom(Aut, B) =

Hom"8(Aut, B) then Hom(Aut, B) and Hom"8(Aut, B) are decidable.
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in the chapter to prove Theo-
rem VIIIL.4.1.

4 While it is redundant with the
implications of Figure VIII.17, we
prove this implication since not only
is it straightforward, but it is also
the implication which, together with
the fact that both JHom(Aut, K5)
and Hom™8(Aut, K,) are undecid-
able by [K&c14, Proposition 6.5] and
Theorem VII1.3.7, that lead us to con-
jecture Theorem VII1.4.1.

4 This corresponds to the implica-
tion (DT)fin-dual = (DT)hom—dec of
Theorem VII1.4.1.

47 This corresponds to the implica-
tion (DT)equa| = (DT)hOm-dec Of
Theorem VII1.4.1.
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To prove this, we first give an upper bound on the homomorphism problems

independently of any assumption on B.

Proposition VIIL.4.5. Let B be a finite o-structure. Then Hom(Aut, B) is
coRE and FHom"8(Aut, B) is RE.

Proof. «w Hom(Aut, B) is coRE. By the De Bruijn—Erd6s Theorem, for any

hom

arbitrary o-structure A, we have A —= B iff there exists a finite substructure
A’ of A s.t. A’ 225 B. Given a finite o-structure A’ and an automatic o-
structure, it is decidable to test whether A’ is a substructure of A: indeed, it

suffices to check, using Proposition VIL.3.6 if

AF (3x1. - Ax,,. /\ /\ R(xil,...,xik)),

Rw€o (i, ip)e[Ln]k
s.t. <Hil,...,£lik >€,‘P(A’)

by letting {ay, ..., a,} = A’. Moreover, whether A’ 2992 B is also decidable
in coNP. Overall, this provides a co-semi-algorithm for Fom(Aut, B): we
enumerate finite o-structure A’, and test if (1) A’ is a substructure of A and
if (2) A’ Lom, B. And hence Hom(Aut, B) is coRE.

W Hom'™8(Aut, B) is RE. This is an easy generalization of Theorem VIIL3.7:
instead of having k-coloured automaton, we define the notion of “B-automata”:
the notion of accepting state is replaced by a partitition (Cj,),cp of the states.
The semantics of such an automaton is a partial function f: £* — B. Given
an automatic structure 4, we can then effectively test if f is defined on
dom 4, and if f defines a homomorphism from A to B—see the proof of Theo-
rem VIIL3.7. If so, A <% B. Dually, any regular homomorphism .4 Zeg hom,
B can be described by such a B-automaton. Therefore, F{om™8(Aut, B) is
RE. 0

Proof of Proposition VIIL.4.4. If Hom(Aut, B) = Fom"&(Aut, B), then by Propo-
sition VIIIL.4.5, these problems are both RE and coRE, and are hence decid-
able. O

VIIL.4.2  Undecidability of HHom(Aut, B)

We now prove the undecidability of Hom(Aut, B) and Hom"™8(Aut, B) when

B does not have finite duality. Both reductions are direct adaptations of the

proof that Fom(Fin, B) is L-hard when B does not have finite duality by

Larose and Tesson [LT09, Theorem 3.2]. However, proving the undecidability

of the problem that is reduced to Fom"®(Aut, B) is not entirely trivial and

requires some work.

« For JHom(Fin, B), we reduce the complement of CONNECTIVITY IN AUTO-
MATIC GRAPHS, providing a coRE-lowerbound.

« For Hom™8(Aut, B), we reduce REGULAR UNCONNECTIVITY IN AUTOMATIC
GRAPHS, which in turn is reduced from the REGULAR REACHABILITY PROB-

LEM.
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For n € N, we define the n-link L,, be the o-structure*® whose domain
is [0, n]], and every predicate R of arity k, is interpreted as the set of tuples
(ay, ., ag) s.t. |a; - lZ]-| <1foralli,je€ [[0,n]. See Figure VIIL18.

Given a o-structure B, say that b € B and b’ are n-linked if there exists a
homomorphism from L, to B that sends O to b and 1 to b’. We say that b and
b’ are linked if they are n-linked for some n € N.

Note that the fact that k +— 1 — k defines an automorphism of L,, implies
that the relation of being n-linked—and to a greater extent of being linked—is

symmetric. Moreover, being linked is transitive, but not necessarily reflexive.
Proposition VIIL4.6 ([LLT07, Theorem 4.7]).#° An arbitrary o-structure B
has finite duality iff 7t; and 7, are linked in B,

Equipped with the previous proposition, we can now show the undecid-

ability of F{om(Aut, B) by reduction from the following problem.

CONNECTIVITY IN AUTOMATIC GRAPHS

Input: An automatic presentation G of a directed graph, and
two elements s, t € 1.7,
Question: Are G(s) and G(t) connected in G?

Property VIII.4.7. CONNECTIVITY IN AUTOMATIC GRAPHS is RE-complete.

Proof. This follows from the fact that the configuration graph of a Turing
machine is always automatic by Example VIL.3.13. Indeed, a Turing machine
halts on the empty word iff there is, in its configuration graph, a path from
the initial configuration to e, where o is a newly added node, s.t. we add an

edge from any accepting configuration to e. O

Lemma VIII.4.8. Assume that ¢ contains at least one predicate of arity at
least 2, and let B be a finite o-structure. If B does not have finite duality,
then there is a first-order reduction from the complement of CONNECTIVITY

IN AUTOMATIC GRAPHS to Fom(Aut, BY).

Proof. Given an instance (G, s, t) of CONNECTIVITY IN AUTOMATIC GRAPHS,
we first define the o-structure A with automatic presentation .4 obtained
by replacing every edge of G by a 1-link. Formally, A has the same do-
. 8k) € R(A) iff
{81, -, &) =1g, &'} for some g,¢" € G s.t. there is an edge from g to ¢’ in G.
See Figures VIII.19 and VIIL.20.

main as G, and for any predicate X € o of arity k, (gy, ...

Claim VIIL.4.9. G(s) and G(t) are connected iff A(s) and A(t) are linked.

For the left-to-right implication: if there is an edge between two elements
in G, then they are 1-linked in A. Since being linked is reflexive and transitive,
the conclusion follows. Conversely, if two elements a and a” of A are 1-linked,
then pick a predicate R € ¢ of arity at least 2. Then (q, ..., a, a’) € R(A),
and so by definition of A there is either an edge from a to a” or from a’ to a
in G.>°
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48 From [LLT07, § 2].

0n_ 00 ()]

Ak A k<

O\ao\ao\a"'\ao
Figure VIIL.18: The n-link L,, over the

graph signature.

4 Actually [LLT07, Theorem 4.7] as-
sumes that Fom(Fin, B) is first-
order definable, but this condition is
equivalent to B having finite duality
by Atserias’ result [Ats08, Corollary
4].

e

(0] (®)

Q

Figure VIIL.19: A graph

o5

o (;o‘z
\O

U

Figure VIIL.20: The structure A de-

fined from G (in Figure VII1.19), using

—

the construction done in the proof of
Lemma VII1.4.8, when ¢ consists of a

single binary relation.

50 Note that the proof of this claim
is the only part of the proof of
Lemma VI11.4.8 that requires the as-
sumption that o contains at least one
predicate of arity at least 2.
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We then consider the automatic o-structure A X B2, and extend it to a
og-structure (A X B?)* in which for each b, € B, we interpret the unary

predicate P as
{(A(s), by, b) | b e B} U {(A(t), b, by |be B}

To construct an automatic presentation for this structure, see Section VIIL.2.3.

Claim VIIL4.10. If there is a homomorphism from (A x B?)* to B, then G(s)
and G(t) are not connected in G.
Let f: (A X B?)* Lom Bf be a homomorphism.®! It induces a homomor-
phism
f:AxB?>—> B

between o-structures, and by currying (Proposition VIIL.2.2), f can be seen as
a homomorphism
F: A — B®),

Note moreover that because f comes from a homomorphism between og-
structures then we must have f(A(s), b, b’) = band f(A(t), b, V") = b’ for
all b, b’ € B. This implies that F(A(s)) = 7, and F(A(t)) = 7.

We now assume by contradiction that G(s) and G(t) are connected, and
hence by Claim VIIL.4.9 there is some #n € N s.t. there is a homomorphism
g: L, — A with g(0) = A(s) and g(n) = A(t). Then by composition, we

obtain a homomorphism
Fog:L, — B(Bz),

which sends 0 to F(g(0)) = F(A(s)) = 1ty and sends 1 to F(g(n)) = F(A(t)) =

Tt,. So, by Proposition VIIL.4.6, B would have finite duality, which is a
contradiction. Hence, 4(s) and .A(t) are not linked, and so by Claim VIIL.4.9,
G(s) and G(t) are not connected.

Claim VIIL4.11. If G(s) and G(t) are not connected in G, then there is a
homomorphism from (A x B?)* to B'.
We define a homomorphism f: (A x B?)* — B by:

b  if A(s) and a are linked,

b’ otherwise.

fa,bt') = {

We show that this is indeed a homomorphism: for any predicate R of arity k
in o, if
<ﬂ1, bl/ bi>/ <(12, b2r bé>/ ey <[’Zk/ bk/ b]/<>

are all R-tuples of (A X B?)*, then by definition of A, we have that either (1)
all a;’s are equal, or (2) {ay, ..., a;} = a,a’ for some a # a’ € A and there is

an edge from a to @’ or from a’ to a in G. In both cases, it follows that .4(s)
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1 Recall that both sides are og-
structures.
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and 4; are linked iff A(s) and a; are linked, for all 7, j € [[1, k]. Hence, either:
« f(a;, b;, b)) = b; for alli € [1,k] (if all a;’s are connected to .4(s)), or

« f(a;, b;, b)) = b} for all i € [[1, k]| (otherwise).

In both cases, we get that

(F@y by ), Flay by ), ) Flay, b, B)) € R(B).

We also need to show that this map preserves the new unary predicates of og:
this follows from—and is in fact equivalent to—the fact that .4(s) and .A(t)
are not linked by Claim VIIL4.9: indeed, the currying of f behaves like 771 on
the connected component of 4(s) and like 7, on its complement. Overall,
this proves that (A x B2)* 222, B,

Putting Claims VIII.4.10 and VIIL.4.11 together, we get that the reduction
is correct. Lastly, note that it is a first-order reduction: clearly, one can go
from G to A via a (one-dimensional) first-order reduction, and then from A
to A X B? via a (multi-dimensional) first-order reduction since B is finite, and
lastly (A X B?)* can be obtained by a first-order reduction from the latter

structure since first-order logic can test equality with a fixed element. [

By Property VIII.4.7, the complement of CONNECTIVITY IN AUTOMATIC
GRAPHS is coRE-complete, and assuming that o contains at least one predicate
of arity 2, it reduces by Lemma VIIL4.8 to any problem Hom(Aut, B") when B
has finite duality. In turn, by Proposition VIII.2.6, it reduces to FHom(Aut, B),
which is thus coRE-hard. It remains to deal with signatures consisting of only

unary predicates.?

Property VIIL4.12. If 0 only consists of unary predicates, then all o-structures
have finite duality.

Proof. Fix a o-structure B. We define the unary type 15(b) of b € B to be the
set of predicates P s.t. b € P(B).

Given 7 C o, define 1, to be the o-structure consisting of a single element
+,and s.t. * € P(1,) iff P € 1. We say that T is obstructing if T € ug(b) for all
beB.

hom

Claim VIIL4.13. If T is obstructing, then 1, — B.

We prove the result by contraposition. Any homomorphism from 1, to B
should send * on some element b of B s.t. b € P(B) for all P € 7, and hence

TC U (b)
hom

Claim VIII.4.14. If A — B then there exists an obstructing 7 C o s.t.
1, =5 A,

T
We define a partial homomorphism f from A to B, by sending a2 € A to
any b € B s.t. the unary type of a is included in the unary type of b. This is
clearly a (partial) homomorphism, and so since A 2B B, it follows that it
must be partial, i.e. that some element a € A s.t. p(a) € ug(b) for every

b € B. It follows that (14 (a) is obstructing. Since 1, () 1om, A via * > a, the

pa(a
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521t is not clear to us whether
this case was properly handled in
[LLTO7].
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conclusion follows.
Putting Claims VIIL.4.13 and VII1.4.14 together, we get that

{ 1, | T C 0 is obstructing }

is a finite dual for B. O

Corollary VIIL4.15.° If B does not have finite duality, then Fom(Aut, B)
is coRE-hard.

Proof. By Property VIIL.4.12, since B does not have finite duality, then o
has at least one predicate of arity at least 2. The conclusion follows from
Proposition VIIL.2.6, Property VIII.4.7, and Lemma VII.4.8. O

VIIL.4.3 Undecidability of Hom"™8(Aut, B)

The reduction to show undecidability of is nearly identical to Lemma VIIL.4.8,

but the input problem differs quite a lot.

REGULAR UNCONNECTIVITY IN AUTOMATIC GRAPHS
Input: An automatic presentation G of a directed graph G, and

two elements s, t € 1",
Question: Is there a regular language L € X" such thats € L, t ¢ L

and L is a union of connected components of G4 In

this case we say that s and t are regularly unconnected.

We will first reduce this problem to Fom"™8(Aut, B), and will later settle
its complexity.
Lemma VIII.4.16. Assume that o contains at least one predicate of arity at

least 2. If B does not have finite duality, then there is a first-order reduction

from REGULAR UNCONNECTIVITY IN AUTOMATIC GRAPHS to Hom'™8(Aut, BY).

Proof. Given an instance (G, s, f) of REGULAR UNCONNECTIVITY IN AUTOMATIC
GRAPHS, we first define the o-structure A with automatic presentation .4

obtained by replacing every edge by a 1-link, as in Lemma VIIL.4.8.

Claim VIIL.4.17.>° G(s) and G(t) are regularly unconnected iff there is a regular
language L € X" s.t. A(s) € Landt ¢ L, and L is a union of equivalences

classes of dom 4 under “being linked”.

The proof is similar to Claim VIII.4.17. Then again, we reduce the instance
(G, s, t) to an automatic presentation of (A X BZ)*, as in Lemma VIII.4.8.

Claim VIIL4.18. If (A x B?)* 2" B then G(s) and G(t) are regularly

unconnected in G.

Let f: (A x B?)* — B' be a regular homomorphism. By currying—see
Corollary VIIL.2.5—of the underlying homomorphism between o-structures,

we obtain a regular homomorphism

r: 4— B®,
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53In the case of Larose and Tesson,
they study the problem FHom(Fin, —),
and prove in [LT09, Theorem 3.2] that
there is a first-order reduction from
CONNECTIVITY IN FINITE GRAPHS to
FHom(Fin, BY) for any B that does
not have finite duality. Together with
Proposition VIII.2.6, this shows that
ZHom(Fin, B) is L-hard under first-
order reductions.

% Formally, we mean that L =
G71[U] for some union U of con-
nected components of G.

55 While “being linked” is not reflex-
ive in general, it is over the structure
A, by reflexivity of “being connected”
inG.
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Moreover, using the predicates P,, b € B, we get that F(A(s)) = m; and
F(A(s)) = m,.
We then define

11>

X 2ige B | g and 77 are linked or ¢ = 71¢}.

We claim that F7![X'] witnesses the fact that G(s) and G(t) are regularly
unconnected. First, 71; € X so A(s) € F![X]. Since B has finite duality, by
Proposition VIIL4.6, 71, ¢ X and so A(t) ¢ F~![X]. Then, F-1[X] is regular
since F is a regular homomorphism. Finally, F~![X'] is a union of equivalences
classes of dom 4 under “being linked”.® Hence, by Claim VIIL4.17, G(s) and
G(t) are regularly unconnected.
Claim VIIL4.19. If G(s) and §(¢) are regularly unconnected in G, then A X
B2 ehom, gt

Since G(s) and G(t) are regularly unconnected in G, by Claim VIIL4.17
there is a regular language L € X" s.t. A(s) € L and A(t) ¢ L, and L is a
union of equivalences classes of dom 4, under “being linked”. We define a

function f: dom 4 X B> — B by

b if AG) el
fa,bb') 2

b’ otherwise,

and we claim that f is a regular homomorphism from .4 x B? to B'. The
proof that it is a homomorphism is similar to Claim VIIL4.11: in particular, we
use the fact that G(s) and G(t) are not connected in G, which is a consequence
of the fact that they are regularly unconnected. Regularity follows from the
regularity of L. Hence, A X B? Zeghom, B,

Putting Claims VIII.4.18 and VIIL4.19 together, we get that the reduction is
correct. Lastly, note that this is a first-order reduction for the same reason as
Lemma VIIL.4.8. O

We then prove a lower bound on the complexity of REGULAR UNCONNEC-

TIVITY IN AUTOMATIC GRAPHS.

Lemma VIII.4.20. REGULAR UNCONNECTIVITY IN AUTOMATIC GRAPHS iS
RE-hard.

Proof. We reduce the REGULAR REACHABILITY PROBLEM on linear Turing ma-
chines, which is RE-hard by Lemma VIIL.3.6, to REGULAR UNCONNECTIVITY IN
AUTOMATIC GRAPHS.

Given a linear Turing machine 7" with configuration graph Conf,. = (V, &),
we reduce it to the automatic graph G = (V’, &) where: V' = V LI {e} and
&’ is the union of £ with the clique that puts in relation all vertices that are
either of the form e or that are germinal but not the initial configuration. We
then pick s to be the initial configuration, and ¢ to be e.

By construction, § is automatic and has exactly two connected components:
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5 Indeed, if ¢;,c, € C are linked in
some structure C and if f: C — D
is a homomorphism, then f(cy) and
f(cy) are linked in D.

Reachs

0—0—0—0
0—0—0—0—0 -~

O0—0—0

Figure VII1.21: Configuration graph
of a linear Turing machine. (Replica
of Figure VII1.13.)

S
0—0—0—0

—0—0—0—

—0—

1

t

Figure VII1.22: The instance of REGU-
LAR UNCONNECTIVITY IN AUTOMATIC
GRAPHS to which the Turing machine
of Figure VII1.21 is reduced. Colours
indicate the different connected com-

ponents.
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Reachs (containing s) and its complement (containing #). Hence, the only
union of connected components of G that contains s but not f is Reachs. And
hence, T is a positive instance of the REGULAR REACHABILITY PROBLEM if,
and only if, Reach is regular, i.e. (G, s, t) is a positive instance of REGULAR

UNCONNECTIVITY IN AUTOMATIC GRAPHS. ]

Corollary VIIL.4.21. If B does not have finite duality, then Fom(Aut, B) is
RE-hard.

Proof. Recall that Fom(Aut, B) = Hom(Aut, B), so we assume w.Lo.g. that
B is a core. By Lemma VIII[.4.20, REGULAR UNCONNECTIVITY IN AUTOMATIC
GRAPHS is RE-hard. Then by Property VIIL.4.12, since B does not have fi-
nite duality, 0 does not consist only of unary predicates, and hence by
Lemma VIIL.4.16, we get a reduction from REGULAR UNCONNECTIVITY IN AUTO-
MATIC GRAPHS to FHom"%(Aut, BY), which in turns reduces to Fom"8(Aut, B)
by Proposition VIIL.2.6 since B was assumed to be a core. Indeed, first-order

reductions preserves regularity, by Proposition VII.2.4. O

VIIL5 Decidability of the Regular Homomorphism Problem

In this section, we show that if B has finite duality, then Fom"&(Aut, B)
is decidable. We provide two alternative proofs: a logic-based one, and a
graph-based one. In Section VIIL.5.1 we provide a logic-based proof that if B
has finite duality, then Hom"™8(Aut, B) = Hom(Aut, B). In turns, not only
does this implies by Proposition VIIL4.4 that Hom"™8(Aut, B) is decidable, but
actually that the problem is in NL, by Proposition VIIL.4.3. Independently, in
Sections VIIL.5.2 and VIIL5.3, we introduce the hyperedge consistency algo-
rithm for automatic structures, which is a variation of the classical hyperedge
consistency algorithm for finite structures. We start by explaining the later
algorithm, which solves Fom(Fin, B) for some B’s.>” Then, we will use
the former algorithm to prove that assuming that B has finite duality, then
Fom"8(Aut, B) is decidable.®

VIIL.5.1 Uniformly First-Order Definable Homomorphisms

We say that Hom(Fin, B) (resp. Hom(All, B)) has uniformly first-order defin-
able homomorphisms if there exists first-order formulas (¢, (x)),cp over o s.t.
for any finite (resp. arbitrary) o-structure A, for any a € A, there is at most
one b € B, denoted by b(a) s.t. (A, a) £ ¢,(x), and moreover if A 1om, B then

a > b(a) is a homomorphism from A to B.>

Example VIIL5.1 (Example VIIL.2.11, continued). For instance, Hom(All, T,)
has uniformly first-order definable homomorphisms, by letting ¢y(x) be the
set of vertices with no predecessors, ¢,(x) be the set of vertices with no
successor (but at least one predecessor), and ¢4 (x) be the set of vertices that

satisfy neither ¢ not ¢,.
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57 We will see later that the algorithm
is correct for o-structures with so-
called tree duality, which is a super-
class of the structures with finite du-
ality.

58 Interestingly, this algorithm can-
not solve FHom"™8(Aut, B) when B
has tree duality but not finite duality.

% The adverb “uniformly” in “uni-
formly first-order definable homo-
morphisms” refers to the fact that
the formulas do not depend on the
source structure.
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On the other hand, looking at the zigzag graph of Example VIII.2.11 and
Figure VIIL6 for long enough will convince the reader that no such strategy
can work for Pj. O

Lemma VIIL.5.2. Let B be a finite structure. Then Hom(All, B) is first-
order definable iff Hom(All, B) has uniformly first-order definable homo-

morphisms. 0

Before proving this lemma, we show an intermediate result.

Fact VIIL.5.3. If B is a finite core, then Fom(All, B) is first-order definable
iff Hom(All, BY) is first-order definable.

Proof. By Proposition VIII.2.6 the problems are first-order equivalent and so
one is first-order definable iff the other is. O

Proof of Lemma VIIL5.2. “& Converse implication. Assume that Fom(All, B)
has uniformly first-order definable homomorphisms, say by (¢, (x)),cz. Then
the conjunctions of the properties “every x must satisfy exactly one ¢ (x)
(b € B)”, and “for every predicate R of arity k, for any (xy, ..., x;) in R, there
exists (by, ..., by) € R(B) s.t. each x; satisfies b; (i € [1,k]))” is a first-order
sentence describing all o-structures of Hom(All, B).

« Direct implication. Let B be such that Fom(All, B) is first-order defin-
able. Given an arbitrary o-structure A, we define a function F: A — P(B)
by mapping each a to the set of b’s (b € B) s.t. there is a homomorphism from
A to B that maps a to b.

hom

Claim VII1.5.4. If A — B then F is a homomorphism from A to U(B).

Indeed, since A hom, B, for each a € A the set F(a) is non-empty subset of
B—and hence an element of the domain of 1/(B). We then prove that it is a
homomorphism: let R be a predicate of arity [, and let (ay, ..., a;) € R(A).
Then for each i € [1,1], for every b; € F(a;), there exists a homomorphism
f from A to B that sends 4; to b;. Then f(aj) € F(a]-) for every j € [1,] and
moreover {f(a;), .., f(a;)) € R(B). Hence, (F(ay), ..., F(a;)) € R(U(B)),
which concludes the proof that F is a homomorphism from A to U(B).

By Atserias’ theorem, since Hom(All, B) is first-order definable, then B
has finite duality, and in particular it has tree duality (by Proposition VIIL.2.14)
and so by Proposition VIII.2.16, there exists a homomorphism g: 11(B) — B.

We will now produce first-order formulas to describe g o F.

If 7fom(All, B) s first-order definable, then so is Hom(All, B") by Fact VIIL5.3.

So, let ¢ be a first-order formula over oy that describes Fom(All, BY). We let
B = {by, ..., by}. We define a first-order formula ¢j(x;) over o, by substituting
each occurrence of P, (y) in ¢ for y = x;, and Pb/,(y) (j#1i)for L. Let Abea
finite o-structure, 2 € A and i € [1,k]] and A, ; be the og-structure obtained
by letting P}, (A, ;) = {a} and ij(Aa,i) Z @ forallj#i.

Claim VIIL5.5. A, ; E ¢ iff (A, a) E ¢j(x,).
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% The same equivalence holds if
one replaces JFom(All, B) with
Hom(Fin, B). In both cases,
these conditions are equivalent,
by Atserias’ theorem, to asking
whether B has finite duality. This
corresponds to the implication
(DT)fin—dual = (DT)first—order of
Theorem VIIL.4.1 and its converse
implication.
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We prove it by induction on formulas (%) that (A, ;, @) = ¢ iff (A,d,a) F
Yi(x;). The base case P}, (y) is trivial since (A, ;,a’) £ P, (y) iff a’ = a ie
(A,a’,a) £y = x;. Similarly, for Pb],(y) (j # i), we have (A, ;,a") ¥ Pb], (y) and
so this is equivalent to (A, a’,a) £ L. The other atomic cases, and inductive

cases are trivial.

Claim VIIL5.6. There exist first-order formulas (xy(x))yey(p), that do not
depend on A, s.t. for every arbitrary o-structure A and for every a € A, we
have (A, a) E xy(x) iff F(a) =Y.

Indeed, given a € A and i € [1, k], there is a homomorphism from A to B
that sends a to b; iff A,; F ¢, and so by Claim VIIL5.5, this is equivalent to
(A, a) £ ¢j(x;). Hence, each xy(x) can be defined as a Boolean combination
of the ¢}(x;)’s, after renaming x; to x.%!

We can now prove that Hom(All, B) has uniformly first-order definable
homomorphisms. For each b € B, we let ¢,(x) = \/Yeg-l[b] Xy(x). Now
for any arbitrary o-structure A, for any a € A, there is at most one b € B
s.t. (A, a) £ Y,(x)—indeed, there is a unique Y € P(B) (and so at most one
Y € P,(B)) s.t. (A, a) E xy(x) by Claim VIIL5.6. Furthermore, if A Lo, B,
then for each a there is a unique b(a) € B s.t. (A, a) F Py, (x), and moreover
a — b(a) is a homomorphism by Claim VIIL5.4. In turns, using Claim VIIL5.4,
we get that for each a € A, there is exactly one b(a) € B s.t. (A,a) k
$p(a)(x), and that if A Lom, B, then a b(a) is a homomorphism—that is
equal to g o F. And hence, F{om(All, B) has uniformly first-order definable

homomorphisms. O

Uniformly first-order definable homomorphisms are actually a very strong

restriction: we show that such homomorphisms are always regular.

Proposition VIIL5.7.%? Let B be a finite o-structure. If Fom(All, B) has
uniformly first-order definable homomorphisms, then Hom™8(Aut, B) =
Hom(Aut, B).

Proof. Let A be an automatic presentation of a o-structure A, and assume
that A 2% B. We need to show that 4 “£™°% B. Let (@p(x))pep be first-
order formulas over ¢ as in the definition of uniformly first-order definable
homomorphisms.

Since A is an automatic presentation over X, for each predicate X of arity
k of 0, there exists a first-order formula 1 5(xq, ..., x) over 03¥™ describing
each relation . We then define ¢} (x) as the formulas obtained from ¢;(x)
by substituting R (xq, ..., x) for ¥ p(xq, ..., xp).

Then, for each b € B, ¢} (x) is a first-order formula over 03, and so

{ue X" [ (X u) k ¢p(x)}

is regular by Proposition VII.2.4. Clearly, these sets are disjoint and cover

dom 4, and the function that maps u € dom , to the unique b s.t. (X*,u) &
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1 In particular, note that ¥ x.=x 5 (x)
is a first-order formula that de-
fines Fom(All, B) since for any o-
structure, A hom, g iff Fa) # @
foralla € A.

2 This corresponds to the implica-
tion (DT)ﬁrst—order = (DT)equaI of
Theorem VII1.4.1.
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¢;,(x) is a homomorphism. Hence, we have built a regular homomorphism
from A to B, which concludes the proof. O

Corollary VIIL.5.8 (of Atserias’ theorem, Lemma VIIL.5.2 and Proposition VIIL5.7).

If B has finite duality, then Fom"8(Aut, B) = Hom(Aut, B).

In turn, since Fom(Aut, B) is coRE and FHom"8(Aut, B) is RE (Proposi-
tion VIIL4.5), this implies that F{om"8(Aut, B) is decidable. In fact, using the
formulas ¢} (x), we can build a first-order formula saying “every x satisfies
exactly one ¢} (x), and moreover if (X, ..., X;) is an R-tuple then (b, ..., by.) is
an R-tuple, where b; is the unique element of B s.t. ¢, (x;) holds”. Each prop-
erty “(xq, ..., X;) is an K-tuple” can be expressed using a first-order formula

expressing the relations of the automatic presentation given as input.

Corollary VIIL5.9 (of Atserias’ theorem and Lemma VIIL.5.2). Let B be a
finite o-structure with finite duality. For each automatic presentation .4 over
alphabet X, there exists a first-order formula ¢, whose size is linear in A4, s.t.
Y E (P 1]7‘ A reg hom B.

In particular, this implies the decidability of Fom"™8(Aut, B).

VIIL5.2 Hyperedge Consistency for Finite Structures

Given a homomorphism f: G — H between graphs, note that if ¢ € G has at
least one successor in G, then f(g) must also have one successor in H. As a
consequence, such an ¢ cannot be mapped by any homomorphism to a vertex
of H with no successor. The idea behind hyperedge consistency is precisely
to identify for each ¢ € G the set Im, of all elements of H to which it can
be mapped: initially this set is H, and we try to find some “obstructions”.
These obstructions take the following form: if ¢ € G has a successor (resp.
predecessor) ¢’ € G, then any vertex of Im, must have a successor (resp.

8
predecessor) in H that lives in Im,,—see Figure VIIL.23.

Example VIIL.5.10 (Example VIIL5.1, continued). We depict in Figure VIII.24
the first steps of the hyperedge consistency algorithm—that we will define
formally after this example—, when the target structure if T, and the source

structure is Z(zn). The second step is a fixpoint, and so the procedure stops
there. Note also that each Im, (¢ € Z(zn)) is non-empty:. <&
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G-edge

g ’
Img Img;
w w
Vh ——— 3K’
H-edge
Figure VIII.23: Diagrammatic rep-
resentation of the hyperedge consis-

tency algorithm.
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We formalize this algorithm as the greatest fixpoint of some operator.
Given a finite o-structure B, and an arbitrary“a—structure A, we say that a
function F: A — P(B) is subsumed by G: A — P(B), denoted by F C G, if
F(a) C G(a) for each a € A. We denote by (P(B)*, C) the set of functions
A — P(B) under this order.%*

We then define an operator on this space, which corresponds to one step

of the hyperedge consistency algorithm:

(PB4, ) - (PB4 T
F — }[C"’A,B(F),

HCAp:

where for each a € A, HC, g(F)(a) is the set of b € F(a) s.t. for every R € o,
for every i € [1,k], if (ay, ..., ar_1) € Adj(a), then there exists by € F(ay),
s by € F(ap_q) sit. {by, ., by_q) € Adj(b).9
Fact VIIL5.11. The ordered set (P(B)*, C)isa complete lattice, and moreover
HC is monotonic.

As a consequence of the Knaster-Tarski theorem, /(€ admits a greatest

fixpoint, that we denote by H, g € (P(B)4, £).%

Proposition VIIL5.12. If f: A — Bisahomomorphismthen f(a) € Hy (a)
for each a € A.

Proof. The property “f(a) € F(a) for each a € A” holds for the greatest
element of (P(B)#, C), is stable under application of /€ and under arbitrary
meets.®” Hence, by ordinal induction, it holds for H AB- O

hom

Corollary VIIL5.13. If H; 5(a) = @ for some a € A, then A — B.

In general, the converse property does not hold. For instance, if ¢ is the

graph signature and B is the 2-clique—or more generally any clique—, then
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Figure VII.24:  Zeroth (top), first
(middle) and second step (bottom) of
the hyperedge consistency algorithm
on Z(zn) when the target structure is
T,, depicted in Figure VII1.25. Next
to each vertex g of Zén) we represent
all vertices h of Ty: the vertex s filled
when 1 € Im,,.

o

l
|

o
Figure VIII.25: The 2-transitive tour-

nament Tj.

63 Note that in this part, while some
results—mostly complexity/decidabil-
ity ones—require the assumption
that the source structure is finite,
some results do not, and are stated
for arbitrary structures.

64 Equivalently, (“D(B)A, C) is the set
of binary relations between A and B,
ordered by inclusion.

% We write HC for HCp g when
there is no ambiguity on the struc-
tures involved.

66 Recall that this greatest fixpoint
can be obtained by ordinal induction
by starting from the greatest element
0f<13(B)A, £), namely the map a —
B, and iterating JHC.

7 Meaning that if all F; (i € I for
some arbitrary set I) satisfy the prop-
erty, then so does a — (", F(a)


https://en.wikipedia.org/wiki/Complete_lattice
https://en.wikipedia.org/wiki/Knaster%E2%80%93Tarski_theorem
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Hp g is always the map a4 +— B, no matter whether there is a homomorphism
from A to B.

Yet, Larose, Loten and Tardif managed to identify a necessary and sufficient
condition on B for the hyperedge consistency algorithm to decide whether

A € Hom(Fin, B).

Proposition VIII.5.14 ([LLT07, Theorem 3.3]). If B has tree duality then
A% B iff Hj g(a) # @ foralla € A.

When A is moreover finite, this immediately gives an algorithm to decide
A 2% B since H A g can be computed not only by an ordinal induction but
with a finite induction.

As an example, Example VIIL.5.10 witnesses that Z(zn) Jom, T, since T, has
tree duality by Proposition VIIL.2.14.

9\ ° ° ° ° °
o Yo o o S o, O o
0\9/ \9/ \9/ \9/ \9/ \‘8\0
° ° ° ° ° C.) (step2)
O, o ° ° ° °
N U N
AN N NN NN
o o o o o \O
° ° ° ° o 6 (step 3)
O, o o ° ° °
N 8 & 8 8 Bl
NN NN N N
R N
° ° ° o o 6 (step 6)
©) o o o ° °
N & 3 8. b Bla
NN NN N N
R
° ° o o o 6 (step7)
O, o o o o o
N & B 8 b Bl
NN N NN N\
R
S S S S S O (step13)

Example VIIL.5.15 (Example VIIL5.10, continued). While P, does not have
finite duality (Example VIIL.2.11), it has tree duality (Proposition VIIL.2.15), and
so the hyperedge consistency algorithm decides whether a finite o-structure

has a homomorphism to P,. We represent some steps of the algorithm in
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Figure VIII.26: Steps 2, 3, 6, 7 and
13 of the hyperedge consistency algo-
rithm on ZéS), when the target struc-
ture is Py, depicted in Figure VIII.27.

O—0+—0

Figure VII.27: The 2-path P,.
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Figure VIII.26, on the source structure Z(ZS). Steps 0, 1 and 2 of the hyper-
edge consistency algorithm are identical to Example VIIL.5.10. Yet, in step
2, we have not reached the fixpoint. In step 7, this is the first time we have
}[87(AP2)(g) = @ for some g € Z(ZS). This propagates until step 13, when
HE3 (Ap,)(g) =@ forallg € Z(ZS). This is of course the fixpoint of HC, prov-
ing that HZ*ES),P2 is the constant map equal to @, and by Corollary VIII.5.13
that ZJ) 2225 p,.

In general, on source structure Zgn) (with n € N_;), the smallest k s.t.
%@k(APZ)(g) = @ for some g € Zgl) is of size 5 + (1), and if we want to the
property to hold for all ¢’s, then k has size n + O(1). O

Corollary VIIL.5.16. If B has tree duality, then J(om(Fin, B) can be solved
in polynomial time using the algorithm of Figure VIII.28.

However, note that the example of K, shows that the property of having
tree duality, is not necessary for Hom(Fin, B) to be decidable in P.

Input: Two finite o-structures A and B.

Im? « Bfora € A;

n « 0;

do

fora e Ado

Im* — {beIm? |
V{ay, ., G_1) € Ad]f'i(a),
by, -, by_y) € Adjg (D),
by € F(ay) A ... Aby_q € F(a;_y)

b

if Im"*! = @ then

‘ return false;

ne—n+l;
while some Im, has been updated;

return true

VIIL5.3 Hyperedge Consistency for Automatic Structures

When A is automatic, Proposition VIIL5.14 still applies, however it is not
clear how to compute Hy g since this element cannot necessarily be obtained
by finite induction, namely as HC"(Ap) for some n € N, where Ay is the
maximum element of (P(B)#, C), namely the constant map a — B. Another
issue is to have a finite representation of the functions of (P(B)*, ) since A
can be infinite. This last point is easy to address.

Given an automatic presentation A of A, we extend HC 4 g and H; g to
be defined on dom 4 instead of A.

Lemma VIIL.5.17 (KC preserves regularity). Let A be an arbitrary o-structure
and B a finite o-structure. For any F € (P(B)*, C), if F is regular, then 7C(F)

is regular.
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Figure VIII.28: The hyperedge consis-
tency algorithm for finite structures.
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Proof. LetF € (P(B)*, C) be regular, so for each Y € P(B), F'[Y] s regular,
and so by Proposition VII.2.4, there exists a first-order formula ¢y (x) over
oy s.t. FHY] = [dy(x)]* . Also, since A is an automatic presentation,
for any R € o of arity k, there exists by Proposition VIL2.4 a first-order
formula 1 5(xy, ..., ) over 03" s.t. R, = [Yx(xq, ., )] . Similarly,
dom ; = [Wyom(¥)I* for some formula 1y, (x).

It is then easy to prove that /C(F) is regular by providing a first-order
formula ¢y (x) for each Y € P(B), describing HC(F)"![Y], using both the
formulas above, and the definition of HC. Indeed, recall that an element
u € dom 4 should be sent via HC(F) onto Y € P(B) if Y is exactly the set of
elements b € B s.t. for every Ry € o, for every i € [1,k], if (ay, ..., a_1) €
Adjf(a), then there exists b; € F(ay), ..., by € F(a_q) s.t. {by, ., by_1) €

Adjge'i(b). Symbolically the set of such #’s can be written as [[q/b\y(x)]]x*,
where

Py(®) = Paom() A ( A\ 160 A\ ~2(0))

bey beY

where x,(x) is the formula®®

Xp(x) = /\ /\ Vg, o VX VX0 o Vg
Q(k)EU i€[[1,k]

Yo (X1, oo s Xi1, X, X1, e s Xi)

= ( \/ /\ \/ (PY'(xi))« O
(b1, biz1 i1, b)EAiS () T€[1EIN{} Y/ €(B)
biEY/

bieF(x;)

Notice that A is trivially regular, and so by immediate induction, each
HC"(Ap) with n € N is also regular. While this opens the door to solving
FHom'"8&(Aut, B) when B has tree duality using the hyperedge consistency
algorithm, the problem of finite convergence remains.

First, we show that finite iterations are enough to detect the absence of
homomorphism.

Proposition VIIL.5.18. Let A be an arbitrary o-structure and B a finite o-
structure with tree duality. If A Lo B, then there exists n € Nanda e A
s.t. HC™(Ag)(a) = @.

In order to prove this proposition, we rely on the following property.
Property VIIL5.19 (Monotonicity of 7€).%° Let A, A’ be arbitrary o-structures
s.t. there is a homomorphism i: A” — A. Let B a finite o-structure. For any
F e (P(B)4, C) and F/ € (P(B)Y', ), if F(h(a)) C F’(a) for all a € A’, then
HE(F)(h(a)) € HC(F')(a) for alla € A".70

Proof. Assume that F|,, C F’, and let us show that HC(F)|4, E HC(F’). Let
a € A’, and let b € HC(F)(h(a)). By definition of HC, for every R € o, for
every i € [1,k, if {ay, ..., ar_) € Adj{(h(a)), then there exists b; € F(ay),
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%8 Notice that since x;, appear both
positively and negatively in (}Sy, go-
ing from the ¢’s to the (E'S increases
the quantifier alternation of the for-
mulas by one. And so the formulas
we build to describe HC " (Ap) are of
quantifier alternation n. Automata-
wise, it implies that this construction
is non-elementary in n.

 QObserve in particular that this
property can be applied if A’ is a sub-
structure of A.

70 |n other words, if Foh C F, then
HE(E) o h & HC(F).



VIII. A DICHOTOMY THEOREM FOR AUTOMATIC STRUCTURES

ws by € F(ag_y) st (by, .., by_y) € Adj5"'(b). Now, let Ry € o and
i € [1,k], and let {ay, ..., a,_;) € Adj(a). Since h is a homomorphism,
we have (h(ay), ..., h(a;_1)) € Adjf'i(h(a)), and so there exists b; € F(h(a;)),
s by € F(h(ag_y)) st. by, ..., by_q) € Adjg¥'(b). Since by hypothesis
F(h(a;)) € F'(a;) (for a; € A’), it follows that for every R, € o, for every
i € [Lk], if ¢ay, ..., ar_1) € Adji/'(a), then there exists b; € F'(a), ...,
b1 € F'(ap_q) st. (by, .., bi_q) € Adji'(b). And hence b € HC(F')(a),
which concludes the proof. O

Proof of Proposition VIIL5.18. Let A be an arbitrary o-structure and B a finite
o-structure with tree duality. Assume that A 2995 B, Then by Proposi-
tion VIIL2.7 there exists a finite substructure A’ of A s.t. A’ 2225 B, and so by
Proposition VIIL5.14, there exists some a € A s.t. Hy g(a) = @. But since A’

is finite, Hy/ g = HC"(Ap) for some n € N. Then using Property VIIL5.19,

HC g(Ap)a) € HC,, g(Ap)(a) = Hy gla) = @. O

hom

So, if A — B, then the hyperedge consistency algorithm will detect
it in finite time assuming that B has tree duality. We will then show the
dual implication, under the stronger assumption that B has finite duality:
the reason we need this stronger assumption is that while the hyperedge
consistency algorithm converges for finite o-structures when B has tree
duality, the number of iterations needed to reach the fixpoint depends on A:
for instance, in Example VIIL5.15, we showed that when the target structure
is P,, then hyperedge consistency algorithm converges on Z(zn) inn+0(Q)
steps. On the other hand, for structures with finite duality, we show that this
is not the case—and hence, convergence generalizes to infinite o-structures:
for instance, we showed in Example VIIL.5.15 that over the target structure T,
which has finite duality, then the hyperedge consistency algorithm converges
on Zgn) in only 2 steps.

Lemma VIIL.5.20 (Uniform Convergence of Hyperedge Consistency for
Structures with Finite Duality). Let B be a finite o-structure. The following
are equivalent:
1. B has finite duality;
2. there exists n € N s.t. for every finite o-structure A:

. HC}5(Ap) = Hi g when A ™% B, and

« HC\ g(Ap)(a) = @ for some a € A when A 255 B;
3. there exists n € N s.t. for every arbitrary o-structure A:

. HC}5(Ap) = Hj g when A =% B, and

« HC\ g(Ap)(a) = @ for some a € A when A 255 B;

Proof. We prove the implications (1) = (2) = (3) = (1).
W (2) = (3). Letn € N st. HC, g(Ap) = Hpsp for every finite o-
structure A’. Let A be an arbitrary o-structure. Note that for any F €
(P(B)4, C), for any substructure A’ of A containing a, then by Prop-
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erty VIIL5.19 HC 5 g(F)(a) S HC o, g(F)(a). We show that equality is reached

by a particular finite substructure.

Claim VIIL5.21. For any F € (P(B)", C) and m € N, there exists a finite
substructure’! A, of Bi(a) s.t.

HE R (F)@) = HC. (P)a).

We give a proof sketch of this claim. Note that by definition, HC s g(F)(a)
only depends on the values of F(a’) where a’ is at distance 1. More precisely,
it only depends on the values (F(a;), ..., F(a;_1)), where X is any predicate
of arity k, i € [1,k] and {ay, ..., a,_;) € Adji'(a). Since B is finite, there
are finitely many tuples of the form (F(a;), ..., F(a;_1)), and so for each of
them it suffices to keep (for distance m = 1) only one tuple {a;, ..., a;_;) €

/ldjf'i (a). By induction on 1, we obtain a finite substructure A, ,, of B\(a)
as in Claim VIII.5.21.

We now show that if A ™% B, then HC}! y(Ap) = Hj p, and if A 2™ B,
then HC, g(Ap)(a) = @ for some a € A. We assume that A bom, B, by
Claim VIIL.5.21 and Property VIIL.5.19

HELp(Ap)@) = HEE  (Ap)(a).

Since A, ;1 is finite, by (2), the right-hand side of the equality above equals
Hy,  (a). But then again by Claim VIIL5.21 and (2),
HC (Ap)a) =Hy, p(a).

an+

And hence HC, g(Ap)(a) = ?[@K}l (Ap)(a). Since this property holds for
arbitrary values of a € A, it follows that /€, g(Ap) = Hp g. The case when
A 2225 B is handled similarly.

4 (3) = (1). One can show—exactly as in the proof of Lemma VIIL.5.17—by
induction on m € N that HC,"g(Ap) is first-order definable, in the sense
that for all Y € P(B), there exists a first-order formula ¢,, y(x) over o s.t.

%GKfB(AB)‘l[Y] = [[quly(x)]]A, ie. for any a € A, we have
(A, ) F Oy y(X) iff HOLg(Ap)(a) =Y.
We then claim that
A VX, () iff A2 B,

The left-to-right implication can be proven by contraposition, since if A 225
B then by (3) we have HC, g(Ap)(a) = @ for some a € A. For the right-
to-left implication, we again use (3), which yields that HC, g (Ap) = Hj p.
Together with the contraposition of Corollary VIIL.5.13, this implies that
HCL g(Ap)(a) # @ for all a € A. The conclusion that B has finite duality

follows from Atserias’ theorem.

273

71 Of course, if A is locally finite, we
can always take A, , = BY(a).



VIII. A DICHOTOMY THEOREM FOR AUTOMATIC STRUCTURES

W@ (1) = (2). To prove this implication, we first need a characterization of
what it means for an element b € B not to be in Hj g(a), where a € A. We
denote by 7n(B) the maximal diameter of a critical obstruction of B—which

must be finite since B has finite duality.

Claim VIIL5.22. Leta € A and b € B. Assume that there exists a o-tree T s.t.
there is a homomorphism from T to A that maps some element t € T to 4,
but no homomorphism from T to B can map ¢ to b. Then, letting m denote
the height of T when rooted at t, we have b ¢ HC ' (Ap)(a).

We can prove by induction on T that if there are no homomorphism from
T to B that can map £ to b, then b ¢ HC1'g(Ap)(t) where m is the height of T
rooted at £. Then by Property VIIL5.19, HC \'g(Ag)(a) € HC1'g(Ap)(t) and
sob ¢ HC ' g(Ap)(a).

Claim VIIL5.23. Leta € A and b € B. If A 2225 B, then HC '} (Ap)(a) = @

for some a € A.

hom

Indeed, since A om B, there exists a critical obstruction Tof B s.t. T —
A. By Proposition VIIL.2.14, w.Lo.g. T is a o-tree. Since T Lons B for any
t € Tand a € A s.t. t is mapped on a4, we have by Claim VIIL5.22 that for any
be B, b ¢ HC g(Ap)(a), where m is the height of T when rooted at t. And
hence HC \'g(Ap)(a) = @. Since m < n(B), this concludes the proof of the
first part of (2). We will now handle the more tricky case of A hom, g,

Claim VIIL5.24.7 Leta € Aand b € B. If A =% B and b ¢ Hj 5(a), then
b ¢ HCLE (Ap)@).

To prove this claim, we use a construction that is similar to Proposi-
tion VIIL.2.6. Fixa € Aand b € B s.t. b € Hj g(a). Let C be defined by

first taking the disjoint union of A and B, and then identifying a and b. Note
that for any a’ € A, we have:

Adj (@)
Adj (@) U Adjg (b)

L ifa’ #a,
AdiEi(a’) =
ifa" =a=0.

The goal of this construction is that, when running the hyperedge consistency
algorithm on C, vertex b will be removed as a potential image for a since
b ¢ Hy g(a), but because of the copy of B included in C, any homomorphism
from C to B must map a to b. See Figure VIIL.29 for an example.

hom

Claim VIIL.5.25. C —B.

Indeed, if there was a homomorphism from C to B, say f, then f|z would
be a homomorphism from B to B. Since B has finite duality, it is rigid by
Proposition VIIL.2.13, and so in particular f(b) = b. Hence, we would get
that f|, is a homomorphism from A to B which sends a to b, and so by
Proposition VIIL5.12 we would have b € H (a), which is a contradiction.

So, since C om- B, there exists a critical obstruction T of B s.t. there is a

homomorphism f from T to C. We claim that 4 = b must be in the image of
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"2|n fact, Larose, Loten & Tardif
implicitly showed a weaker result,
by adapting [FV98, Theorem 21], in
[LLTO07, Proof of Lemma 3.2]. It states
that if b ¢ HA g(a), then there exists
a o-tree T s.t. there is a homomor-
phism from T to A that maps some
element t € T to a, but no homo-
morphism from T to B can map f to
b. Moreover, the height of their o-
tree T is linearly bounded by the least
n € N st b ¢ HC, g(Ap)(a). This
property is true without any duality
assumption on B, and only follows
from the inner workings of the hy-
peredge consistency algorithm.

o

l

O0—2—=0
Figure VII1.29:
as in the proof of Claim VIII.5.24
when A is the 2-path and B is the

2-transitive tournament.

Construction of C
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f. Indeed, since a = b is the only vertex of A that is adjacent to B in C, and
since T is connected as a critical obstruction, we would otherwise get that
either T 225 B—contradicting that T is a critical obstruction of B—or that
T 2o, A—contradicting that A Lo, B,

And so, there exists t € T s.t. f(t) = a = b. We let U be the quotient
structure of T by the congruence induced by f, namely kery. Then, we let
Uy be the substructure of U induced by the elements that are sent via f on

A.

Claim VIIL.5.26. U, is a o-tree.

Claim VIIL.5.27. There is a homomorphism from T, to A that maps f to a,
but no homomorphism from T, to B that maps f to b.

The first point is trivial: it suffices to consider the restriction of f to T4.
For the second point, assume by contradiction that there is a homomorphism
g from T to B that maps t to b. Then the function

g(t') ift €T,
() ift €Ty,

eT—

is well-defined—if ' € T4 N T, then f(t') = b = g(t)—and is a homomor-
phism from T to B. This contradicts that T is a critical obstruction of B.
And hence, no homomorphism from T, to B can map t to b. We then ap-
ply Claim VIIL5.22 to get that b ¢ ?[C’ng)(/\ 3)(a), concluding the proof of
Claim VIIL5.24.

Overall, Claims VIIL5.23 and VIII.5.24 prove (2), which concludes the proof

of Lemma VIIIL.5.20. O

Putting Lemma VIIL5.17 (for computations) and Lemma VIIL.5.20 (for cor-
rectness), we get (1) that the algorithm of Figure VIIL.30 decides Hom"8(Aut, B)
when B has finite duality and (2) that Hom"€(Aut, B) = Hom(Aut, B) under

the same assumption.

Input: An automatic presentation A of a o-structure A and a finite
o-structure B.
Invariant: First-order formulas ¢y (x) (Y C B) defining the set of
a € As.t.Im, =Y, where Im, is as in Figure VIIL.28.
qb%(x) «— T;
?,(x) «— 1 foral Y C B;
n < 0;
do
compute (P! (x))ycp from the (P (x))ycp using
Lemma VIII.5.17;
if [¢LH (x)]* # @ then
‘ return false;

ne—mn+l;
while some ¢y (x) has been semantically updated;
return true
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Figure VIII.30: The hyperedge con-
sistency algorithm for automatic struc-
tures.
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VIIL.6 Discussion

VIIL6.1 Undecidability of Finite Regular Colourability

First and foremost, our original problem, namely the AUT/REC-SEPARABILITY
PROBLEM, or equivalently by Theorem VIIL3.2, the FINITE REGULAR COLOURA-

BILITY PROBLEM, remains open.

Conjecture VIIL6.1.73 FINITE REGULAR COLOURABILITY OF AUTOMATIC

GRAPHS is RE-complete.

We briefly explain here why the techniques developed in this chapter,
cannot immediately solve this problem.
We define K_,, to be the disjoint union @keN K, of all finite cliques.

Note that it is homomorphically equivalent to @, K. Moreover, it admits

keN
a simple automatic presentation X_ : take the binary alphabet . = 2 and

w*
let’4

2~ *
domy- =27,

5’7(<u) = {(u/Z)) S Z* X E* | |u| = |’U| andu * U}.

Of course, if some graph § is finitely colourable, then it has a homomor-

phism to K__, but the converse implication does not hold—e.g. K_,, itself is

<w? <w

not finitely colourable. However, the equivalence holds for a large class of

graphs.

Property VIIL6.2. Let G be an arbitrary connected graph. G LLLNS ¢

<w

iff G is finitely colourable. Similarly, let G be a connected automatic graph.
9 reg hom

K., iff G is finitely regularly colourable.

Proof. A homomorphism must send pairs of connected vertices to pairs of
connected vertices, and hence a homomorphism from G to K_,, actually
yields a homomorphism from G to some K. for some 7, and hence a finite

colouring of G. U

Proposition VIIL.6.3. The FINITE REGULAR COLOURABILITY PROBLEM and its

restriction to connected automatic graphs are computationally equivalent.

Proof. The reduction from the restricted to the general problem is straight-
forward. For the converse one, we add a new element * to the structure A,”°
and put an edge from * to any element u of the original structure. Clearly,
the original structure is finitely regularly colourable iff the new one is—one

direction is trivial, for the other one it suffices to assign to * a new colour. [

Putting Property VIIL.6.2 and Proposition VIIL.6.3 together, we obtain the

following corollary.

Corollary VIIL.6.4. The FINITE REGULAR COLOURABILITY PROBLEM and the

restriction of Hom"™8(Aut, X_,,) to connected graphs are computationally
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73 The upper bound is trivial: given
an automatic graph G, we guess
some k € N and check if § €

Fom™e(Aut, K;), which is RE by
Proposition VII1.4.5.

41n this presentation, words of
length k are used to encode K.

75 In particular, we extend the alpha-
bet of the presentation.
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equivalent.

On the other hand, we strongly believe that the proof of Lemma VIIL.4.16
can be adapted to obtain a lower bound on Fom'8(Aut, X7 ).

Conjecture VIIL6.5. There is a reduction from REGULAR UNCONNECTIVITY

IN AUTOMATIC GRAPHS to Hom"&(Aut, X7 ).

Note however that Lemma VIII.4.16 does not directly apply since the
target structure is not finite—a fact that we use throughout the proof of
Lemma VIII.4.16.

Putting these last two statements together, to prove the RE-hardness of
FINITE REGULAR COLOURABILITY OF AUTOMATIC GRAPHS, it would “suffice” to

build the following reduction.

Conjecture VIIL6.6. There is a reduction from FHom"&(Aut, X7 ,) to the
restriction of FHom"8(Aut, X_,) to connected graphs.

This question seems however quite challenging. Note first that the reduc-
tion from REGULAR UNCONNECTIVITY IN AUTOMATIC GRAPHS to Hom"&(Aut, X7 )
heavily uses the fact that the source structure can be unconnected. More-
over, beyond this issue of connectivity, whether Fom"&(Aut, X ) and
JHom'™8(Aut, X _,,) are equivalent is also not straightforward: note in partic-

ular that Proposition VIIL.2.6 does not apply: not only K_ , is not finite, but

<w

. . 76 . .
more importantly it is not a core. " Indeed, P, _,; K is homomorphi-
cally equivalent to EBkeI K} for any
infinite subset I of N.

VIIL6.2 Invariance under Graph Isomorphisms

Note that given an automatic presentation .4 of some o-structure A, the prop-
erty of whether A Zeg hom, B, where B is a finite o-structure, does not depend
only on the structure A, but on its presentation .#—see Example VIIL.3.9 for
an example; it is trivial to come up with a presentation of the same graph that
admits a regular 2-colouring.

On the other hand, the implication (DT)g;n_guat = (DT)equar Proves that
if B has finite duality, then the property of whether A zeghom, B is invariant
under graph isomorphisms, in the sense that for any presentations .4; and
A, of the structures A; and A,, respectively, if A; and A, are isomorphic,
then A, zeghom, B iff Ay Zghom, B We do not know whether the converse

implication holds.

Conjecture VIIL6.7. For any finite o-structure B, Fom"8(Aut, B) is invari-
ant under graph isomorphisms iff B has finite duality.

VIIL6.3 Obstacles to Finite Colourability

We also do not know whether FINITE COLOURABILITY PROBLEM is undecidable.
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FINITE COLOURABILITY OF AUTOMATIC GRAPHS
Input: A presentation G of an automatic graph G.

Question: Does G admit a colouring with finitely many colours?

Conjecture VIIL6.8.77 FINITE COLOURABILITY OF AUTOMATIC GRAPHS is

Zg -complete.

Given that we do not know whether FINITE COLOURABILITY OF AUTOMATIC
GRAPHS is decidable, a natural question would be find algorithm to identify
sufficient conditions for a graph not to be finitely colourable. The first natural
idea is to ask the graph to contain an infinite transitive tournament, and
actually this property is decidable by Proposition VIL.3.11 since it can be

expressed by the order-invariant first-order formula
Vx. dy. x <y A(E(x,y) Vv EY,x)).

A typical example of such a condition is to contain unbounded tourna-

ments—meaning that K; 2% A for all k € N.

Conjecture VIIL6.9.78 The problem of whether an automatic graph has

bounded tournaments is decidable.

In [BFM23, Conjecture 7.2], we conjectured that there was some automatic
graphs that were not finitely colourable, but did not contain unbounded tour-
naments. We pointed out that for arbitrary graphs, the property was clearly
true since there are triangle-free graphs’® G that are not finitely colourable
[UD54]. However, we believe(d) that the infinite graph built using Ungar-
Descartes’ technique is not automatic. Since then, we managed to prove
this conjecture, by relying on another classical construction of triangle-free

graphs with arbitrary large chromatic number.

Proposition VIIL.6.10. There exists a triangle-free automatic graph that is

not finitely colourable.

Mycielski’s construction is an operator M on undirected graphs, introduced
in [Myc55], with the property that if G is triangle-free then so is M(G),
and moreover the chromatic number of M(G) is exactly one more than the
chromatic number of G. Iterating this operator on a triangle-free graph
shows that there exists triangle-free graphs with arbitrarily high chromatic
number. To prove Proposition VIIL6.10, we will build an automatic graph
whose underlying undirected graphis | | _ M"(0) where 0 is the graph on
a single vertex with no edge. Note that usually Mycielski’s construction is
not iterated on 0 but on the undirected path of size 1: we made this choice to

make the proof of automaticity of the graph easier.

Definition VIIL.6.11. Given an undirected graph G = (V, &), its Mycielskian,
denoted by M(G), is the undirected graph whose set of vertices is V X 2 L {e},
with the following edges:
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77 Note again that the upper-bound
is trivial, since by De Bruijn-Erd6s
theorem, this problem is equivalent
to asking if there exists k € N s.t.
every finite subgraph of the source is
k-colourable.

8 This conjecture corresponds to
[BFM23, Conjecture 7.3].

79 Meaning that its underlying undi-
rected graph is triangle-free, which
means that there are no three ver-
tices that are pairwise adjacent.



« {(u,0), (v,0)} for every edge {u,v} € &,
« {(u,0), (v,1)} for every edge {u, v} € £, and
« {o, (v,1)} for every v € €.

Note that u +— (u,0) always defines an embedding of G into M(G).

Property VIIL6.12. If G is triangle-free, then so is M(G).

Proof. All adjacent elements of e are of the form (—,1), and two vertices of
the form (—,1) are never adjacent. Hence, any potential triangle in M(G)

must be of the form
{(u,0), (v,0), (w,0)} or {{u,0), (v,1), (w,0)}.

In both cases, this would imply that {1, v, w} is a triangle in G: contradiction.

OJ
“N {ZA\

o— | 0] —O0 _O

ot/ o{\\y

Property VIIL.6.13. The chromatic number of M(G) is exactly one more

than the chromatic number of G.

Proof. & Upper bound. Let f: G — [[1,k]| be a colouring of G for some
k € N. Then mapping (u,i) to f(u) for u € V and i € 2 and mapping e to
colour k + 1 defines a (k + 1)-colouring of M(G).

@ Lower bound. Letk € N jandlet g: M(G) — [1, k] be a k-colouring
of M(G). Let g’': M(G) — [1,k] be defined by g'(u,i) = g(u,1), and
g’(®) = g(). Since the adjacency of (1, 0) is included in the one of (u,1), it
follows that ¢’ is still a k-colouring of M(G). Since o is adjacent to all vertices
of the form (u,1) where u € G, then {¢’(u,1) | u € G} can only contain
at most k —1 colours. By construction of ¢’, ¢’(u,1) = g’{u,0). And hence
u +— ¢’(u,0) defines a (k —1)-colouring of G. O

We can now prove our result.

Proof of Proposition VIIL6.10. Let £ = {0,1, e}, and let 0 be the directed graph
on a single vertex with no edge. We are going to define an automatic graph
whose underlying undirected graph is | | - M"(0), in such a way that the
vertices of M"(0) will be encoded by words of length .

We define disjoint subsets (V;),cn of 2™ and (&), of V; X V;, by induction
oni € N, such that (V;, &) is a directed version of M (0).
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Figure VIII.31: The undirected
path of length 1, and two iter-
ations of Mycielski’s construction
M on this graph. Each of these
graphs is equipped with a 2-, 3-,
and 4-colouring, respectively, which
are built using the construction
described in the proof of Prop-
erty VIIL6.13.
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Define Vjy = {¢} and &y = @. Then for n € N, let

Vi 2u0 |ueV,)uful |ueV,}u{e"l)

Epi1 = (u0,00) | (u,v)y € &,} U {(v0,u0) | (u,v) € &,)
U {{u0,v1) | (u,v) € £,} U vl,u0) | (u,v) € &,}
U{(ul, @1y | ueV,}u(e" ul)y |ueV,).

Then let M = (V, &) be the infinite Mycielski graph where V- = U _ 'V,
and E = J _ E,. By construction, each &, is symmetric,3° and moreover
V,, € " by immediate induction on n € N.

Also, the underlying undirected graph of M is | | ., M"(0), and so it is
triangle-free—since 0 is triangle-free—by Property VIIL.6.12 but has infinite
chromatic number by Property VIIL6.13.

It remains to show that M is automatic. First, notice that V = *(0 +1)*
since by trivial induction on n € N we have V,, = (¢*(0+1)") N X". And
hence, V is regular.

Now we claim that there is an edge from u € V to v € V if and only if
+ u and v have the same length,

+ 1 contains at least one ® and letting i be the index of the last occurrence of

e in u, we have v; =1, and
o forallje [[i+1,n], uj = 0 andvj € 2.

Call the property above P. To prove it, observe first that £ contains no edge
between vertices of distinct length, and then we prove by induction onn € N
that &, = {{u,v) € V,, | (u,v) £ P}. For n = 0 the result is trivial, and if it
holds at rank n € N, then it is clear that £, ., € {{u,v) € V,, ;1 | (u,v) E P}.
Conversely, if u,v € V, ; satisfies P, then either:

« thelast letter of 1 is ® and so v ends with a 1, and thus (1, v) € {(#"*1, /1) |

v eV,}C &, 0r

« the last letter of u is 0, and the last letter of v is 0 or 1; letting u = 1’0
and v = v’a with a € 2, we have that (u’,v") satisfy P, so by induction
hypothesis, (u’,v") € &, and hence

(u,vy € {0,200y | (', v")e &, UWO0,v1) | (w,v")€E,} CE, -

In all cases, (u,v) € &, .1 which concludes the induction. To conclude, it

suffices to notice that the condition 7 is clearly automatic. O]

VIIL.6.4 Beyond Finite Duality

The notion of duality has been generalized in graph theory to restricted
dualities, in which the quantification over structures is restricted to a fixed
class of finite graphs. For instance, Naserasr showed [Nas07, Theorem 11]
that for any finite planar undirected graph G, then G is triangle-free iff G
admits a homomorphism to the so-called Clebsch graph. Letting Hs denote
the directed graph induced by it—meaning that if {1, v} is an edge, we put an
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80 n fact some of the sets defining
& 41 are redundant because of these,
but we keep them in the definition to
emphasize this symmetry.



edge from u to v and from v to u—it follows that om(Aut, Hs) is decidable

when restricted to planar graphs, even though the full problem is undecidable.

This opens a wide class of problems that are undecidable by the dichotomy
theorem for automatic structures, but that admit non-trivial restrictions which
are decidable. We refer the reader to [NO12b] for more details on restricted

dualities.

281

VIII.6. DISCUSSION






CHAPTER 1X
The Algebras for Automatic Relations

ABSTRACT

We introduce “synchronous algebras”, an algebraic structure tailored to recognize
automatic relations (a.k.a. automatic relations, or regular relations). They are the
equivalent of monoids for regular languages, however they conceptually differ in
two points: first, they are typed and second, they are equipped with a dependency
relation expressing constraints between elements of different types.

The interest of the proposed definition is that it allows to lift, in an effective way,
pseudovarieties of regular languages to that of automatic relations, and we show how
algebraic characterizations of pseudovarieties of regular languages can be lifted to
the pseudovarieties of automatic relations that they induce. Since this construction is
effective, this implies that the membership problem is decidable for (infinitely) many
natural classes of automatic relations. A typical example of such a pseudovariety
is the class of “group relations”, defined as the relations recognized by finite-state
synchronous permutation automata.

In order to prove this result, we adapt two pillars of algebraic language theory
to synchronous algebras: (a) any relation admits a syntactic synchronous algebra
recognizing it, and moreover, the relation is synchronous if, and only if, its syntactic
algebra is finite and (b) classes of automatic relations with desirable closure properties

(i.e. pseudovarieties) correspond to pseudovarieties of synchronous algebras.
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IX.1 Introduction

IX.1.1 Motivation

{aba, baaab) —> b aaal R

As mentioned in Section VIL1, automatic relation can be seen as a regular
language over the alphabet Y2 = (2 X L) U (£ X {-}) U ({-} X Z) of pairs.
On the other hand any regular language L over Y2 produces an automatic
relation when intersected with the language of all well-formed words—namely
words where the padding symbols are consistently placed; see Section IX.2
for precise definitions. In fact, the semantics of synchronous automata such
as the one in Figure IX.1 is precisely defined this way: it is the intersection of
the “classical semantic” of the automaton, seen as an NFA, intersected with

well-formed words.

well-formed words

In particular, a class V of regular languages over X2 (e.g. first-order defin-
able languages, group languages, etc.) induces a class of so-called V-relations,
defined as the relations over X obtained as the intersection of some language
of V with well-formed words, see Figure IX.2. For instance, the relation of
Figure IX.1 is a V-relation where V is the class of all group languages—these
relations can be alternatively described as those recognized by a deterministic
complete synchronous automaton whose transitions functions are permuta-

tions of states.

Question IX.1.1. Given a class V of languages, can we characterize and

decide the class of V-relations?

As we will see in Example IX.2.4, being in V2 , as a language, is a sufficient

but not necessary condition for a relation to be a V-relation.

285

I1X.1. INTRODUCTION

Figure IX.1:  Encoding a pair of
words of * X ¥ into an element of
(Z2)* where X2 = (X X) U (Zx
{-D) U ({-} X X) (left) and a determin-
istic complete synchronous automa-
ton (right) over £ = {a, b} accepting
the binary relation of pairs (1, v) such
that the number of @’s in 1y ... u and
in 01 ... vy are the same mod 2, where
k = min(Jul, |v]). Pad denotes the set

of transitions {(“), (l_’), (2), (o)}

Figure IX.2: Drawingin (X3)" ofa V-
relation R and =R = {(u,v) € L* X
X | (u,v) ¢ R}, where R is defined
as L N WellFormedy with L € V.



IX. THE ALGEBRAS FOR AUTOMATIC RELATIONS

IX.1.2 Contributions

We answer this question positively. For this we first need to develop an
algebraic theory of automatic relations, which enables us to prove the lifting
theorem. In short, the lifting theorem states that algebraic characterizations
of classes of word languages can be lifted in a canonical way to algebraic
characterizations of classes of word relations.

The algebraic approach usually provides more than decidability: it attaches
canonical algebras to languages/relations (e.g. monoids for languages of finite
words), and often simple ways to characterize complex properties (e.g. first-
order definability, see e.g. [B0j20, Theorem 2.6, p. 40]). Our synchronous
algebras differ from monoids in two points:

« they are typed—a quite common feature in algebraic language theory,
shared e.g. by w-semigroups [PP04, §4.1, p. 91];

« they are equipped with a dependency relation, which expresses constraints
between elements of different types—to our knowledge, this feature is
entirely novel.!

To understand how this dependency relation appears, we find that looking

at the syntactic congruence helps: recall that the syntactic congruence of a

language L C X" is defined by

u~pv iff VYx,yeXl® xuyeL & xvy€L.

This relation is, by definition, an equivalence relation. We claim that the
same definition cannot capture the essence of automatic relations, for the
simple reason that it might be that u, v, x and y are all well-formed, and
that xuy is well-formed but xvy is not. In this case, asking for the property
xuy € X & xvy € R to hold does not make sense since the object xvy simply
does not exist in our universe. To tackle this problem, we need to relativize this
property with the assumption that both xuy and xvy are well-formed. Doing
so yields a notion of syntactic congruence that makes sense—see Section IX.3.4
for the formal definition—, however because of this relativization, it is no
longer an equivalence relation: the non-trivial structure of this relation is
precisely captured by the notion of dependency relation!

Importantly, some variations are possible on the definition of syn-
chronous algebras: in particular, one could get rid of the notion of
dependency relation. However, we show in Section IX.4.2 that these
simplified synchronous algebras cannot characterize the property of
being a V-relation. Therefore, the notion of dependency seems neces-
sary to tackle Question IX.1.1. Moreover, we show that these algebras arise
from a monad, but to our knowledge none of the meta-theorems developing
algebraic language theories over monads apply to it, see Section IX.A for
more details.

We show that assuming that 1 is a #-pseudovariety of regular languages—in

short, a class of regular languages with desirable closure properties—, then the
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[Pinos, §2.4,
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w-semigroups—see
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between elements of the same type.



algebraic characterization of V can be easily lifted to characterize V-relations.

Theorem IX.4.2 (Lifting theorem: Elementary Formulation). Given a rela-
tion X and a *-pseudovariety of regular languages V' corresponding to a
pseudovariety of monoids V, the following are equivalent:

1. R is a V-relation,

2. R is recognized by a finite synchronous algebra A whose underlying

monoids are all in V,

3. all underlying monoids of the syntactic synchronous algebras A, of R are
inV,

This theorem rests on a solid algebraic theory. First, we show the existence
of syntactic algebras (Lemma IX.3.11): each relation R admits a unique canon-
ical and minimal algebra A 5, which is finite iff the relation is automatic,
and then, we exhibit a correspondence between classes of finite algebras and
classes of automatic relations (Lemma IX.4.11)—we assume suitable closure
properties; these classes are called “pseudovarieties”. While the proof struc-
tures of Lemmas IX.3.11 and IX.4.11 follow the classic proofs, see e.g. [Pin22],
the dependency relation has to be taken into account quite carefully, leading

for instance to a surprising definition of residuals, see Definition IX.4.7.

Remark IX.1.2. All our results are described for binary relations, but can be

extended to k-ary automatic relations. <&

Organization. After giving preliminary results in Section IX.2, we introduce
the synchronous algebras in Section IX.3 and show the existence of syntactic
algebras. We then proceed to prove the lifting theorem for *-pseudovarieties
in Section IX .4, and after introducing *-pseudovarieties of automatic relations,
we provide a more algebraic reformulation of the lifting theorem (Theo-

rem IX.4.13). We conclude this chapter with a short discussion in Section IX.5.

IX.1.3 Related Work

The algebraic framework has been extended far beyond languages of finite

words. Let us cite amongst others:

« Reutenauer’s “algebre associative syntactique”—pardon my French—for
weighted languages [Reu80, Théoréme 1.2.1, p. 451] and their associated
Eilenberg theorem [Reu80, Théoréme III.1.1, p. 469];

« for languages of w-words, Wilke’s algebras and w-semigroups, see [PP04,
§IL, pp. 75-131 & §VI, pp. 265-306];

« for languages over countable ordinals, Bedon defined “w;-semigroupes
syntaxiques” [Bed98, §3, pp. 49-109] and their Eilenberg theorem [BC98,
Theorem 22, p. 62];

- forlanguages over countable scattered orderings, see Rispal’s “{-semigroupe
syntaxique” [Ris04, §4.4, pp. 82-86] and their Eilenberg theorem [BRO5,
Theorem 6, p. 144];

« more generally, for languages over countable linear orderings, see Carton,
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IX. THE ALGEBRAS FOR AUTOMATIC RELATIONS

Colcombet & Puppis’ “®-monoids” and “®-algebras” [CCP18, §3, p. 7];

« Bojanczyk & Walukiewicz’s forest algebras [BW08, §1.3, p. 4] [Boj20, §5,

p. 159] dealing with tree languages;

+ Engelfriet’s hyperedge replacement algebras for graph languages [CE12,

§2.3, p. 100] [Boj15, §6.2, p. 194].

A systemic approach has been recently developed using monads, see Sec-
tion IX.A. For relations over words, recognizable relations are exactly the ones
recognized by monoid morphisms X* X 2.* — M where M is finite. This can
be trivially generalized to show that a relation % is a finite union of Cartesian
products of languages in V if, and only if, it is recognized by a monoid from V,
the pseudovariety of monoids corresponding to 1, see Proposition VIL.1.2. In
2023, Bojariczyk & Nguyén managed to develop an algebraic structure called
“transducer semigroups” for “regular functions” [BN23, Theorem 3.2, p. 6], an
orthogonal class of relations to ours—see Figure VIL1.

The counterpart of V-relations for deterministic transductions —that we
call here deterministic V-transductions—was studied by Filiot, Gauwin & Lhote
[FGL19]: they show that if 1V has decidable membership, then “deterministic V-
transductions” also have decidable membership [FGL19, Theorem 2.1]—which
is proven via the use of a minimal object (a deterministic transducer). They
extend their result to functional transductions by showing the decidability
of membership for functional V-transductions, under the same assumption
[FGL19, Theorem 4.10, p. 26]; however this proof does not rely on a canonical
construction but rather on a finite set of minimal objects. These results are
orthogonal to our lifting theorem: deterministic transductions and functional
transductions are both orthogonal to the class of automatic relations, see
Section VII.1. A different problem—focussing more on the semantics of the
transduction—, called “V-continuity” was studied by Cadilhac, Carton &
Paperman [CCP20, Theorem 1.3, p. 3], although it has to be noted that their

results only concern a finite number of pseudovarieties.

IX.2 Preliminaries

IX.2.1 Automata & Relations

We assume familiarity with basic algebraic language theory over finite words,
see [Boj20, §1, 2, 4, pp. 3-66 & pp. 107-156] for a succinct and monad-driven
approach, or [Pin22, §I-XIV, pp. 3-247] for a more detailed presentation of
the domain. We also refer to [SW21] for a presentation on pseudovarieties.?
More precise pointers are given in ??.

Recall that relation is a subset of X" X X%, where X is an alphabet—i.e. a
non-empty finite set. We define its complement =R as the relation {(u,v) €
X T | (u,0) ¢ R} Letting X2 2 (ZXZ) U (ZX{}H U ({-}xX), a
synchronous automaton is a finite-state machine with initial states, final

states, and non-deterministic transitions labelled by elements of Y. As
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mentioned in Chapter VII, we denote by WellFormedy the set of well-formed
words over Y2 where the padding symbols are placed consistently, namely:
if some padding symbol occurs on a tape/component, then the following
symbols of this tape/component must all be padding symbols. From this
constraint, and since (Z) ¢ X2, there can never be padding symbols on both
tapes.

Note that elements of WellFormedsy are in natural bijection with X X
Y*—see Figure IX.1. The relation recognized by a synchronous automaton
is the set of pairs (1,v) € £* X X" such that their corresponding element in
WellFormedy is the label of an accepting run of the automaton. Recall that

we say that a relation is automatic if it is recognized by such a machine.

Remark IX.2.1. Crucially, in the semantics of synchronous automata we

never try to feed them inputs where the padding symbols are not consistent:

aab aba_
(h-a ) ot (a--b)

are sequences in (2 )", the behaviour of a synchronous automaton on such

for instance, while

sequences is completely disregarded to define the relation it recognizes. &

We can then reformulate the definition of the semantics of a synchronous
automaton, to make the connection with V-relations—see the next subsection—

explicit.

Fact IX.2.2. Given a synchronous automaton, its semantics as a synchronous
automaton can be written as the intersection of its semantics as a classical

automaton over Y2 with WellFormeds:.

In particular a relation X is automatic if, and only if, it is a regular language

when seen as a subset of (£2)".

IX.2.2 Induced Relations

Given a class V of regular languages, the class of VV-relations over X consists of
all relations of the form L N WellFormedy, for some L € Vzg@—see Figure IX.2.3
For instance, if V is the class of all regular languages, then by Fact IX.2.2,

V-relations are exactly the automatic relations! However, because of Re-
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Figure 1X.3: Minimal (deterministic
complete) “classical” automaton for
the binary relation of pairs (i, ) such
that the number of a’s in 1y ... 13 and
in Uy ... U are the same mod 2, where
k = min(|ul, |0]), seen as a language
over EQZZ,. Said otherwise, this is au-
tomaton rejects exactly all words in
(Zé)* which (1) are not the valid en-
coding of a pair of words and (2) are
the encoding of a pair which does not
satisfy the property above. Each la-
bel # is defined so that the automaton
is deterministic and complete.

3 The notation L € Vy2 means that
L is a language over the alphabet Zé.
See [Pin22, introduction of §XIII.1]
for why classes of regular languages
are defined in such a way.



IX. THE ALGEBRAS FOR AUTOMATIC RELATIONS

mark IX.2.1, the minimal automaton for a relation, seen as a language over
Y2 can be significantly more complex than a deterministic complete syn-
chronous automaton recognizing it, see Figure IX.3 in page 289—while the
size blow-up is only polynomial, it breaks many of the structural properties
of the automaton, such as the property of being a permutation automaton.

Note that if R belongs to 77 when R is seen as a language over X2, then R
is a V-relation. The converse implication holds under some strong assumption
on V (Fact IX.2.3), but is not true in general (Example IX.2.4).

Fact IX.2.3. If V is a class of languages closed under intersection and that
contains WellFormedy, then a relation X is a V-relation if, and only if; it

belongs to ¥ when seen as a language over X2.

Classes of languages V satisfying the previous assumption (e.g. first-order
definable languages, piecewise-testable languages, etc.) are easy to capture
when it comes to V-relations since this class reduces to V-languages. So, in
the remaining of the chapter, we will focus on classes 1V which do not satisfy

the assumptions of Fact IX.2.3, such as group languages.

Example IX.2.4 (Group relations). If V is the class of group languages,
namely languages recognized by permutation automata* or equivalently
by a finite group, then we call V-relations “group relations”. They can be
characterized as relations recognized by permutation synchronous automata.
For instance, the relation of Figure IX.1 is a group relation as witnessed
by the permutation synchronous automaton of Figure IX.1. Note however
that it is not a group language, when seen as a language over X2, since its
minimal automaton over Zé, is not a permutation automaton, see Figure IX.3
on Page 289. O

Fact IX.2.5. Given a relation X and a class V of languages, the following are
equivalent:

1. R is a V-relation;

2. R and =R are V-separable as languages over X2, i.e. there is a language

in V which contains £ and does not intersect =.%.
Proof. By definition, see Figure IX.2, on page 285. O

And so, if the V-separability problem is decidable, then the class of V-
relations is decidable. However, there are pseudovarieties V with decid-
able membership but undecidable separability problem [RS11, Corollary 1.6,
p- 478].5 Moreover, some of these classes do not contain WellFormedy, [RS11,
Corollary 1.7, p. 478]. But beyond this, even when a separation algorithm ex-
ists, it can be conceptually much harder than its membership counterpart: for
instance, deciding membership for group languages is trivial—it boils down
to checking if a monoid is a group—, yet the decidability of the separation
problem for group languages is considered to be one of the major results in
semigroup theory: it follows from Ash’s infamous type II theorem [Ash91,
Theorem 2.1, p. 129], see [HMPR91, Theorem 1.1, p. 3] for a presentation of
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4 A permutation automaton is a
finite-state deterministic complete
automaton whose transition func-
tions are all permutations of states.

5 The paper cited only claims unde-
cidability of pointlikes, but it was
noted in [GS19, §1, pp. 1-2] that un-
decidability of the 2-pointlikes also
holds, which is a problem equivalent
to separability by [AIm99, Proposi-
tion 3.4, p. 6].



the result in terms of pointlike sets, see also [PZ23, §III, Theorem 8, p. 5] for

an elegant automata-theoretic reformulation.

IX.3 Synchronous Algebras

In this section, we introduce and study the “elementary” properties of syn-

chronous algebras.

IX.3.1 Types & Dependent Sets

Motivation. The axiomatization of a semigroup reflects the algebraic struc-
ture of finite words: these objects can be concatenated, in an associative way—
reflecting the linearity of words. Now observe that elements of WellFormedy.
are still linear, but not all words can be concatenated together: for instance, ()
cannot be followed by (Z) Formally, given two words u,v € WellFormedy,
to decide if uv € WellFormedy it is necessary and sufficient to know if the
last pair of u and first pair of v consists of a pair of proper letters (denoted by
L/4), a pair of a proper letter and a blank/padding symbol (/z) or a pair of a
blank/padding symbol and a proper letter (84). This information is called the
letter-type of an element of Y3 .

We then define the type of a word of (£2)* as the pair (a, f), usually written
a — f, of the letter-types of its first and last letters. It is then routine to check
that the possible types of well-formed words are

TJ= {L/L - L1, 4 —>L8, s > LB, L > B4, BL &> B4 }

For the sake of readability, we will write « instead of @« — a for a €
{L4,1/%s,B4).

One non-trivial point lies in the following innocuous question: what is the
type of the empty word? Any type of T sounds like an acceptable answer.

But then it would be natural to say that the concatenation of (s ) of type

1/, with the empty word of type 14 — L& should be (457) of type L4 — 1.
Automata-wise, this would represent a sequence of transitions (%), (4), (%)
together with the promise that the next transition would have a padding
symbol on its second tape. But then, one has to formalize the idea that the two
elements (7 ) of type L4 and L4 — /s represent the same underlying pair
of words of X.* X X.*: this idea will be captured by what we call a dependency
relation. A more natural solution would be to simply introduce a new type
for the empty word (or to forbid it), but we show in Section IX.4.2 that the
resulting notion of algebras cannot capture the property of being a V-relation.

A T-typed set (or typed set for short) consists of a tuple X = (X),c7, where
each X, is a set. Instead of x € X, we will often write x, € X. A map
between typed sets X and Y is a collection of functions X, — Y, for each
type 7. Similarly, a subset of X is a tuple of subsets of X for each type 7. To

make the notations less heavy, we will often think of typed sets as sets with

291

IX.3. SYNCHRONOUS ALGEBRAS



IX. THE ALGEBRAS FOR AUTOMATIC RELATIONS

type annotations rather than tuples, and ask that all operators/constructions
should preserve this type.

Definition IX.3.1. A dependency relation over a typed set X consists of a
reflexive and symmetric relation < over Hx= U e Xe X {7}, such that for
allx,,y, € X,ifx, < y,, thenx, =y,.

Crucially, we do not ask for this relation to be transitive—in some examples
the dependency relation will be an equivalence relation, but not always
(Example IX.3.15), and this non-transitivity is actually an important feature,
motivated amongst other by the syntactic congruence and Corollary IX.3.14.

A dependent set is a T-typed set together with a dependency relation over

it. A closed subset of a dependent set (X, <) is a subset C C X such that for all
x,x €X,ifx <x" thenxeC < x' €C°

6 In other words, C is a union of equiv-
alence classes of the transitive clo-
sure of <.

< blank;lettet

xiet ’b\a\" (aba)
e‘\o aa_

’\\\z’{‘

<
S @
2
€
3 € -~
Ooe’
00— @
()

Pe Jo
lter/letter to blank/letter
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Figure IX.4: Representation of the
dependent set S, of synchronous
words. Coloured edges represent the

dependency relation, and self-loops
are not drawn.



Example IX.3.2. Given a finite alphabet X, let S, be the dependent set of
synchronous words defined by:
c (SD),, 2 (EXT), C ($3D)1pn 2 (EXIV (XY,
C (So)aoin 2 EXTNEX),  + (SD)y, 2 (X D)
C (D) 2 (EX),

Moreover, < is the reflexive and symmetric closure of the relation that
p1pforallu € (ExXY)andf € {vp, Bilandu,, , 4,
with u, , foru € (Zx_),andu,, ,,, withu,, foru € (_xX)". This

identifies 1 , with u

structure is depicted in Figure IX.4. <&

Given a relation X C X" X X%, we denote by X = {(u,v), | (u,v), €
S,X and (1, v) € R} the closed subset of S, X induced by .

Fact IX.3.3. The map R — X is a bijection between binary relations over "
and closed subsets of S, 2.

Proof. Let f be the function which maps a closed subset C of S, to {(1,v) €
L*X X" | (u,0), € C for some 7 € T}. It then follows that f o — (resp. f(-))
is the identity on subsets of X* X X" (resp. closed subsets of S,Y)). O

IX.3.2  Synchronous Algebras

One key property of types is that some of them can be concatenated to produce
other types. We say that two types 0,7 € T are compatible when there
exists non-empty words 1, € WellFormedsy, of type ¢ and 7, respectively,
such that uv is well-formed. Said otherwise, @ — [ is compatible with
B’ — vy if either f = B’ or f = v4—indeed, for this last case note that e.g.
the concatenation of (j;;) of type 14 with (7z) of type B4 is well-formed.
Lastly, if @« — f is compatible with 8 — 7, we define their product as
(@ = p)(B" = y) = a — y. Note that this partial operation is associative,
in the following sense: for p, 0,7 € T, (p-0)-7 is well-defined if and only if
p-(0-7) is well-defined, in which case both types are equal. This implies that
the notion of compatibility of types can be unambiguously lifted to finite lists

of types Ty, ..., Ty-

Definition IX.3.4. A synchronous algebra (A, -, <) consists of a dependent
set (A, <) together with a partial binary operation - on A, called product such
that:

« forx,,y, € A, x, -y, is defined iff 0 and T are compatible,

« associativity: for all XprYorZr € A, if p,0, T are compatible:

(xp ya) "Ze =Xy (y(r 'ZT)/

+ “monotonicity” for all x,,x/,,y, € A, ifx, < x/, and both 0,7 and 0/, T
are compatible, then x, -y, < x/, -y, and dually if 7,0 and 7,0" are
compatible, theny, - x, <y, -x/,,

« units: for each type 7 there is an element 1, € A such that for any x, € A,

then1, -x, < x, if T and 0 are compatible, and x, -1, < x, if 0 and 7 are
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relations we are considering: here
we focus on binary relations, but all
constructions can be generalized to
higher arities.
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compatible, and moreover, 1 1, -1 8 for € {8,841}

LB
Note in particular that for any type 7 € {v4,s,84}, then1, - x, < x,

but since 1, - x, has type 7 and < is a dependency relation, then 1, - x, =
x,. This implies in particular that restricting (A, -) to a type L4, /s or B4
yields a monoid. These are called the three underlying monoids of A. The
canonical example of synchronous algebras is synchronous words S, % under

concatenation. Its underlying monoids are (X X L)*, (X X {_})" and ({-} X Z)".

Fact IX.3.5. Any closed subset of A either contains all units, or none of them.

Proof. From 1

1, ;. By symmetry between Lz and B4, we also havel,, <1 , _ . and

1L/L —B/L
it must contain them all. O

=1,1 , wehavel , <1, , . andl =

L/L—L/B L/L—L/B

=1,, . Hence, if a closed subset of A contains at least one unit, then

Note that the product induces a monoid left (resp. right) action of the
underlying monoid A, ; (resp. A, ;) ontheset A ,_, .. Moreover, x , —

x, . -1, 5 identifies any element of type 14 with an element of type L4 — L.

LL
Over S,X, these identifications are injective, but it need not be the case
N |

in general. Note also that in general, x, , -1 =x

-1

LL—LB S 7 S - S

xL/L

LB*
Remark IX.3.6. There exists a monad over the category of dependent sets
whose Eilenberg-Moore algebras exactly correspond to synchronous algebras,

see Section IX A. O

Morphisms of synchronous algebras are defined naturally as maps that

preserve the type, units, the product and the dependency relation.

Free algebras S, is free in the sense that for any synchronous algebra A,
there is a natural bijection between synchronous algebra morphisms S, —
A and maps of typed sets Y2 — A. Said otherwise, synchronous algebra

morphisms are uniquely defined by their value on X2,

IX.3.3 Recognizability

Given a synchronous algebra A, a morphism ¢: S, — A and a closed subset
Acc C A called “accepting set”, we say that (¢, A, Acc) recognizes a relation
R CX*XL*when R = ¢~![Acc]. We extend the notion of recognizability to
(¢, A) or to simply A by existential quantification over the missing elements
in the tuple (¢, A, Acc).

Synchronous algebra induced by a monoid A monoid morphism ¢: (X3)* —
M naturally induces a synchronous algebra morphism ¢: S, — A, where:
+ A, has for every type 7 a copy of M, and < is {(x,,x,) | x€e M,0,T € T},
« forall x,,y, € Ay with compatible type, x, -y, = (x - Y)y.0»

- 3(5) = (0(5)) - H=(9(9)_ . and G(a) = (¢(3))

B/L
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The algebra simply duplicates M as many times as needed and identifies two

elements together when they originated from the same element of M.

Fact IX.3.7. If ¢ recognizes R for some relation & C X* X X" seen as a

language over Y2, then ¢ recognizes .

Consolidation of a synchronous algebra Given a synchronous algebra mor-
phism ¢: S,X — A, define its consolidation® as the semigroup morphism
¢%: (X2)" — AP, where A? is the monoid obtained from [+ A by first merg-
ing units, by adding a zero (denoted by 0), and extending - to be a total function
by letting all missing products equal 0, and qbo sends a word u € (£2)" to

o 0if u is not well-formed, « Py, p)ifu € (EXIE)T(ZX
. Ony,) ifu € (EX ), )
o P(uy ) ifue(Xx)T, « Uy, p,) ifu € (ZXX)T(CX
o Puy,)ifue(CxX), )t

Note that this operation disregards the dependency relation of A.

Fact IX.3.8. If ¢ recognizes some relation £, then qbo recognizes R, when

seen as a language over 2.

The following result follows from Facts IX.2.2, IX.3.7 and IX.3.8.

Proposition IX.3.9. A relation is automatic if and only if it is recognized by

a finite synchronous algebra.

Let us continue with a slightly less trivial example of algebra.

Example IX.3.10 (Group relations: Example IX.2.4, cont’d.). Fix p,q € N,.
Let Z,, , denote the algebra whose underlying monoids are:
« the trivial monoid (0, +) for type 14,
« the cyclic monoid (Z/p’Z, +) for type /s,
« the cyclic monoid (Z/qZ, +) for type BA4.
Moreover, the sets Z, , _, . and Z , _, .  are defined as Z/pZ and 7/q7,
respectively. The product is addition—we identify 0, , with the zero of Z/p”Z
and of Z,/q7.. We denote by k the equivalence class of k € Z in Z/nZ when n
is clear from context. The dependency relation identifies (1) all units together
and (2) x, with 1, - x, and x,; - 1, when the types are compatible.

Let ¢: S22 — Z, , be the synchronous algebra morphism defined by

$(3)20,,, ¢(")21,, @@G)=1,, and ¢(e) 20, forTe .
This morphism recognizes any relation of the form

RU 2 {(u, ) | lu| > |v] and (Ju| — [v| mod p) € I, or
jul < [o] and (jo] - |u| mod ) € ]. },

where I C Z/pZ and | C Z/qZ are such that 0 ¢ Iand O ¢ J. This last

condition is necessary because the accepting set has to be a closed subset
of Zp,q: if 0 was in I, then we would need 0 € J, but also to add (_)m to the

295

IX.3. SYNCHRONOUS ALGEBRAS

8 Named by analogy with Tilson’s
construction [Til87, §3, p. 102].
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accepting set: this would recognize

{(,0) | lul > lo| and (lul - [v] mod p) € I, or

|u| < |v| and (|v| = [u| mod q) € ], or |u| = Ivl}.

Note also that all relations &/ with 0 ¢ [ and 0 ¢ ] are group relations:
letting G be the group Z/pZ X Z/qZ, R can be written as WellFormedy N
1#‘1 [I x {0} U {0} x J] where 1: (Zé)* — G is the monoid morphism defined
by (%) 2 (0,0). (%) = (1,0) and y(7) = (0, ). %

IX.3.4 Syntactic Morphisms & Algebras

Lemma IX.3.11 (Syntactic morphism theorem). For each relation X, there

exists a surjective synchronous algebra morphism
Nzt Sk = Ag

that recognizes R and is such that for any other surjective synchronous
algebra morphism ¢: S, — B recognizing R, there exists a synchronous

algebra morphism ¢: B - A such that the diagram

S, T —% s A
N
B/

commutes. The objects 1), and A , are called the syntactic synchronous algebra
morphism and syntactic synchronous algebra of X, respectively. Moreover,

these objects are unique up to isomorphisms of the algebra.

Corollary IX.3.12 (of Proposition IX.3.9 and Lemma IX.3.11). A relation is

automatic if and only if its syntactic synchronous algebra is finite.

The proof of Lemma IX.3.11 relies, as in the case of monoids, on the notion
of congruence.

Given a synchronous algebra (A, <, -), a congruence is any reflexive, sym-
metric relation = over A which is coarser than =, and which is locally transitive,
meaning that for all x,, x/,, v,y € X, if x,=x,, x,=y, and y, =y, then x/,=y/..°

The quotient structure A/= of A by a congruence = is defined as follows:

« its underlying typed set consists of the equivalence classes of A under
the equivalence relation {(x,,y,) | x,2V,}, such a class being abusively
denoted by [x]=,

+ its product is the product induced by A, in the sense that [x]=- [y]= = [xy]=,
and

« its dependency relation is the relation induced by =, i.e. [x]= < [y]= when-
ever x=v,

o its units are defined as the equivalence classes of the units of A.

Moreover, x — [x]= defines a surjective morphism of synchronous algebras

from A to A/=.
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Given a synchronous algebra (A, <, -) and a closed subset C C A, we define
a congruence =, called syntactic congruence of C over A by letting a, =~ b,
when forall x,y € A
« if both xa,y and xb,y are defined, then xa,y € C iff xb,y € C, and
« if both xa, and xb, are defined, then xa; € C iff xb, € C, and
« if both a,y and b y are defined, then a,y € C iff b,y € C.
It is routine to check that the syntactic congruence is indeed a congruence.
For instance, to prove that =- is coarser than =, observe that if a, < b_, then
for all x, y s.t. both xa,y and xb,y are defined, then xa,y < xb,y, and since C
is a closed subset of A, xa,y € C iff xb,y € C. The other two conditions are
proven in the same fashion. Note however that while the relation is locally
transitive, it is not transitive in general.

When & C X" X L* is a relation, we abuse the notation and write =,
to denote the syntactic congruence =, of X in S,X.. The existence of the

syntactic morphism then follows from the next proposition.

Proposition IX.3.13. Let ¢: S,Z — A be a surjective synchronous algebra
morphism that recognizes R, say X = ¢~[Acc] for some closed subset
Acc C A, then

Ofzpees S > Alz, .
u = [p()]=4

is the syntactic morphism of .

Proof. We claim that ¢/=, _ is a, and hence the, syntactic synchronous algebra
morphism of X. First, if ¢p(u) =,.. ¢(v) then in particular ¢p(u) € Acc iff
¢(v) € Acc. It follows that the preimage of Acc” £ [Acc]z,.. by ¢/, is
indeed R. Moreover Acc’ is a closed subset of A/= Ace Since Acc is a closed
subset of A. Hence, ¢o/=, . is a surjective morphism which recognizes %.
Then, given another surjective morphism 1: S, - B which recognizes
R, say K = lp_l[Bcc], then for each b, € B, there exists 1, € S,X such that
Y(u,) = b,. This defines a map x: B — A/=, . which sends b, to /=, . (u,).
We claim that ¢/=, . = x ° 1, meaning that the following diagram com-

0 A
éﬁ l‘/ =Acc

S, ——% Ay

W

mutes

Indeed, for u, € S,X, x(¢(u,)) equals /=, ..(v,) for some v, € S, ¥ such that
Y(v,) = Y(u,). This in turns implies that u, =, v, since for all x,y € S, X, if
xuy and xvy are well-defined, then so are y(x)y(u)(v) and Y (x)(v)P(y),
and both elements are equal, so one belongs to Bec iff the other does. It
follows that xuy € X iff xvy € R, and hence u, =, v,. By surjectivity of
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¢, it follows that p(u,) =, .. P(v,), i.e. /=5 (U;) = §/=5..(v;). And hence
X)) = Qf= 5. (1,)-
We now show that x is a morphism. From ¢/=, .. = x o1 it follows that

the map x preserves the product!®

and is surjective. Lastly, we claim that it
preserves the dependency relation. Indeed, by surjectivity of ¢, it boils down
to proving that for all u_, v, € S,%, if Y(u) < Y(v) then x(P(u)) < x(¢Y(v)),
namely ¢/=, (u,;) = ¢/=,.(0,), which rewrites as ¢(u,) =,.. P(v;). So
pick x,y such that both xuy and xvy are well-defined. Then (x)i(u)y(y)
and (1) (v)(y) have the same type as xuy and xvy, respectively, so they
are well-defined, but since ¢ (1) =< 1(v), then Y(x)y(u)P(y) < P(x)P(u)P(y)

and since Bcc is a closed subset, one of these elements belongs in it iff the

other ones does too, from which it follows that xuv € R iff xvy € X ie.

u, =5 v, and hence ¢(u,) =, .. P(v,). Overall, this proves that x is a surjective

synchronous algebra morphism, and concludes our proof. O

Proof of Lemma IX.3.11. “@ Uniqueness. Consider two potential syntactic
morphisms, say 17;: S,2 = A; and 17,: S, 2 = A,. Then by the universal
property of 17; (resp. 17,), there exists {1: A, » Ajand ¢,: A; - A, such
that 7, = 1y on, and 1, = P, o ;. Overall, it implies that the following

digram commutes

Ay
V T%

Szz — M2 » A2

,h\/ﬁ TIPZ

Ay,

and so Y; o1, o1y = 17. Since 7 is surjective, and hence right-cancellative,
Y1 oy =id,, . Symmetrically, ), o ¢y = id,,, showing that ¢y and ¢, are
mutually inverse isomorphisms of synchronous algebras.

@ Existence. It follows from Proposition IX.3.13—which we will prove
just afterwards—applied to the identity morphism id: S,X = S,X, which
recognizes R since R = id ![R] and R is closed. O

Corollary IX.3.14. In the syntactic synchronous algebra A 5, the syntactic

congruence =, . and the dependency relation < coincide.

Proof. By Proposition IX.3.13 applied to the syntactic morphism, x = [x]=, .
is an isomorphism from A 5, to A 4/=, ... Hence, [x]=, .. = [y]=,.. in Ap/=,..
iff x < yin Ay, for all x,y € A 4. But then, the dependency relation < of
A /% .. 18, by definition, such that [x]=, . < [y]z,.. iff X =5, V. Putting both
equivalences together, we get that x =, vy iff x <y forall x,y € A. O

We now provide a simple example of syntactic synchronous algebra whose

dependency relation is not an equivalence relation.
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Example IX.3.15. We now provide an example of syntactic synchronous
algebra whose dependency relation is not an equivalence relation. Consider

the relation
®=(5)[(2)+(5) O+ @)+ @) @)

where . = {a,b}. In other words, a pair (1, ) belongs to R if either: the
length difference between u and v is one, or it is at least two and the longer
words ends with an ‘a’. We are going to compute the syntactic congruence
=pof Rin S,

S blank/leties

Recall that the restriction of =, to a single type is an equivalence relation.
For 1/, there is a single equivalence class, denoted by/identified with ¢, .

For type /s, we claim that for any u € *:

. (”_‘)L/B = (f)L/B iff ueXa; « all elements of the form (”_‘)M3
. u = b [ =D 1
(1), 5 =% ( v )L/B iff u="o; where u is a word of length at least
+ & 4 is alone in its equivalence 2 whose last letter is a ‘b’ are pair-
class; wise equivalent, and the class is

identified with ( bb )
LB

Since R is invariant under (#, v) — (v, 1), the situation is symmetric for
type B4. Moreover, X is invariant under adding/removing prefixes of type
L4, so types L4 — L/s and L4 — B4 also have four elements each.

In the end, we obtain the synchronous algebra drawn in Figure IX.5 (el-
ements of type L4 — Lz and L4 — B4 are omitted for the sake of sim-
plicity). Note that the dependency relation is not transitive: for instance
(IZ)L/B =R (l_’)}m and(E)B/L =R (l—))m3 but (IZ)L/B % (Z—J)M3

Given two elements of distinct type, we want to determine when they are
dependent. For the sake of simplicity, we will focus on types 4,1/ and BA4.

@ Types 1/1 and /5. Since dependent elements must either both belong
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Figure IX.5:  The three underly-
ing monoids of the syntactic syn-
chronous algebra of the relation R
of Example 1X.3.15, together with its
dependency relation. The two equiv-
alence classes of its transitive closure
are drawn in red and blue.
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to R or both to =R, we have ¢, #% (f)m and ¢, Zp (b) . Because
L/B

R is a closed subset, then ¢, , =, & .. Moreover, ¢ , #» (b_b )L/B since

e (?) eRbut(®) (b) ¢
W@ Types I/s and B/1. Again, using the fact that dependent elements must

L/B LB " LB
either both belong to X or both to =R, we have

(2),, 7% €pns (1), 72 (Bb),
(?)m A% Epns (l_’)m Fr (bh), -
e o (@), e F (b)),
(") | Az (@), (™), A2 (8)y,-

We claim that (* )M3 =p (a )B/L . Note that there is no, y, be such that (? )L/B Ye
and (7 )]M Yy, are well-formed. So, let x, be such that x, (“ )ma andx,(a), are
well-formed: o must be of type L4, but then X is invariant under removing
prefixes of type L4, and so x,(” )L/B € R and xg(ﬁ)]M € R. And hence,

(° )MS =p (a )B&. Similarly,

([—I)L/B E93(5)13&’ (ﬁ)L/B E93(5)134 and (ﬁ)L/B E93(5)13&'

The dual argument (using now the fact that both sides do not belong to %)
shows that

€ =% €s1s  Eup =z (B Jur (f’lf )L/B = €p, and (f’lf )L/B =5 (b )B/L-

The case of types L1 and /s follows by symmetry. &

Boolean operations Given two synchronous algebras A and B, define their
Cartesian product A X B by taking, for each type 7, the Cartesian product
A, X B,. Units, product are defined naturally, and the dependency relation
is defined by taking the conjunction over each component. Then - is
recognized by A, and R U § and X N S are recognized by A X B.

IX.4 The Lifting Theorem & Pseudovarieties

IX.4.1 Elementary Formulation

Example IX.4.1 (Group relations: Example 1X.3.10 cont’d). We want to
decide when the relation

RL 2 {(u, ) | |u| > |v| and (Ju| - [v| mod p) € I, or
Jul < o] and (fo| - [u mod q) € .}

from Example IX.3.10 is a group relation. By definition this happens if and only
if there exists a finite group G, together with a monoid morphism ¢p: (X23)* —
G and a subset Acc C G s.t. Yu € WellFormedy, u € R iff ¢(u) € Acc. We
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claim:

RY is a group relation  iff (0 ¢land0 ¢ ]) (IX.1)

The right-to-left implication was shown in Example IX.3.10. We prove
the implication from left to right: let n be the order of G so that x" =1
for all x € G. In particular, we have: qb((‘_’)pq”) =1= ¢((g)”q”). Since
G((4)™) ¢ R, it follows that ()" ¢ R ie 0 ¢ I Also, 0 ¢ J by
symmetry, which concludes the proof. O

Even more generally, we can decide if a relation [ is a group relation by

simply looking at the syntactic synchronous algebra of .

Theorem IX.4.2 (Lifting theorem: Elementary Formulation). Given a rela-

tion X and a *-pseudovariety of regular languages 1V corresponding to a

pseudovariety of monoids V, the following are equivalent:

1. R is a V-relation,

2. R is recognized by a finite synchronous algebra A whose underlying
monoids are all in V,

3. all underlying monoids of the syntactic synchronous algebras A, of X are

inV.

Proof. @ (1) = (2). Since R is a V-relation, there exists £ € Vzé such
that X = £ N WellFormedy. Hence, there exists a morphism of monoids
¢: (X2)" — M such that M € V and £ = ¢ ![Acc] for some Acc C M. It
follows that X = £ N WellFormedy rewrites as “for all u € WellFormedy,
P(u) € Acc iff u € R”. Letting A, be the synchronous algebra induced by
the monoid M, define : S,2 — A, by Y(u,) = (¢p(u)), for u, € S,2. Let
Acc’ = {x, | x € Acc Ao € T}. We claim that "}[Acc’] = . Indeed, for
u, € SX, uy € Riff ue £, ie ¢(u) € Acc, that is P(u,) = (p(u)), € Acc’.
Notice then that all underlying monoids of A, are M, and hence they belong
to V.

W (2) = (3). By Lemma IX.3.11, the syntactic synchronous algebra of &
divides any algebra B recognizing R. In particular, its underlying monoids
divide the underlying monoids of B. The conclusion follows since V is closed
under division.

@ (3) = (1). Denote by M, ,,M, ,, and M, the underlying monoids
of A. Let Acc C A be the accepting set such that R = 17} [Acc]. Define
M=z=M,, XM, , XM,, ,and

o (By - M
(8) = @a(d), Tew L)
(D e, 1en)
(13) = <1me1Lm/nW(5)B/L>
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and finally, let

Acc’U{(lL/L, 16, Zes) | 2o, GAcc}

U {<xL/L’ Yims 1B/L> | XYoo Yus € ACC}

v, {(xm, 1 5, Zpa) | Xy 2y € Acc}.
We first claim that

Foreveryu,, , . € S,Y,

¢(u) is of the form (a, b, 1) and moreover, (IX.2)

T]ﬂ?(”L/L—m/B) =a-b,

which can trivially be proven by induction on u. Analogous results hold for

words of different type. We then prove that for each u, € S,X,

ne(,) € Acc iff  ¢@(u) € Acc’. (IX.3)

The direct implication is straightforward, using Equation (IX.2). The converse
implication is more tricky: assume e.g. that 0 = L4 — L, say t, = u , 0, ..
If ¢(t) € Acc’, using Equation (IX.2) then it implies either that

1. np(u,,)=1,andng(, ,)=1,,and1,, € Acc, or

2. Ngp(uy,) Ne(v, ) € Acc, or even

3. Np( ) =1, 4 and np(u, ,)-1,, € Acc.

Clearly, (2) implies the desired conclusion, namely that

Nw(ty) = Ne(u, )Nz, 5) € Acc.

In all other cases, we will make heavy use of the dependency relation. For
case (1), we have that n4(t,) = 1,,_,, 5. From1,, € Acc, Fact IX.3.5
yields1 , -1, ., =1 € Acc, since Acc is closed. Lastly, in case (3),

L/L—L/B

Ny, ) =g, )1, € Accsong(u,,) € Accandhence p(t, , . 5) =

Ne( )1, 5 =< Ne(u, ) € Acc which yields n4(t,, _,, 5) € Acc. This
concludes the proof of (IX.3) for type 0 = L4 — L. Other types are handled
similarly, and hence R = q[)_l[Acc'] N WellFormedy. O

Remark IX.4.3. In light of Theorem IX.4.2, one can wonder whether the
notion of synchronous algebra is necessary to characterize V-relations, or
if it is enough to look at the languages corresponding to the underlying
monoids. Said otherwise, is the membership of X in the class of V-relations
uniquely determined by the regular languages X N (Z X X)*, XN (X X {_})" and
R N ({-} X £)*? Unsurprisingly, synchronous algebras are indeed necessary,

as there are relations R such that:

RONEXL) €Vyyy, RNEX)E€Vyy and RN(CXLE) €V 5,
(IX.4)

but R is not a V-relation. This can happen even if V is the *-pseudovariety of
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all regular languages: for instance for the relation
R 2 {(u,v) | lul > |v| >0 and |u| - |v| is prime}.

Notice that there is a subtle but crucially important difference between (IX.4)
and the second item of the Lifting Theorem: while the underlying monoids of a
synchronous algebra A recognizing X only accept words of the form (X X )",
(Zx_)*or (LXX)", elements of (L X X)* (XX _)* or (XX X)"(_ X X)" influence

the underlying monoids of A via the axioms of synchronous algebras. &

Also, note that the existence the Lifting Theorem follows from the careful
definition of synchronous algebras: more naive definitions of these algebras
simply cannot characterize V-relations, see Section IX.4.2.

From Theorem IX.4.2 and the implicit fact that all our constructions are

effective, we obtain a decidability (meta-)result for V-relations.

Corollary IX.4.4. The class of V-relations has decidable membership if, and
only if, V has decidable membership.

For instance, a relation is a group relation if, and only if, all underlying

monoids of its syntactic synchronous algebra are groups.

IX.4.2 Synchronous Algebras Require a Dependency Relation

In this part, we introduce the notion of synchronous algebra with no de-
pendency relation, called naive synchronous algebra. This notion is more
natural—or naive—than Definition IX.3.4, and share some of its enjoyable
properties, such as the existence of syntactic algebras. Yet, we show that
these algebras cannot characterize some natural classes of automatic relation.
More precisely, we show that there is a *-pseudovariety of regular languages
V and two automatic relations X and R{, such that:

« R, is a V-relation,

« R, is not a V-relation,

« R, and R have the same syntactic naive synchronous algebra.

Definition IX.4.5 (Naive synchronous algebra). Let 7; = T U {1}. We extend
the notion of compatibility so that every ¢ € 77 is compatible with 1 and 1 is
compatible with 0. A naive synchronous algebra A consists of a 7 -typed sets,
together with a partial binary operator - such that:

« - is defined exactly on compatible elements and is associative, and

« there is a unique element of type 1, denoted by 1, and it satisfies x, -1 =

x, =1-x,forall x, € A.

The set of all synchronous words is naturally a naive synchronous algebra
under concatenation. Moreover, any automatic relation admits a syntac-
tic naive synchronous algebra—this can be shown in the same fashion as
Lemma IX.3.11.

Example IX.4.6 (Group relations: Example IX.4.1 cont’d). Consider the rela-
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tions

Ry = {(u,0) | lul > o] and (ju| - [o] mod p) = 0}
Ry = {(u, v) | lu| > |v| and (|u| - |v| mod p) = 1}‘

Then by Example IX.4.1, X is not a group relation but %, is. Yet, we claim

that both relations have the same syntactic naive synchronous algebra A,

described as follows:

« it has a unit, denoted by 0, of type 1,

«A A, and A , . areall reduced to a single element, denoted by
0,05, and 0, 5, .

« A, _, s and A . contain the elements Z/pZ,

+ - is defined as the addition over Z/pZ, by identifying 0,,0,,,0, , 5, and
0y, with the zero of Z/pZ.

Then R and R; are the preimages of {0 0, .} and {1

L/L—L/B’ “L/B

Linh
respectively, by the natural morphism onto A. And hence X, and X, are

L/L—L/B/

recognized by A. It is easy to show that it is in fact the syntactic naive
synchronous algebra of these relations: by surjectivity of the morphism
above, it suffices to show that no two elements of A can be identified and still

recognize the same relation. <&

And so, from this example is follows that “being a V-relations” cannot
be characterized by the syntactic naive synchronous algebra of the relation,
which shows how crucial the dependency relation of Definition IX.3.4 is in
order to get Theorem IX.4.2.

The same result can be used to prove that “naive positive synchronous
algebras”—defined analogously to naive synchronous algebra except that there
is no type 1 and no unit, and hence no empty word in the free algebra—are

also unable to capture the property of “being a V-relations”.

IX.4.3 Pseudovarieties of Automatic Relations

We introduce the notion of pseudovariety of synchronous algebras and *-
pseudovariety of automatic relations. We show an Eilenberg-Schiitzenberger
correspondence between these two notions. We then reformulate the Lift-
ing Theorem to show that any Eilenberg-Schiitzenberger correspondence
between monoids and regular languages lifts to an Eilenberg-Schiitzenberger
correspondence between synchronous algebras and automatic relations.

Recall that a synchronous algebra A is a quotient of B when there exists
a surjective synchronous algebra morphism from B to A. A subalgebra of
B is any closed subset of B closed under product and containing the units.
We then say that synchronous algebra A divides B when A is a quotient of a
subalgebra of B.

Observe that S, X admits the following property: elements of type L4 — /s

and L1 — B4 are generated by the underlying monoids. Since syntactic
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synchronous algebras are homomorphic images of S, X, they also satisfy this
property. In general, we say that a synchronous algebra A is locally generated
if every element of type L4 — L/ (resp. 4 — BA4) can be written as the
product of an element of type L4 with an element of type /s (resp. B41).

A pseudovariety of synchronous algebras is any class V of locally generated
finite synchronous algebras closed under
« finite product: if A,B € V then AXB € V,

« division: if some finite locally generated algebra A divides B for some

BeV,thenA€eV.

Because of Lemma IX.3.11, an automatic relation is recognized by a finite
synchronous algebra of a pseudovariety V iff its syntactic synchronous
algebra belongs to V.

A #-pseudovariety of automatic relationsis a function V: £ + Vy such that
for any finite alphabet X, Vy is a set of automatic relations over X such that
V is closed under
 Boolean combinations: if R, S € Vy, then =R, RU § and R N S belong to

Vs too,

« Syntactic derivatives: if R € Vy, then any relation recognized by the
syntactic synchronous algebra morphism of R also belongs to Vy.

+ Inverse morphisms: if ¢p: S,I' — S, X is a synchronous algebra morphism
and R € Vy then ¢~ [R] € Vr.

To recover a more traditional definition (of the form “closure under Boolean

operations, residuals!! and inverse morphisms”), we need to properly define M Also called “quotient” eg. in
[Pin22, §l11.1.3, p. 39], or “polynomial

what are the residuals of a relation. It turns out that the answer is quite
derivative” in [Boj15, §4, p. 19].

surprising and less trivial than what one would expect.

Definition IX.4.7 (Residuals). Let A be a synchronous algebra, x, € A, and
C C A be a closed subset. The left residual and right residual of C by x,, are
defined by

x,'C 2y, € A Ay, = yo, x,¥}, €C), and
ngl = {y’l' €A | Hy:(’ =C Yor y;’xa € C},

respectively. We refer indiscriminately to both these notions as residuals.
We extend these notions to sets, by letting X~1C = U, ex x!Cand CX! 2
U, ex CX 7"

For the sake of readability, we will sometimes drop the type of elements
when dealing with residuals. It is routine to check that residuals are always
closed subsets (since = is coarser than the dependency relation), or that
(x1C)y ! = x(Cy™!). Equivalently, Cx;! can be defined as the smallest
closed subset containing the “naive residual” {yT €Alyx,eC } This latter
set is always contained in Cx;! (by reflexivity of =c), and moreover, if it is
empty, then so is Cx; .

As an example, consider the relation R from Example IX.3.15. Then the
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“naive right residual” of X by () = consists of ¢, ; and all elements of type
L5 and 1 — /. But it does not contain any element of type B4 or L4 — B4
because such elements cannot be concatenated with (* )M3 on the right. Yet,
the residual R(“? );3 contains all elements of type B4 (and also L4 — BA):
. R 1 . i,

for instance, (7 )]M e R(* )M3 since (z )lm =p (‘_’)L/B and (* )M3 (“ )M3 eR.

On the other hand, in the algebra S,a consider the relation § = (aa)* X
a(aa)*. Then S(4 );}L is empty since its “naive residual” {y, € S,a | y, - (§) €
8} is empty. Indeed, for y, - (§ )M to be well-defined, one needs 7 to be L4, i.e.
y encodes a pair of two words (1, v) of the same length. But then (ua,va) ¢ §.

Lemma IX.4.8. A class V: X +— Vy is a *-pseudovariety of automatic
relations if, and only if, it is closed under Boolean combinations, residuals

and inverse morphisms.

Proof. We first need two propositions.

Claim IX.4.9. Let ¢: A — B be a surjective morphism, and Acc be a closed
subset of B. Let 4,4’ € A. Then

a Eqﬁ’l[Acc] a’ l-ﬁ ¢(ﬂ) =Acc (P(LZ’).

“ Direct implication. Pick any b, b, € B such that both b,¢(a)b, and
byp(a’)b, are well-defined. By surjectivity of ¢, there exists a,,a, € A such
that ¢(a,) = b, and ¢(a,) = b,. Then both a,aa, and a,a’a, are well-defined
since they have the same type as b,¢(a)b, and b,¢(a’)b,, respectively. From
=41 [pcc] a’, it follows that a,aa, belongs to ¢~[Acc] iff a,a’a, does. And
hence

bep(a)b, € Acc iff bep(a’)b, € Acc.

@ Converse implication. Dually, pick any a,,a, € A such that both
aeaa, and a,a’a, are well-defined. Then ¢(a,)p(a)p(a,) and ¢(a,)p(a’)p(a,)
are also well-defined since they have the same type as their preimage, and
P(a) =,.. ¢(a’) implies that the element ¢(a,)p(a)p(a,) belongs to Acc iff
d(ay)p(a’)p(a,) does. It follows that a,aa, € ¢~ [Acc] iff a,a’a, € ¢~ [Acc).
This concludes the proof of Claim IX.4.9.

Claim IX.4.10 (Inverse images of surjective morphisms preserve residuals).
Let ¢: A — B be a surjective morphism, and Acc C B be a closed subset. Let
u € A. Then

utpAcc] = ¢ Pp(u) Acc].

. Left-to-right inclusion. Let a € u~'¢~'[Acc]. Then there exists a’ € A
such that a =51[Acc] @’ and ua’ € ¢p~[Acc]. By Claim IX.4.9 a =61[Acc] a
implies ¢(a) =, . ¢(a’), and ua’ € qf)_l[Acc] yields ¢p(u)p(a’) € Acc. Overall,
this shows that a € ¢~ [¢p(u) ' Acc].

. Right-to-left inclusion. Leta € ¢~ [¢p(u) "t Acc]. Then ¢(a) € ¢p(u)* Acc,
so there exists b” € B such that ¢(a) =, .. b’ and ¢p(u)b’ € Acc. By surjectivity
of ¢ and Claim IX.4.9, there exists 4’ € A such that ¢(a") =" and @ =1,
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Being done with the proof of Claim IX.4.10, we now proceed to prove
Lemma IX.4.8. @ Direct implication. By Claim IX.4.10, the residual of any
relation recognized by some morphism ¢ is also recognized by ¢. Hence,
being closed under syntactic derivatives implies being closed under residuals.

@ Converse implication. Consider some relation X. We will show that
any relation recognized by 1), can be expressed as a Boolean combination of
residuals of R.12 Let Acc be the closed subset of A such that ® = 1,7} [Acc].
Pickx € Ap. Let A= {s,t € Ap | Ax' € Ay, ¥’ < x and sx’t € Acc}. We

claim that

[x]=<a, = [ ﬂ s 1Acc t‘l] N [ U s 1Acc t‘l]. (IX.5)
(

(s,H)eA s,HEA

To prove the inclusion from left-to-right, first notice that x € s Acct! for
all (s,t) € A. Then, assume by contradiction that there exists (s,t) ¢ A
st. X € s TAcct . Then there would exist X’ =, . x such that such that
sx’t € Acc. But since 14 is the syntactic synchronous algebra of ®, =, ..
is precisely the relation < by Corollary IX.3.14. Contradiction. Hence, x
belongs to the right-hand side (RHS). But then, this latter set is a Boolean
combination of residuals of a closed subset, so it is also closed, and hence
[x]=a , 1s included in the RHS.

Dually, any element y of the RHS satisfies that for all 5, € Ag, x €
stAcct ™ iff y € s Acct!. We claim that x =, __ . Picks, t € B and assume
that both sxt and syt are well-defined. If sxt € Acc then x € s 'Acct™! so
y € s 'Acct™! and hence, there exists iy’ =< Ay Y s.t.sy't € Acc. But syt is also
well-defined and y =<, i/’ so syt € Acc. By symmetry, we have shown that
sxt € Acc iff syt € Acc, and hence x =, _ y. Using again the fact that A 5, is
the syntactic algebra of , it follows that x <  y. This concludes the proof
of (IX.5). By taking the union, it follows that any closed subset of A ; is a
Boolean combination of residuals of Acc. Applying Claim IX.4.10 then yields
that any relation recognized by ¢ is a Boolean combination of residuals of
R. Hence, any class closed under Boolean combinations and residuals is also

closed under syntactic derivatives. O

Let V — V denote the map (called correspondence) that takes a pseudovari-

ety of synchronous algebras and maps it to
Vi {RCL*XX | Ap e V]

Dually, let V — V denote the correspondence that takes a *-pseudovariety
of automatic relations  and maps it to the pseudovariety of synchronous
algebras generated by all A, for some R € Vy. Here, the pseudovariety
generated by a class C of finite locally generated synchronous algebras is the
smallest pseudovariety containing all finite locally generated algebras of C, or

equivalently,'® the class of all finite locally generated synchronous algebras
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tive with [Pin22, Lemma XIIl.4.11,
p- 229] which proves a similar result
in the context of monoids.

3 The proof is straightforward, see
e.g. [Pin22, Proposition XI.1.1, p. 190]
for a proof in the context of semi-
groups.
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that divide a finite product of algebras of C.14

Lemma IX.4.11 (An Eilenberg theorem for automatic relations). The corre-
spondences V — V and ¥V — V define mutually inverse bijections between
pseudovarieties of synchronous algebras and *-pseudovarieties of automatic

relations.

Proof. We very roughly follow the proof schema of [Pin22, §XIIL.4, pp. 226-229],
which is a proof of Eilenberg’s theorem in the context of monoids.

W The correspondence V — V produces varieties. First we have to show
that if V is a pseudovariety of synchronous algebras and V — 1, then V
is a *-pseudovarieties of automatic relations. Since V is closed under finite
products, V is closed under Boolean operations.

Syntactic derivatives: Then let X € Vy, and let § be any other relation
recognized by A . This implies that Ag divides A, and so Ag € V, from
which we have Ag € Vy.

Inverse morphisms: Lastly, if ® € Vy, say R = nz [Acc],if : S,T — S,%
is a synchronous algebra morphism, then gb_l[ﬁ] = (4 o ¥) [Acc], so
Y[ R] is recognized by A 4, that is Ay-11%) divides A . Since Ay € V and
V is closed by division, it follows that A,,-1;%) € V and hence YHR] € Vr.
This concludes the proof that V is a *-pseudovariety of automatic relations.

@ Inverse bijections: part 1. Assume that V — 71 and V — W. Then

V:E [RCI'XT' | Ay € V),

and so W is the pseudovariety generated by all syntactic synchronous al-
gebras that belong to V. It follows that W C V. To prove that V € W,
let A € V. Let £, be an alphabet big enough so that there are injections
from A, to Xy XX, and from A ;, and A, to Xy X _and - X X4, re-
spectively. Since A is locally generated, this allows us to define a surjective
synchronous algebra morphism ¢»: S,2, - A. We then claim that A divides
B = foe A By, where B, is the syntactic synchronous algebra of o, ]
Indeed, let, : S;X 4 > B, be the syntactic synchronous algebra morphism
of o7 [x,], say ¢ ![x,] = 1,[1;3 [Acc,_ ]. Then consider

\y: S2ZA — B

Us = <¢xf (ua»xTeA’

and let By, be its image. Observe that for each u, € S,X 5, ¥, (1) € Acc,
iff u, € ¢7'[x,] ie P(u,) = x,—note by the way that it implies 0 = 7.
This implies that for any ((yy )x,ea)s; € By, there exists a unique x; s..
Yx, € Acc, . This defines a map x: By — A. Since moreover it makes the

following diagram commute
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bras, but this is not an issue: we re-
strict the construction to (finite) lo-
cally generated algebras.
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it follows that yx is in fact a surjective synchronous algebra morphism.!”
Hence, A is a quotient of By, which is a subalgebra of B, which in turns in
a product of algebras from W, and so A € W. It concludes the proof that
V=W.

@ Inverse bijections: part 2. Assume now that V — V and V — W. Then
for each X, foreach X € V5, Ap € V so R € Wy, and hence V CW.

We then want to show the converse inclusion, namely W C V. Let X €
Wy for some L, ie. Ap € V. Hence there exists I' and relations §; €
Vi, 8k € Vr,_ such that Ay divides B = Ag X - X Ag, ie there is
a subalgebra C C B which is a quotient of B. Then C also recognizes X,
say X = ¢ ![Acc] for some morphism ¢: S, —» C and Acc € C. Let
t: € — B be the canonical embedding, 71;: B - Ag be the canonical
projection, and ¢; = ;oo p: SpX — Ag fori € [[1,k]l. Then notice that
since 11,1 SpI'; > Ag, is surjective, then there exists 1;: S, — S,I'; such
that 15 o ¢; = ¢;. Indeed, it suffices to send (Z) (resp. (%), resp. (7)) on
any element u,, € S,I’; (resp. u, 4, resp. uy, ) such that 15 (1, ;) = qb( Z)
(resp. 15, (1) = @(2), resp. g (uy,) = ¢(a)). Overall, the following
diagram commutes

s, — Y Lo,

Our goal is to show that R € V. Observe that:

R =¢Acc] = U |
X€Acc
but then Acc C B, so x is a tuple (x4, ..., x,,) (all elements having the same
type), and by definition:

x] = ﬂ¢> [ bl = () o7 ]
i=1

But then qbl_l 1,01 x;]]. Since V is closed under syntactic deriva-
tives and §; € Vri we have s, Ix] € Vr,, and then since V is closed under
Inverse morphisms and 1;: S, — S,I'; is a morphism between free algebras,
P;t [7751,_1 [x;]] € V5. Thus R is a Boolean combination of elements of Vy.,
and hence it also belongs to V5. This concludes the proof of W C V. O

As consequence of Lemma IX.4.11, if V is a *-pseudovariety of automatic

relations and V is a pseudovariety of synchronous algebras, we write V < V
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for a proof in a similar (but different)
context.
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to mean that either V — V or, equivalently, V — V. This relation is called an

Eilenberg-Schiitzenberger correspondence.

Proposition IX.4.12. If V is a pseudovariety of monoids, then

Vsyne 2 {A locally generated finite synchronous algebra

s.t. all underlying monoids of A are in V}

is a pseudovariety of synchronous algebras. Similarly, if V is an *-pseudovariety

of regular languages, then the class of V-relations, namely
Py Y {RCX*xX* | dL e Vzér R = LN WellFormedy},
is a *-pseudovariety of automatic relations.

Proof. The first point is straightforward. The second one follows from it and
Lemma IX.4.11and Theorem IX.4.2. O

Finally, Theorem IX.4.2 can be elegantly rephrased by saying that corre-
spondences between pseudovarieties of monoids and *-pseudovarieties of
regular languages lift to correspondences between pseudovarieties of syn-

chronous algebras and *-pseudovarieties of automatic relations.

Theorem IX.4.13 (Lifting Theorem: Pseudovariety Formulation). If, in the
Eilenberg-Schiitzenberger correspondence between pseudovarieties of mon-
oids and #-pseudovarieties of regular languages we have 7V <> V, then in
the Eilenberg-Schiitzenberger correspondence between the pseudovariety of

synchronous algebras VY™ and the *-pseudovariety of automatic relations

PSyRe we have V"¢ & Y5yne,

IX.5 Discussion

IX.5.1 Path Algebras and the Lifting Theorem

A natural next step is to generalize Question IX.1.1 by replacing WellFormedy
by a fixed regular language €.

Question IX.5.1. Given a class of regular languages V, can we characterize
the class V2 of all languages of the form L N Q for some L € V, in a way that

preserves decidability?

Remark IX.5.2. There is no (meta?-)algorithm taking as input a regular lan-
guage (), and returning a (meta-)algorithm s.z., given a membership algorithm
for V7, returns a membership algorithm for V.

Indeed, let V be a pseudovariety of regular languages with decidable mem-
bership but undecidable separation—see [RS11, Corollary 1.6, p. 478] and
Footnote 5. We reduce the V-separability problem to our problem.

Given two regular languages L, and L,, to decide if they are V-separable,
we first test if L; N L, = @: if not, we reject. Otherwise, we let Q = L; N L,,
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and ask whether L, is in V<. By definition, this happens iff L; can be written
as SNQ =5N(L; UL,) for some S € V. Since L; and L, are disjoint, the
equality L; = SN (L; UL,) is precisely equivalent to having L; € S and
SNL, = @. Hence, L is in V< if, and only if, L, and L, are V-separable. &

What this remark shows is that actually the language WellFormedy is
special, in the sense that we relied on some of its specific properties to obtain
the Lifting theorem.

We claim that the construction of synchronous algebras can be generalized
for any QQ, giving rise to the notion of “path algebras”.!® The lifting theorem
for monoids can be shown to hold for some (), including well-formed words
for n-ary relations with n > 3, and that it cannot effectively hold for all €.
We believe that a necessary condition for the Lifting theorem to hold would
be that Q) is fully-preordered, in the sense that there exists a preorder < on
the alphabet ¥ s.t. Q = {uy ..u, € * | uy < .. <u,).V

IX.5.2 Path Algebras and Restricted Head Movements

A natural next step would then be to study the relationship between “path alge-
bras” and Figueira & Libkin’s T-controlled relations defined in Section VIL1.6.
For any regular language T C [1, k], we claim that we can define a regular
language ()7 such that finite (Q-path algebras exactly recognize T-controlled

relations.

Conjecture IX.5.3. There is a way of defining a map T + Q7 s.t. for any
regular languages Ty, T, € [1,k]*, T;-controlled relations are included in
T,-controlled relations if, and only if, there is an adjunction from the category

of Q. -path algebras to the category of ()7, -path algebras.

IX.5.3 Theorem Projection via Monad Adjunction

In fact, Conjecture IX.5.3 is part of a larger idea we have, about relating
the expressiveness of universe—formalized by a monad—and its categorical
properties. In algebraic language theory, monads play an essential role—see
Section IX.A. Informally, a monad describes a universe. For instance, the
monad

I

describes the universe of finite words, and gives rise to the notion of monoids.

Similarly, weighted words over a field K can be described by
r— KX%,

where KX denotes the free vector space over set X. Again, this monad
gives rise to Reutenauer’s “algébres associatives” [Reu80], a.k.a. “K-weighted
monoids”, which is essentially an algebraic structure that is both a monoid
and a K-vector space. Our synchronous algebras are no exception—see

Section IX.A—, and we refer the reader to [Boj20, § 4] for more examples.
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16 1n short, they are the adaptation
of the free category generated by a
graph to dependent sets. See also
Section IX.A.

7The important property about
these languages is that the monad
defining their path-algebras are
strongly acyclic, like the monad of
Section IX.A.
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For well-behaved monads, “languages” recognized by their finite algebras
coincide with monadic second-order-definable languages.'® This gives rise to
a natural set of questions, consisting in finding algebraic characterizations
of fragments of monadic second-order logic. The perhaps most celebrated
example is that of the Schiitzenberger-McNaughton-Papert theorem, which
proves that first-order definable languages of finite words are exactly those
recognized by aperiodic monoids [Sch65; MP71]. The statement was extended
to w-words [Per84], to countable ordinal words [Bed01], and to countable
scattered words [BC11]. In the latter case, asking only for aperiodicity is not
enough: the algebra should also be “gap-insensitive”.! This can be explained
as follows: by going from the simpler setting of finite words (or countable
ordinal words) to countable scattered words, there are new phenomena that
appear and that first-order logic is not able to describe.

However, intuitively, going in the converse direction should be easy! Given
an algebraic characterization of first-order logic over a “richer” monad (e.g.
countable scatter words), it should be easy to reprove the Schiitzenberger-
McNaughton-Papert theorem over finite words, using the “rich” algebraic
characterization as a black box.

Surprisingly, while it is easy to “project” the algebraic characterization
of first-order logic over w-words to get its counterpart for finite words, the
task becomes less straightforward—but still possible—when projecting from
countable ordinal words or countable scattered words to finite ones. In both
cases, the proof relies on two ingredients:

« afunction, encoding a language of finite words into a language in the richer
setting;

« a function, projecting a language in the richer setting to a language of
finite words,

see Figure IX.6. Moreover, both functions should preserve the properties that

we are studying—either being first-order definable, or satisfying the algebraic

characterization.

In the case of w-words, finding these functions is easy: for instance, the
projection simply consists in restricting a language of words of length at
most w to the finite words. On the other hand, the projection from countable
scattered words to finite ones cannot simply do this, since finite words are
not first-order definable amongst countable scattered ones.?’ Hence, the
projection in question needs to be tailor-made to preserve first-order logic.?!

In fact, not only does the projection of w-words to finite words preserve
the property of being first-order definable, it also preserve membership in any
pseudovariety! In this sense, words of length at most w form a conservative
extension of finite words, while countable scattered words do not: this is why
we can find a single construction to project algebraic characterizations?? from
w-words to finite ones, but not from countable scattered words to finite ones.

This begs the question: how can we formalize this idea of a monad being

a conservative extension of another one? In light of Figure IX.6, we propose
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18 We refer here to external logics in
the sense of Remark VI1.2.6.

¥ In the more general case of words
over countable orderings, Colcom-
bet and Sreejith also provides a char-
acterization for first-order definable
languages, although it is more com-
plex [CS15]. See also [CS25] for other
classes of languages.

encoding

“base monad” “richer monad”

projection

Figure 1X.6: Tools to project alge-
braic characterizations from one uni-

verse to another.

20 This can be proven by using the al-
gebraic characterization of first-order
definable languages over scattered
words of Bés & Carton [BC11, Theo-
rem 21].

21 This construction is an unpub-
lished joint work with Thomas Col-
combet.

2By “algebraic characterization”
we formally mean an Eilenberg-
Schiitzenberger correspondence.



to look at the notion of monad adjunction. Before introducing it, we need a
preliminary definition.

Let S = (S, unit, mult) be a C-monad and T = (T, unit, mult) be a D-
monad.?3 We assume C and D to be both categories of typed sets.

A monad functor,24 from S to T is a pair (D, F), where:
« F: C —> Dis a functor,
« @: TF = FS is a natural transformation,

such that, for every object X € C, the following diagrams commute:

TEsX -2%, Fssx

T¢7 {multx

TTFX FSX.

muh‘ A
TFX

Funity
umth
(MF)umt

TFX *) FSX,

(MF )’

Such a pair is denoted by ®y: § = T.%

Example IX.5.4 (Finite words and w-words). Let K be Kleene’s monad over
the category Set of non-empty finite words, defined by X — X*. Moreover,
let W be Wilke’s monad, defined over the category of 2-typed sets Set™*, by
(F, Iy — (F*,F*1U F¥“P) where F*"P denotes the set of ultimately-periodic
words of length @ over F.

We start by defining a monad functor from W to K*: it represents the
natural surjection from words of length at most w to non-empty finite words.

@ 5 Set® be the functor that only keeps the first component,

Let proj: Set
defined by (F, I) +— F, and ® be the natural transformation K* proj = proj W

defined for (F,I) € Set™" by letting

¢p 1t K* proj(F,I) —> proj W(F,I)

=r+ =r+

be the identity. Then @__; is a monad functor from Wilke’s monad to Kleene’s

monad.

proj

Dually, we then define a monad functor from K* to W that corresponds
to the natural embedding of non-empty finite words into words of length at
most w. We let zero: Set — Set™® be the functor that transforms a set X
into a pair (X, {e}), and W be the natural transformation W zero = zeroK™,
defined for X € Set by letting

—> zeroKtX
—_————
=(X* {o})

Yyx:  WzeroX
—_————
=(X*+ X*{ejuXup)

send u € X to itself, and u € X*{e} U X¥UP to @ € {o}. Then WV

monad functor from Kleene’s monad to Wilke’s monad, see Figure IX.7. &

Zero 1S a

Unsurprisingly, monad functors can be composed. Moreover, it can be
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23 Following Street, we use the same
notation for the unit and multiplica-
tionin S and T.

2 The notion was introduced by
Street [Str72, §1] in the slightly
more general context of 2-categories.
We found this reference thanks to
[Rez12].
known as “lax maps of monads”.

Monad functors are also

25 Note that, somewhat surprisingly,
one element of a monad functor from
S to T is covariant—namely the func-
tor F: C — D—while the other one
is contravariant—namely the natural
transformation ®: TF = FS. The
next example will illustrate why this
definition makes sense.

CDPYOJ'

Figure IX.7:  Monads functors be-
tween Kleene’s monad and Wilke’s

monad.



IX. THE ALGEBRAS FOR AUTOMATIC RELATIONS

shown that any monad functor from S to T induces a functor from the cat-
egory of S-algebras to T-algebras. For instance, ;1 W = K* induces
the functor from Wilke’s algebras to semigroups that sends (5*,S5“) to S*.
Dually, W,. . : K¥ = W induces the functor from semigroups to Wilke’s
algebras that sends S to (S, {e}).

We conjecture that we can naturally define a notion of “monad (functor)
adjunction”, which generalizes the notion of “functor adjunctions”, in such a
way that a monad adjunction between S and T induces an adjunction between
S-algebras and T-algebras. A typical example of such a monad adjunction
would be Figure IX.7.

“Monad (functor) adjunctions” are high-order objects, and so, for the sake
of simplicity, we will work with the adjunction they induce between the
categories algebras. Going back to Example IX.5.4 and Fig. IX.7, we repre-
sent in Figure IX.8 the two functors induced between their Eilenberg-Moore
categories. It is indeed an adjunction, with (L*, L) + L* acting as the left

adjoint and R — (R, {e}) as the right adjoint, and there are natural bijections
homgg,(L*, R) = homy((L*, L), (R, ®)).

We believe that this adjunction is precisely what allows us to automatically
project any algebraic characterization of w-regular languages to an algebraic
characterization of regular languages, for the good reason that the two maps
(L*,L?) +— L* and R — (R, {e}) are the key ingredients of the proof!

Interestingly, sending a semigroup S to the ordinal semigroup S LI {e},
defined by letting any infinite product be equal to the zero element e also
defines a functor from the category of semigroups to the category of ordinal
semigroups. Dually, the canonical surjection sending an ordinal semigroup to
its underlying semigroup is a functor from the category of ordinal semigroups
to the category of semigroups. However, they do not form an adjunction! We
actually believe that there are no adjunction between these categories.

These observations lead us to the last conjecture of this thesis.

Conjecture IX.5.5 (Projecting Algebraic Characterizations). Let S and T be
two monads. Any monad adjunction between them induces a “natural func-
tion” from Eilenberg-Schiitzenberger correspondences over T to Eilenberg-

Schiitzenberger correspondences over S.

In the case of finite words and w-words, this surjection sends for instance
the theorem “an w-regular language is first-order definable iff its syntactic
Wilke’s algebra is aperiodic” onto the theorem “a regular language is first-
order definable iff its syntactic semigroup is aperiodic”! We believe that
the lifting theorem (Theorem IX.4.13) could be a consequence of Conjec-
ture IX.5.5.
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R— (R, {e})

semigroups Wilke’s algebras

N~

(LY, L) > LY

Figure I1X.8: An adjunction between
the category of W-algebras and the
category of K*-algebras.



Appendices
IX.A Monads Everywhere!

We denote by Set® and Pos® the categories of S-typed sets and S-partially
ordered sets—note that in this model, each type is equipped with its own
order and that elements of different types cannot be compared. Similarly, let
Dep® be the category of S-dependent sets.

We claim that synchronous algebras correspond to Eilenberg-Moore alge-
bras of some monad over the category Dep” . For the sake of readability, we

represent the underlying typed set of a 7-dependent set

X=(X,,,X X ., X

L/L—L/B/ LB’/ L/L—B/L/ XB/L >

as follows:

X L/L—L/B

Xen C@

equipped with a dependency relation < to the dependent set

L/B c
A*B/C* U /‘{*C*
A CG/J
A*D\E* UA*E*
) B/L E*,

and two words are dependent if their domain are isomorphic and their letters
are pairwise dependent. The unit and free multiplication are defined naturally.
Note in particular that all five empty words are mutually dependent, and

that synchronous words S, X correspond to applying S, to
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https://ncatlab.org/nlab/show/algebra+over+a+monad
https://ncatlab.org/nlab/show/algebra+over+a+monad

IX. THE ALGEBRAS FOR AUTOMATIC RELATIONS

equipped with equality. Moreover, synchronous algebras exactly correspond
to S,-algebras.

A systemic approach to algebraic language theory was proposed by Bo-
janczyk using the formalism of monads [Boj15], for monads over finitely
typed sets Set®. Urbat, Adimek, Chen & Milius then extended these results to
capture monads over varieties of typed (ordered) algebras [UACM17]. Lastly,
Blumensath extended those results to monads over the category of typed
posets Pos® when the set 8 of types is infinite [Blu21].

Observe that the category of dependent sets is not captured by any of the
results above since the dependency relation can compare elements of different

types, contrary to typed posets & co.
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CHAPTER X

Conclusion & Open Problems

ABSTRACT

This chapter concludes Part 2 of this thesis. We recall some open problems mentioned
previously, and highlight a new research direction relating the structural properties

of a language-theoretic framework with its expressiveness.
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X. CONCLUSION & OPEN PROBLEMS

X.1 Separating Automatic Relations by Recognizable Ones

The problem introduced in Chapter VII remains open.

Open Problem VII.1.10. Is the REC-SEPARABILITY PROBLEM FOR AUTOMATIC

RELATIONS decidable?

In Chapter VIII, we proved this problem to be equivalent to FINITE REGU-
LAR COLOURABILITY OF AUTOMATIC GRAPHS (Theorem VIII.3.2), and showed
that when the number of colours is fixed, the problem is undecidable (Theo-
rem VIIL.3.7). In fact, we showed that most problems of this form are unde-
cidable (Theorem VIIL.4.1). In turn, it implies that this separability problem
becomes undecidable when the separator is restricted to be a union of k prod-
ucts of regular languages for some fixed k > 2. However, as explained in
Section VIIL6, some gaps remain to be able to use our techniques to prove
the undecidability of the AUT/REC-SEPARABILITY PROBLEM.

On the other hand, we introduced in Chapter IX an algebraic approach
for automatic relations, hoping to prove the decidability of this problem.
Algebraic language theory is a powerful tool to prove the decidability of
separation over finite words [PZ16], but also in more complex settings such
as countable ordinal words [CGM22].

Alas, using the theory we developped to tackle Open Problem VII.1.10
seems non-trivial. The main obstacle being that, while recognizable relations
have some desirable closure properties, they do not form a pseudovariety of
automatic relations.

However, should Open Problem VII.1.10 problem be decidable, the question
of the decidability of its generalization to larger class of relations would be a

natural next step.

Open Problem X.1.1. Are the DRAT/REC-SEPARABILITY and RAT/REC-SEPA-

RABILITY PROBLEMS decidable?

In [BFM23, § 1], we incorrectly stated that “As for deﬁnabilityl, the Rec-
SEPARABILITY PROBLEM for rational relations is in general undecidable”, which
is unfounded as we do not currently know if it is true. Indeed, as mentioned
in Chapter VII, the RAT/REC-MEMBERSHIP PROBLEM is undecidable, by [Ber79,
§ I, Theorem 8.4]. Moreover, in general, MEMBERSHIP PROBLEMs reduced
to SEPARABILITY PROBLEMS: a relation X belongs to a class V if, and only if,
R and —R are V-separable. However, for this argument to work, the larger
class of relation needs to be effectively closed under complement. This is not
the case of rational relations, see Section VII.1.4.

For deterministic rational relations, while they are effectively closed un-
der complement, the DRAT/REC-MEMBERSHIP PROBLEM is decidable—see Sec-
tion VII.1.5!
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Figure X.1: Le passé — Le présent —
L Avenir, by Honoré Daumier.

! Definability is the same as the MEM-
BERSHIP PROBLEM.


https://www.metmuseum.org/art/collection/search/365043
https://www.metmuseum.org/art/collection/search/365043

X.2. COLOURING PROBLEMS ON AUTOMATIC GRAPHS

X.2 Colouring Problems on Automatic Graphs

Let us quickly recall some of the conjectures that have been discussed in
Section VIIL6. The first one is about finding an equivalent characterization in

the dichotomy theorem for automatic structures (Theorem VIIL.4.1).

Conjecture VIIL6.7. For any finite o-structure B, Hom"8(Aut, B) is invari-
ant under graph isomorphisms iff B has finite duality.

In other words, this conjecture could be rephrased as follows: “a problem of
the form Fom"8é(Aut, B) is decidable if, and only if, its output only depends
on the structure represented by the automatic presentation, and not on the
presentation itself”! Going back to our original question, while we do not
know if FINITE REGULAR COLOURABILITY OF AUTOMATIC GRAPHS is decidable,
it is natural to study variations of this problem, as well as sufficient or neces-
sary conditions to ensure colourability or non-colourability. However, our

understanding of these problems are also somewhat limited.

Conjecture VIIL6.8.2 FINITE COLOURABILITY OF AUTOMATIC GRAPHS is

Zg -complete.

Conjecture VIIL6.9.3 The problem of whether an automatic graph has

bounded tournaments is decidable.

X.3 An Algebraic Approach Beyond Automatic Relations

The algebraic theory developed in Chapter IX can be generalized, by replacing
the constraint of “being well-formed” with an arbitrary regular language Q.
This would result in the notion of ()-path algebras—with WellFormedsy -path
algebras corresponding to our synchronous algebras.

While there is no hope to get a version of the lifting theorem (Theo-
rem IX.4.2) for every (Q—see Remark IX.5.2—, we believe it holds for fully-
preordered languages. See Section IX.5 for more details.

Interestingly, we believe this question to be related to Figueira & Libkin’s T-
controlled relations, presented in Section VIL.1.6. Each language T, specifying
the head movements that are allowed, gives rise to a language (), such that
relations recognized by finite ()r-path algebras exactly correspond to the

T-controlled relations.

Open Problem X.3.1. Given k € N, given regular languages T; and T,
over [[1,k]l, can we decide if T-controlled relations exactly correspond to

T,-controlled relations?
We conjecture that, one way of tackling this problem would be to study
properties of the category of (Q)r-path algebras.

Conjecture IX.5.3. There is a way of defining a map T — Q7 s.t. for any
regular languages Ty, T, C [1,k]|*, T;-controlled relations are included in

T,-controlled relations if, and only if, there is an adjunction from the category
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2 Note again that the upper-bound
is trivial, since by De Bruijn-Erdés
theorem, this problem is equivalent
to asking if there exists k € N s.t.
every finite subgraph of the source is
k-colourable.

3This conjecture corresponds to
[BFM23, Conjecture 7.3].


https://ncatlab.org/nlab/show/isomorphism

X. CONCLUSION & OPEN PROBLEMS

of ()7, -path algebras to the category of (7, -path algebras.
Hopefully, the latter condition could maybe be massaged to get decidability.

Finally, Section IX.5.3 explains how the notion of monad adjunction could
provide a way of automatically projecting—or lifting, depending on the point

of view—an algebraic characterization from a universe to another.

Conjecture IX.5.5 (Projecting Algebraic Characterizations). Let S and T be
two monads. Any monad adjunction between them induces a “natural func-
tion” from Eilenberg-Schiitzenberger correspondences over T to Eilenberg-

Schiitzenberger correspondences over S.
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Figure X.2: La Sieste, by Henri Man-
guin.


https://commons.wikimedia.org/wiki/File:Henri_Manguin,_1905,_La_Sieste_(Le_repos,_Jeanne),_oil_on_canvas,_88.9_x_116.84_cm,_Villa_Flora,_Winterthur.jpg

Bibliography

[AB09]
tional Complexity: A Modern Approach. 2009 (Cited
on pp. 45, 46, 73).
DOI: 10.1017/CB09780511804090

Sanjeev Arora and Boaz Barak. Computa-

[ABISV09] Eric Allender, Michael Bauland, Neil Im-
merman, Henning Schnoor, and Heribert Vollmer.
“The complexity of satisfiability problems: Refining
Schaefer’s theorem. In Journal of Computer and Sys-
tem Sciences (FCSS) 75.4 (2009), pp. 245-254 (Cited
on p. 234).

DOI: 10.1016/j.jcss.2008.11.001

[ACP87] Stefan Arnborg, Derek G Corneil, and An-
drzej Proskurowski. “Complexity of finding embed-
dings in a k-tree” In 8.2 (1987), pp. 277-284 (Cited
on p. 69).

DOI: 10.1137/0608024

[AHV95] Serge Abiteboul, Richard Hull, and Victor

Vianu. Foundations of Databases. 1995. 1SBN: 0-201-

53771-0 (Cited on pp. 53-55).
URL: http://webdam. inria.fr/Alice/

[Alm99]
lems for pseudovarieties” In Publ. Math. Debrecen
52.1 (1999). Consulted version: https :

Jorge Almeida. “Some algorithmic prob-

/ / WWW .
researchgate . net /profile/Jorge-Almeida-

14/publication/2510507_Some_Algorithmic

Problems for Pseudovarieties /
links / 02e7e531d968b4fe8f000000 /
Some - Algorithmic - Problems - for -

Pseudovarieties . pdf, pp. 531-552 (Cited on
p. 290)

[Ang+17]

Barcel6, Aidan Hogan, Juan Reutter, and Domagoj

Renzo Angles, Marcelo Arenas, Pablo

Vrgo¢. “Foundations of Modern Query Languages

for Graph Databases” In ACM Computing Surveys
50.5 (2017) (Cited on p. 75).
DOI: 10.1145/3104031

[AP89]
“Linear time algorithms for NP-hard problems re-
stricted to partial k-trees” In 23.1 (1989), pp. 11-24
(Cited on p. 68).

DOI: 10.1016/0166-218X(89)90031-0

Stefan Arnborg and Andrzej Proskurowski.

[Ash91]

type II conjecture and some related decision pro-

C.J. Ash. “Inevitable graphs: a proof of the

cedures.” In International Journal of Algebra and
Computation 01.01 (1991), pp. 127-146 (Cited on
p. 290).

DOI: 10.1142/50218196791000079

[Ats08]
lems and treewidth duality” In European Journal
of Combinatorics 29.4 (2008), pp. 796-820 (Cited on
pp. 31, 235, 259).

DOI: 10.1016/j.ejc.2007.11.004

Albert Atserias. “On digraph coloring prob-

[AW12] TIsolde Adler and Mark Weyer. “Tree-width
for first order formulae” In Logical Methods in Com-
puter Science (LMCS) Volume 8, Issue 1 (2012) (Cited
on p. 55).

DOI: 10.2168/LMCS-8(1:32)2012

[Bar09]
clopedia of Database Systems. 2009, pp. 1637-1638
(Cited on p. 76).

DOI: 10.1007/978-0-387-39940-9_1270

Pablo Barcelé. “Locality of Queries.” In Ency-

[Bar13]
Databases” In ACM Symposium on Principles of
Database Systems (PODS). 2013, pp. 175-188 (Cited
on p. 75).

DOI: 10.1145/2463664.2465216

Pablo Barcel6 Baeza. “Querying Graph

321


https://doi.org/10.1017/CBO9780511804090
https://doi.org/10.1016/j.jcss.2008.11.001
https://doi.org/10.1137/0608024
http://webdam.inria.fr/Alice/
https://www.researchgate.net/profile/Jorge-Almeida-14/publication/2510507_Some_Algorithmic_Problems_for_Pseudovarieties/links/02e7e531d968b4fe8f000000/Some-Algorithmic-Problems-for-Pseudovarieties.pdf
https://www.researchgate.net/profile/Jorge-Almeida-14/publication/2510507_Some_Algorithmic_Problems_for_Pseudovarieties/links/02e7e531d968b4fe8f000000/Some-Algorithmic-Problems-for-Pseudovarieties.pdf
https://www.researchgate.net/profile/Jorge-Almeida-14/publication/2510507_Some_Algorithmic_Problems_for_Pseudovarieties/links/02e7e531d968b4fe8f000000/Some-Algorithmic-Problems-for-Pseudovarieties.pdf
https://www.researchgate.net/profile/Jorge-Almeida-14/publication/2510507_Some_Algorithmic_Problems_for_Pseudovarieties/links/02e7e531d968b4fe8f000000/Some-Algorithmic-Problems-for-Pseudovarieties.pdf
https://www.researchgate.net/profile/Jorge-Almeida-14/publication/2510507_Some_Algorithmic_Problems_for_Pseudovarieties/links/02e7e531d968b4fe8f000000/Some-Algorithmic-Problems-for-Pseudovarieties.pdf
https://www.researchgate.net/profile/Jorge-Almeida-14/publication/2510507_Some_Algorithmic_Problems_for_Pseudovarieties/links/02e7e531d968b4fe8f000000/Some-Algorithmic-Problems-for-Pseudovarieties.pdf
https://www.researchgate.net/profile/Jorge-Almeida-14/publication/2510507_Some_Algorithmic_Problems_for_Pseudovarieties/links/02e7e531d968b4fe8f000000/Some-Algorithmic-Problems-for-Pseudovarieties.pdf
https://doi.org/10.1145/3104031
https://doi.org/10.1016/0166-218X(89)90031-0
https://doi.org/10.1142/S0218196791000079
https://doi.org/10.1016/j.ejc.2007.11.004
https://doi.org/10.2168/LMCS-8(1:32)2012
https://doi.org/10.1007/978-0-387-39940-9_1270
https://doi.org/10.1145/2463664.2465216

BIBLIOGRAPHY

[BC11]

Characterization of FO for Scattered Linear Order-

Alexis Bés and Olivier Carton. “Algebraic

ings” In EACSL Annual Conference on Computer
Science Logic (CSL). Vol. 12. 2011, pp. 67-81 (Cited
on p. 312).

DOI: 10.4230/LIPIcs.CSL.2011.67

[BC98] Nicolas Bedon and Olivier Carton. “An Eilen-
berg theorem for words on countable ordinals” In
Latin American Theoretical Informatics Symposium
(LATIN). Lecture Notes in Computer Science. 1998,
pp- 53-64 (Cited on p. 287).

DOI: 10.1007/BFb0054310

[Bed01]
numerable Ordinals” In Journal of Computer and
System Sciences 63.3 (2001), pp. 394-431 (Cited on
p. 312).

DOI: 10.1006/jcss.2001.1782

Nicolas Bedon. “Logic over Words on De-

[Bed98]
de mots indexés par des ordinaux.” PhD thesis. Uni-
versité de Marne la Vallée, 1998 (Cited on p. 287).
URL: https :
00003586

Nicolas Bedon. “Langages reconnaissables

/ / theses . hal . science / tel -

[Ber79] Jean Berstel. Transductions and Context-Free
Languages. Consulted version: http://www-igm.
univ-mlv.fr/~berstel/LivreTransductions/
LivreTransductions.pdf. 1979 (Cited on pp. 197,
206, 213, 233, 318)

[BFM23]

Morvan. “Separating Automatic Relations.” In Inter-

Pablo Barceld, Diego Figueira, and Rémi

national Symposium on Mathematical Foundations
of Computer Science (MFCS). Vol. 272. 2023, 17:1-
17:15 (Cited on pp. 231, 278, 318, 319).

DOI: 10.4230/LIPIcs.MFCS.2023.17

[BFR19]

Romero. “Boundedness of Conjunctive Regular Path

Pablo Barcel6, Diego Figueira, and Miguel

Queries.” In International Colloquium on Automata,
Languages and Programming (ICALP). Vol. 132. 2019,
104:1-104:15 (Cited on p. 87).

DOI: 10.4230/LIPIcs.ICALP.2019.104

[BG00] A. Blumensath and E. Gradel. “Automatic

structures” In Annual Symposium on Logic in Com-

puter Science (LICS). 2000, pp. 51-62 (Cited on
p. 225).
DOI: 10.1109/LICS.2000.855755

[BG04] Achim Blumensath and Erich Gridel. “Finite
Presentations of Infinite Structures: Automata and
Interpretations.” en. In Theory of Computing Systems
37.6 (2004), pp. 641674 (Cited on pp. 226, 227).
DOI: 10.1007/s00224-004-1133-y

[BG21] Joshua Brakensiek and Venkatesan Gu-
ruswami. “Promise Constraint Satisfaction: Al-
gebraic Structure and a Symmetric Boolean Di-
chotomy”” In SIAM Journal on computing 50.6 (2021),
pp- 1663-1700 (Cited on p. 175).

DOI: 10.1137/19M128212X

[BGLZ22]
thony W. Lin, and Georg Zetzsche. “Ramsey Quan-

Pascal Bergstrafier, Moses Ganardi, An-

tifiers over Automatic Structures: Complexity and
Applications to Verification” In Annual Symposium
on Logic in Computer Science (LICS). 2022, 28:1-28:14
(Cited on pp. 204, 233).

DOI: 10.1145/3531130.3533346

[BHLLN19] Pablo Barceld, Chih-Duo Hong, Xuan
Bach Le, Anthony W. Lin, and Reino Niskanen.
“Monadic Decomposability of Regular Relations”
In International Colloquium on Automata, Lan-
guages and Programming (ICALP). 2019, 103:1-
103:14 (Cited on pp. 204, 233).

DOI: 10.4230/LIPIcs.ICALP.2019.103

[BKW17] Libor Barto, Andrei Krokhin, and Ross
Willard. “Polymorphisms, and How to Use Them.”
In The Constraint Satisfaction Problem: Complexity
and Approximability. Ed. by Andrei Krokhin and
Stanislav Zivny. Vol. 7. Dagstuhl Follow-Ups. 2017,
pp. 1-44 (Cited on p. 234).
DOI: 10.4230/DFU.Vol17.15301.1

[BLLW12] Pablo Barceld, Leonid Libkin, Anthony
Widjaja Lin, and Peter T. Wood. “Expressive Lan-
guages for Path Queries over Graph-Structured
Data” In ACM Transactions on Database Systems
(TODS) 37.4 (2012), p. 31 (Cited on p. 197).

DOI: 10.1145/2389241.2389250

322


https://doi.org/10.4230/LIPIcs.CSL.2011.67
https://doi.org/10.1007/BFb0054310
https://doi.org/10.1006/jcss.2001.1782
https://theses.hal.science/tel-00003586
https://theses.hal.science/tel-00003586
http://www-igm.univ-mlv.fr/~berstel/LivreTransductions/LivreTransductions.pdf
http://www-igm.univ-mlv.fr/~berstel/LivreTransductions/LivreTransductions.pdf
http://www-igm.univ-mlv.fr/~berstel/LivreTransductions/LivreTransductions.pdf
https://doi.org/10.4230/LIPIcs.MFCS.2023.17
https://doi.org/10.4230/LIPIcs.ICALP.2019.104
https://doi.org/10.1109/LICS.2000.855755
https://doi.org/10.1007/s00224-004-1133-y
https://doi.org/10.1137/19M128212X
https://doi.org/10.1145/3531130.3533346
https://doi.org/10.4230/LIPIcs.ICALP.2019.103
https://doi.org/10.4230/DFU.Vol7.15301.1
https://doi.org/10.1145/2389241.2389250

[BLR14] Pablo Barceld, Leonid Libkin, and Miguel
Romero. “Efficient Approximations of Conjunctive
Queries” In SIAM Journal on computing 43.3 (2014),
pp- 1085-1130 (Cited on pp. 132, 133, 136).

DOI: 10.1137/130911731

[BLSS03] Michael Benedikt, Leonid Libkin, Thomas
Schwentick, and Luc Segoufin. “Definable relations
and first-order query languages over strings.” In
Journal of the ACM 50.5 (2003), pp. 694-751 (Cited
on pp. 197, 218, 220).

DOI: 10.1145/876638.876642

[Blu21]
Theory for Eilenberg-Moore Algebras.” In Logical
Methods in Computer Science (LMCS) Volume 17,
Issue 2 (2021) (Cited on p. 316).

DOI: 10.23638/LMCS-17(2:6)2021

Achim Blumensath. “Algebraic Language

[Blu24] Achim Blumensath. Monadic Second-Order
Model Theory. Unpublished monograph. Version of
2024-07-30. 2024 (Cited on pp. 223, 225, 228).

URL: https://www.fi.muni.cz/~blumens/MSO.
pdf

[BMPP18]
Puppis, and Vincent Penelle. “Origin-equivalence of
two-way word transducers is in PSPACE” In IARCS
Annual Conference on Foundations of Software Tech-
nology and Theoretical Computer Science (FST&TCS).
Consulted version: https://hal.science/hal-
02415557. 2018 (Cited on p. 213).

DOI: 10.4230/LIPIcs.FSTTCS.2018.22

Sougata Bose, Anca Muscholl, Gabriele

[BMT20]
Thomas Timm. “An Analytical Study of Large
SPARQL Query Logs” In The VLDB journal 29.2
(2020), pp. 655-679 (Cited on p. 86).

DOI: 10.1007/s00778-019-00558-9

Angela Bonifati, Wim Martens, and

[BN23] Mikotaj Bojaiiczyk and Lé Thanh Dang (Tito)
Nguyén. “Algebraic Recognition of Regular Func-
tions” In International Colloquium on Automata,
Languages and Programming (ICALP). Vol. 261. Con-

/ /hal . science /hal -

03985883v2. 2023, 117:1-117:19 (Cited on p. 288).

DOI: 10.4230/LIPIcs.ICALP.2023.117

sulted version: https :

BIBLIOGRAPHY

[Bod96] Hans L. Bodlaender. “A Linear-Time Algo-
rithm for Finding Tree-Decompositions of Small
Treewidth” In 25.6 (1996), pp. 1305-1317 (Cited on
p- 69).

DOI: 10.1137/S0097539793251219

[Bod98] Hans L. Bodlaender. “A partial k-arboretum
of graphs with bounded treewidth.” In 209.1 (1998),
pp- 1-45 (Cited on p. 137).
DOI: 10.1016/S0304-3975(97)00228-4

[Boj14]

gin Information” In International Colloquium on

Mikotaj Bojaniczyk. “Transducers with Ori-

Automata, Languages and Programming (ICALP).
Consulted version: https://arxiv . org/pdf /
1309.6124. 2014, pp. 2637 (Cited on p. 209)

[Boj15]

guages over Monads” In International Conference

Mikotaj Bojanczyk. “Recognisable Lan-

on Developments in Language Theory. Lecture Notes
in Computer Science. Consulted version: https :
//arxiv.org/abs/1502.04898v1. 2015, pp. 1-13
(Cited on pp. 288, 298, 305, 309, 316).

DOI: 10.1007/978-3-319-21500-6_1

[Boj20]

finite semigroups, and their generalisations to objects

Mikotaj Bojanczyk. Languages recognised by

such as trees and graphs, with an emphasis on defin-
ability in monadic second-order logic. Lecture notes.
2020 (Cited on pp. 44, 197, 286, 288, 311).

DOI: 10.48550/arXiv.2008.11635

[Boj22]
mial growth.” In Annual Symposium on Logic in Com-
puter Science (LICS). 2022 (Cited on pp. 213, 215).
DOI: 10.1145/3531130.3533326

Mikotaj Bojanczyk. “Transducers of polyno-

[Bou06]
ématique formelle” In Théorie des ensembles. 2006,
pp- 8-45 (Cited on p. 29).
DOI: 10.1007/978-3-540-34035-5_2

Nicolas Bourbaki. “Description de la math-

[BR0O5] Nicolas Bedon and Chloé Rispal. “Schiitzen-
berger and Eilenberg Theorems for Words on Linear
Orderings” In International Conference on Develop-
ments in Language Theory. Lecture Notes in Com-
puter Science. 2005, pp. 134-145 (Cited on p. 287).
DOI: 10.1007/11505877_12

323


https://doi.org/10.1137/130911731
https://doi.org/10.1145/876638.876642
https://doi.org/10.23638/LMCS-17(2:6)2021
https://www.fi.muni.cz/~blumens/MSO.pdf
https://www.fi.muni.cz/~blumens/MSO.pdf
https://hal.science/hal-02415557
https://hal.science/hal-02415557
https://doi.org/10.4230/LIPIcs.FSTTCS.2018.22
https://doi.org/10.1007/s00778-019-00558-9
https://hal.science/hal-03985883v2
https://hal.science/hal-03985883v2
https://doi.org/10.4230/LIPIcs.ICALP.2023.117
https://doi.org/10.1137/S0097539793251219
https://doi.org/10.1016/S0304-3975(97)00228-4
https://arxiv.org/pdf/1309.6124
https://arxiv.org/pdf/1309.6124
https://arxiv.org/abs/1502.04898v1
https://arxiv.org/abs/1502.04898v1
https://doi.org/10.1007/978-3-319-21500-6_1
https://doi.org/10.48550/arXiv.2008.11635
https://doi.org/10.1145/3531130.3533326
https://doi.org/10.1007/978-3-540-34035-5_2
https://doi.org/10.1007/11505877_12

BIBLIOGRAPHY

[BRV16]
Y. Vardi. “Semantic Acyclicity on Graph Databases.”
In SIAM Fournal on computing 45.4 (2016), pp. 1339-
1376 (Cited on pp. 24, 87, 129, 132, 133, 135, 142, 163,
164, 166, 172, 175, 176, 179).
DOI: 10.1137/15M1034714

Pablo Barcel6, Miguel Romero, and Moshe

[BRZ20]
Zeume. “A More General Theory of Static Approx-

Pablo Barceld, Miguel Romero, and Thomas

imations for Conjunctive Queries.” In 64.5 (2020),
pp- 916-964 (Cited on p. 133).
DOI: 10.1007/s00224-019-09924-0

[Bul17] Andrei A. Bulatov. “A Dichotomy Theo-
rem for Nonuniform CSPs” In Annual Symposium
on Foundations of Computer Science (FOCS). 2017,
pp- 319-330 (Cited on pp. 28, 234).
DOI: 10.1109/F0CS.2017 .37

[BW0S]
“Forest algebras.” In Logic and Automata: History

Mikotaj Bojanczyk and Igor Walukiewicz.

and Perspectives [in Honor of Wolfgang Thomas].
Vol. 2. Texts in Logic and Games. Consulted ver-
sion: https://hal.science/hal-00105796v1.
2008, pp. 107-132 (Cited on p. 288)

[Car95] Lewis Carroll. What the Tortoise Said to
Achilles. 1895 (Cited on p. 191).
URL: https : / / www . ditext . com / carroll /

tortoise.html

[CCDF97]

Downey, and Michael R. Fellows. “Advice classes

Liming Cai, Jianer Chen, Rodney G.

of parameterized tractability” In Annals of Pure and
Applied Logic (APAL) 84.1 (1997), pp. 119-138 (Cited
on p. 171).

DOI: 10.1016/S0168-0072(95)00020-8

[CCGO06] Olivier Carton, Christian Choffrut, and
Serge Grigorieff. “Decision problems among the
main subfamilies of rational relations.” In RAIRO
Theoretical Informatics and Applications 40.2 (2006),
pp. 255-275 (Cited on pp. 202, 204, 206, 209).

DOI: 10.1051/ita:2006005

[CCLP17]

Stawomir Lasota, and Charles Paperman. “Regular

Lorenzo Clemente, Wojciech Czerwinski,

Separability of Parikh Automata” In International

Colloquium on Automata, Languages and Program-
ming (ICALP). 2017, 117:1-117:13 (Cited on p. 233).
DOI: 10.4230/LIPIcs.ICALP.2017.117

[CCP18] Olivier Carton, Thomas Colcombet, and
Gabriele Puppis. “An algebraic approach to MSO-
definability on countable linear orderings” en. In
Journal of Symbolic Logic 83.3 (2018). Consulted ver-
sion: https://arxiv.org/abs/1702.05342v2,
pp- 1147-1189 (Cited on p. 283).

DOI: 10.1017/js1.2018.7

[CCP20] Michaél Cadilhac, Olivier Carton, and
Charles Paperman. “Continuity of Functional Trans-
ducers: A Profinite Study of Rational Functions” In
Logical Methods in Computer Science (LMCS) Vol-
ume 16, Issue 1 (2020) (Cited on p. 288).

DOI: 10.23638/LMCS-16(1:24)2020

[CD15] Balder ten Cate and Victor Dalmau. “The
Product Homomorphism Problem and Applica-
tions” In International Conference on Database The-
ory (ICDT). Vol. 31. 2015, pp. 161-176 (Cited on
p. 67).

DOI: 10.4230/LIPIcs.ICDT.2015.161

[CD21] Balder ten Cate and Victor Dalmau. “Con-
junctive Queries: Unique Characterizations and
Exact Learnability” In International Conference on
Database Theory (ICDT). Vol. 186. 2021, 9:1-9:24
(Cited on p. 68).

DOI: 10.4230/LIPIcs.ICDT.2021.9

[CDK13]
Phokion G. Kolaitis. “Learning schema mappings.”
In ACM Transactions on Database Systems (TODS)
38.4 (2013) (Cited on pp. 67, 68).
DOI: 10.1145/2539032.2539035

Balder ten Cate, Victor Dalmau, and

[CDLV00]

Maurizio Lenzerini, and Moshe Y. Vardi. “Contain-

Diego Calvanese, Giuseppe De Giacomo,

ment of Conjunctive Regular Path Queries with
Inverse” In Principles of Knowledge Representation
and Reasoning (KR). 2000, pp. 176—185 (Cited on
pp. 84, 85, 111, 141, 179, 181)

[CE12]
Structure and Monadic Second-Order Logic: A

Bruno Courcelle and Joost Engelfriet. Graph

Language-Theoretic Approach. Encyclopedia of

324


https://doi.org/10.1137/15M1034714
https://doi.org/10.1007/s00224-019-09924-0
https://doi.org/10.1109/FOCS.2017.37
https://hal.science/hal-00105796v1
https://www.ditext.com/carroll/tortoise.html
https://www.ditext.com/carroll/tortoise.html
https://doi.org/10.1016/S0168-0072(95)00020-8
https://doi.org/10.1051/ita:2006005
https://doi.org/10.4230/LIPIcs.ICALP.2017.117
https://arxiv.org/abs/1702.05342v2
https://doi.org/10.1017/jsl.2018.7
https://doi.org/10.23638/LMCS-16(1:24)2020
https://doi.org/10.4230/LIPIcs.ICDT.2015.161
https://doi.org/10.4230/LIPIcs.ICDT.2021.9
https://doi.org/10.1145/2539032.2539035

Mathematics and its Applications. 2012 (Cited on
p. 288).
DOI: 10.1017/CB09780511977619

[CES17]

Serre. “Two-Way Two-Tape Automata” In Interna-

Olivier Carton, Léo Exibard, and Olivier

tional Conference on Developments in Language The-
ory. 2017, pp. 147-159 (Cited on p. 211).
DOI: 10.1007/978-3-319-62809-7_10

[CGo6]

“Separability of rational relations in A*xNm by

Christian Choffrut and Serge Grigorieff.

recognizable relations is decidable” In Informa-
tion Processing Letters (IPL) 99.1 (2006). Consulted
version: https : / / www . irif . fr / ~seg /
_2006IPLsepar/Choffrut_Grigorieff 2006 _
RecognizableSeparability . pdf, pp. 27-32
(Cited on p. 205).

DOI: 10.1016/3.1pl1.2005.09.018

[CG14] Christian Choffrut and Bruno Guillon. “An
Algebraic Characterization of Unary Two-Way
Transducers” In International Symposium on Math-
ematical Foundations of Computer Science (MFCS).
2014, pp. 196-207 (Cited on p. 215)

[CGLP20] Hubie Chen, Georg Gottlob, Matthias
Lanzinger, and Reinhard Pichler. “Semantic Width
and the Fixed-Parameter Tractability of Constraint
Satisfaction Problems” In International Joint Confer-
ence on Artificial Intelligence (IJCAI). 2020, pp. 1726~
1733 (Cited on pp. 71, 132).

DOI: 10.24963/ijcai.2020/239

[CGM22]

Rémi Morvan. “First-order separation over count-

Thomas Colcombet, Sam van Gool, and

able ordinals” In International Conference on Foun-
dations of Software Science and Computational Struc-
tures (FOSSACS). Consulted version: https : / /
arxiv.org/abs/2201.03089v1. 2022, pp. 264—
284 (Cited on pp. 233, 318).

DOI: 10.1007/978-3-030-99253-8_14

[CH90] Kevin]. Compton and C. Ward Henson. “A
uniform method for proving lower bounds on the
computational complexity of logical theories” In
Annals of Pure and Applied Logic 48.1 (1990), pp. 1-
79 (Cited on p. 224).

DOI: 10.1016/0168-0072(90)90080-L

BIBLIOGRAPHY

[Cha80]

tations.” Consulted version: https: //scispace.

Tat-hung Chan. “Reversal-Bounded Compu-

com/ pdf / reversal - bounded - computations -
25573w61fj . pdf. PhD thesis. Cornell University,
USA, 1980 (Cited on p. 211)

[Cho06] Christian Choffrut. “Relations over words
and logic: A chronology” In Bulletin of the EATCS
89 (2006), pp. 159-163 (Cited on pp. 197, 210, 218,
220)

[CLo7]
“Transforming structures by set interpretations.”
In Logical Methods in Computer Science (LMCS) Vol-
ume 3, Issue 2, 4 (2007) (Cited on p. 227).
DOI: 10.2168/LMCS-3(2:4)2007

Thomas Colcombet and Christof Loding.

[CL11]
formization in automata theory” In Proceedings of
the 14th Congress of Logic, Methodology and Philos-
ophy of Science Nancy. Vol. 2. Consulted version:

Arnaud Carayol and Christof Loding. “Uni-

https://igm.univ-mlv.fr/~carayol/Papers/
x23ada2cef7606c52.pdf. 2011 (Cited on p. 206)

[CM13] Hubie Chen and Moritz Miiller. “The fine
classification of conjunctive queries and parameter-
ized logarithmic space complexity” In ACM Sympo-
sium on Principles of Database Systems (PODS). 2013,
pp- 309-320 (Cited on p. 176).

DOI: 10.1145/2463664.2463669

[CM77] AshokK.Chandra and Philip M. Merlin. “Op-
timal Implementation of Conjunctive Queries in
Relational Data Bases” In Symposium on Theory of
Computing (STOC). 1977, pp. 77-90 (Cited on pp. 57,
58, 132).

DOI: 10.1145/800105.803397

[CMNP18]
Matthias Niewerth, and Pawel Parys. “Minimiza-
tion of Tree Patterns” In Journal of the ACM 65.4
(2018) (Cited on pp. 92, 93, 122, 123, 184)

Wojciech Czerwinski, Wim Martens,

[CMRZZ17]

Lorijn van Rooijen, Marc Zeitoun, and Georg Zet-

Wojciech Czerwinski, Wim Martens,

zsche. “A Characterization for Decidable Separabil-

ity by Piecewise Testable Languages.” In Discrete

325


https://doi.org/10.1017/CBO9780511977619
https://doi.org/10.1007/978-3-319-62809-7_10
https://www.irif.fr/~seg/_2006IPLsepar/Choffrut_Grigorieff_2006_RecognizableSeparability.pdf
https://www.irif.fr/~seg/_2006IPLsepar/Choffrut_Grigorieff_2006_RecognizableSeparability.pdf
https://www.irif.fr/~seg/_2006IPLsepar/Choffrut_Grigorieff_2006_RecognizableSeparability.pdf
https://doi.org/10.1016/j.ipl.2005.09.018
https://doi.org/10.24963/ijcai.2020/239
https://arxiv.org/abs/2201.03089v1
https://arxiv.org/abs/2201.03089v1
https://doi.org/10.1007/978-3-030-99253-8_14
https://doi.org/10.1016/0168-0072(90)90080-L
https://scispace.com/pdf/reversal-bounded-computations-25s73w61fj.pdf
https://scispace.com/pdf/reversal-bounded-computations-25s73w61fj.pdf
https://scispace.com/pdf/reversal-bounded-computations-25s73w61fj.pdf
https://doi.org/10.2168/LMCS-3(2:4)2007
https://igm.univ-mlv.fr/~carayol/Papers/x23ada2cef7606c52.pdf
https://igm.univ-mlv.fr/~carayol/Papers/x23ada2cef7606c52.pdf
https://doi.org/10.1145/2463664.2463669
https://doi.org/10.1145/800105.803397

BIBLIOGRAPHY

Mathematics & Theoretical Computer Science 19.4
(2017) (Cited on p. 233).
DOI: 10.23638/DMTCS-19-4-1

[Cod72] E. F. Codd. “Relational Completeness of
Data Base Sublanguages” In Research Report /RY /
IBM / San Jose, California (1972) (Cited on p. 54)

[CRoOO]
“Conjunctive query containment revisited.” In The-
oretical Computer Science 239.2 (2000), pp. 211-229
(Cited on pp. 19, 69, 179).

DOI: 10.1016/S0304-3975(99)00220-0

Chandra Chekuri and Anand Rajaraman.

[CRRTO01] Colin M. Campbell, Edmund F. Robertson,
Nikola Ruskuc, and Richard M. Thomas. “Automatic
semigroups.” In Theoretical Computer Science 250.1
(2001), pp. 365-391 (Cited on p. 228).

DOI: 10.1016/S0304-3975(99)00151-6

[CRV23]

magoj Vrgo¢. “Size Bounds and Algorithms for Con-

Tamara Cucumides, Juan Reutter, and Do-

junctive Regular Path Queries.” In International Con-
ference on Database Theory (ICDT). 2023, 13:1-13:17
(Cited on pp. 93, 121).

DOI: 10.4230/LIPIcs.ICDT.2023.13

[CS15] Thomas Colcombet and A. V. Sreejith. “Lim-
ited Set Quantifiers over Countable Linear Order-
ings” In International Colloquium on Automata, Lan-
guages and Programming (ICALP). 2015, pp. 146-158
(Cited on p. 312).

DOI: 10.1007/978-3-662-47666-6_12

[CS25] Thomas Colcombet and A V Sreejith. Regu-
lar expressions over countable words. 2025 (Cited on
p. 312).
DOI: 10.48550/arXiv.2505.01039

[Cyg+15]
Kowalik, Daniel Lokshtanov, Daniel Marx, Marcin
Pilipczuk, Michal Pilipczuk, and Saket Saurabh.
“Fixed-parameter intractability.” In Parameterized
Algorithms. 2015, pp. 421-465 (Cited on p. 47).
DOI: 10.1007/978-3-319-21275-3_13

Marek Cygan, Fedor V. Fomin, Lukasz

[Del04]

dinaux et des graphes homogenes” In Comptes Ren-

Christian Delhommé. “Automaticité des or-

dus Mathematique 339.1 (2004), pp. 5-10 (Cited on
p. 227).
DOI: 10.1016/j.crma.2004.03.035

[DFF19]

Santiago Figueira. “Closure Properties of Synchro-

Maria Emilia Descotte, Diego Figueira, and

nized Relations” In International Symposium on
Theoretical Aspects of Computer Science (STACS).
Vol. 126. 2019, 22:1-22:17 (Cited on p. 210).

DOI: 10.4230/LIPIcs.STACS.2019.22

[DFP18]
Gabriele Puppis. “Resynchronizing Classes of Word

Maria Emilia Descotte, Diego Figueira, and

Relations?” In International Colloquium on Automata,
Languages and Programming (ICALP). Vol. 107. Con-
sulted version: https : / /hal . science / hal -
01721046v2. 2018, 123:1-123:13 (Cited on p. 210).

DOI: 10.4230/LIPIcs.ICALP.2018.123

[Die70] Jean A.Dieudonné. “The Work of Nicholas
Bourbaki” In The American Mathematical Monthly
77.2 (1970), pp. 134-145 (Cited on p. 30).

URL: http://www.jstor.org/stable/2317325

[DKV02] Victor Dalmau, Phokion G. Kolaitis, and
Moshe Y. Vardi. “Constraint Satisfaction, Bounded
Treewidth, and Finite-Variable Logics.” In Princi-
ples and Practice of Constraint Programming (CP).
Vol. 2470. Lecture Notes in Computer Science. 2002,
pp- 310-326 (Cited on p. 71).

DOI: 10.1007/3-540-46135-3\_21

[Dou23] Gaétan Douéneau. “Optimization of string
transducers.” PhD thesis. Université Paris Cité, 2023
(Cited on p. 215).

URL: http://www. theses . fr/2023UNIP7217/

document

[DPPDP09] Apostolos K. Doxiadés, Christos H. Pa-
padimitriou, Alekos Papadatos, Annie Di Donna,
and Alekos Papadatos, eds. Logicomix: an epic search
for truth. 2009. 1sBN: 978-0-7475-9720-9 (Cited on
p- 29)

[EES69] S. Eilenberg, C.C. Elgot, and ].C Shepherd-
son. “Sets recognized by n-tape automata.” In Jour-
nal of Algebra 13.4 (1969), pp. 447-464 (Cited on
p. 218).

DOI: 10.1016/0021-8693(69)90107-0

326


https://doi.org/10.23638/DMTCS-19-4-1
https://doi.org/10.1016/S0304-3975(99)00220-0
https://doi.org/10.1016/S0304-3975(99)00151-6
https://doi.org/10.4230/LIPIcs.ICDT.2023.13
https://doi.org/10.1007/978-3-662-47666-6_12
https://doi.org/10.48550/arXiv.2505.01039
https://doi.org/10.1007/978-3-319-21275-3_13
https://doi.org/10.1016/j.crma.2004.03.035
https://doi.org/10.4230/LIPIcs.STACS.2019.22
https://hal.science/hal-01721046v2
https://hal.science/hal-01721046v2
https://doi.org/10.4230/LIPIcs.ICALP.2018.123
http://www.jstor.org/stable/2317325
https://doi.org/10.1007/3-540-46135-3\_21
http://www.theses.fr/2023UNIP7217/document
http://www.theses.fr/2023UNIP7217/document
https://doi.org/10.1016/0021-8693(69)90107-0

[EGNRM98a] Yu. L. Ershov, S. S. Goncharov, A.
Nerode, J. B. Remmel, and V. W. Marek. Handbook
of recursive mathematics. Volume 1: Recursive Model
Theory. Studies in logic and the foundations of math-
ematics v. 138. 1998 (Cited on p. 229).

URL: https : / / www . sciencedirect . com /
bookseries / studies - in - logic - and - the -

foundations-of-mathematics/vol/138/

[EGNRM98b] Yu. L. Ershov, S. S. Goncharov, A.
Nerode, J. B. Remmel, and V. W. Marek. Handbook of
recursive mathematics. Volume 2: Recursive Algebra,
Analysis and Combinatorics. Studies in logic and the
foundations of mathematics v. 139. 1998 (Cited on
p. 229).

URL: https : / / www . sciencedirect . com /
bookseries / studies - in - logic - and - the -

foundations-of-mathematics/vol/139/

[EHO1] Joost Engelfriet and Hendrik Jan Hooge-
boom. “MSO definable string transductions and
two-way finite-state transducers” In ACM Transac-
tions on Computational Logic 2.2 (2001), pp. 216-254
(Cited on p. 213).

DOI: 10.1145/371316.371512

[EJT10] Michael Elberfeld, Andreas Jakoby, and Till
Tantau. “Logspace Versions of the Theorems of Bod-
laender and Courcelle” In Annual Symposium on
Foundations of Computer Science (FOCS). Available
on Scihub. 2010, pp. 143-152 (Cited on pp. 73, 179).
DOI: 10.1109/F0CS.2010.21

[EM65] Calvin C. Elgot and Jorge E. Mezei. “On Re-
lations Defined by Generalized Finite Automata” In
IBM Journal of Research and Development 9.1 (1965),
pp- 47-68 (Cited on p. 197).

DOI: 10.1147/rd.91.0047

[Eps92]
Groups. 1992 (Cited on pp. 220, 228).
DOI: 10.1201/9781439865699

David B.A. Epstein. Word Processing in

[Ete97]
Successor Relations, and Logarithmic Space” In
Journal of Computer and System Sciences (JCSS) 54.3
(1997), pp. 400-411 (Cited on p. 46).

DOI: 10.1006/jcss.1997.1485

Kousha Etessami. “Counting Quantifiers,

BIBLIOGRAPHY

[FFMO08] S. Flesca, F. Furfaro, and E. Masciari. “On
the minimization of XPath queries” In Journal of
the ACM 55.1 (2008) (Cited on p. 93).
DOI: 10.1145/1326554.1326556

[FG03] Jorg Flum and Martin Grohe. “Describing
parameterized complexity classes” In 187.2 (2003),
pp- 291-319 (Cited on p. 171).
DOI: 10.1016/S0890-5401(03)00161-5

[FGL19]
Nathan Lhote. “Logical and Algebraic Character-
izations of Rational Transductions.” In Logical Meth-
ods in Computer Science (LMCS) Volume 15, Issue 4
(2019) (Cited on p. 288).

DOI: 10.23638/LMCS-15(4:16)2019

Emmanuel Filiot, Olivier Gauwin, and

[FGM24]
Murlak. “Evaluating Graph Queries Using Semantic

Cristina Feier, Tomasz Gogacz, and Filip

Treewidth” In International Conference on Database
Theory (ICDT). 2024 (Cited on pp. 134, 176, 179).
DOI: 10.4230/LIPIcs.ICDT.2024.22

[Fig+20] Diego Figueira, Adwait Godbole, S. Krishna,
Wim Martens, Matthias Niewerth, and Tina Traut-
ner. “Containment of Simple Conjunctive Regular
Path Queries.” In Principles of Knowledge Represen-
tation and Reasoning (KR). 2020 (Cited on pp. 86, 87,
110, 120, 133, 175).

DOI: 10.24963/kr.2020/38

[Fig20]
the hard and easy cases.” In International Conference
on Database Theory (ICDT). 2020 (Cited on pp. 85,
87,111, 120, 141, 174, 179).
DOI: 10.4230/LIPIcs.ICDT.2020.9

Diego Figueira. “Containment of UC2RPQ:

[Fig21a]
Query Languages.” In Reasoning Web. Declarative

Diego Figueira. “Foundations of Graph Path

Artificial Intelligence - 17th International Summer
School 2021. Vol. 13100. Lecture Notes in Computer
Science. 2021, pp. 1-21 (Cited on p. 75).
DOI: 10.1007/978-3-030-95481-9\_1

[Fig21b]
Query Languages (Course Notes).” In Reasoning

Web Summer School 2021. Vol. 13100. Reasoning
Web. Declarative Artificial Intelligence - 17th In-

Diego Figueira. “Foundations of Graph Path

ternational Summer School 2021, Leuven, Belgium,

327


https://www.sciencedirect.com/bookseries/studies-in-logic-and-the-foundations-of-mathematics/vol/138/
https://www.sciencedirect.com/bookseries/studies-in-logic-and-the-foundations-of-mathematics/vol/138/
https://www.sciencedirect.com/bookseries/studies-in-logic-and-the-foundations-of-mathematics/vol/138/
https://www.sciencedirect.com/bookseries/studies-in-logic-and-the-foundations-of-mathematics/vol/139/
https://www.sciencedirect.com/bookseries/studies-in-logic-and-the-foundations-of-mathematics/vol/139/
https://www.sciencedirect.com/bookseries/studies-in-logic-and-the-foundations-of-mathematics/vol/139/
https://doi.org/10.1145/371316.371512
https://doi.org/10.1109/FOCS.2010.21
https://doi.org/10.1147/rd.91.0047
https://doi.org/10.1201/9781439865699
https://doi.org/10.1006/jcss.1997.1485
https://doi.org/10.1145/1326554.1326556
https://doi.org/10.1016/S0890-5401(03)00161-5
https://doi.org/10.23638/LMCS-15(4:16)2019
https://doi.org/10.4230/LIPIcs.ICDT.2024.22
https://doi.org/10.24963/kr.2020/38
https://doi.org/10.4230/LIPIcs.ICDT.2020.9
https://doi.org/10.1007/978-3-030-95481-9\_1

BIBLIOGRAPHY

September 8-15, 2021, Tutorial Lectures. Consulted
version: https://hal.science/hal-03349901.
2021, pp. 1-21 (Cited on p. 197).

DOI: 10.1007/978-3-030-95481-9\_1

[FKMP24] Diego Figueira, S. Krishna, Om Swostik
Mishra, and Anantha Padmanabha. “Boundedness
for Unions of Conjunctive Regular Path Queries
over Simple Regular Expressions.” In Principles of
Knowledge Representation and Reasoning (KR). 2024
(Cited on p. 87).

DOI: doi.org/10.24963/kr.2024/34

[FL15]

nizing Relations on Words.” en. In Theory of Comput-

Diego Figueira and Leonid Libkin. “Synchro-

ing Systems 57.2 (2015). Consulted version: https:
//hal.science/hal-01793633v1/, pp. 287-318
(Cited on pp. 209, 210).

DOI: 10.1007/s00224-014-9584-2

[FLS98]

“Query Containment for Conjunctive Queries with

Daniela Florescu, Alon Levy, and Dan Suciu.

Regular Expressions” In ACM Symposium on Princi-
ples of Database Systems (PODS). 1998, pp. 139-148
(Cited on pp. 81, 84, 85, 111, 141).

DOI: 10.1145/275487.275503

[EM23]

imation and Semantic Tree-Width of Conjunctive

Diego Figueira and Rémi Morvan. “Approx-

Regular Path Queries.” In International Conference
on Database Theory (ICDT). Vol. 255. 2023, 15:1-
15:19 (Cited on p. 129).

DOI: 10.4230/LIPIcs.ICDT.2023.15

[FM25] Diego Figueira and Rémi Morvan. “Semantic
Tree-Width and Path-Width of Conjunctive Regu-
lar Path Queries.” In Logical Methods in Computer
Science (LMCS) Volume 21, Issue 1, 21 (2025) (Cited
on pp. 51, 72, 93, 97, 104, 109, 129, 172).

DOI: 10.46298/1mcs-21(1:21)2025

[FMR25]
Romero. Minimizing Conjunctive Regular Path
Queries. 2025 (Cited on pp. 51, 89).
arXiv: 2504.00612 [cs.DB]

Diego Figueira, Rémi Morvan, and Miguel

[Fon07] Jan Foniok. “Homomorphisms and Struc-

tural Properties of Relational Systems.” PhD thesis.
Charles University in Prague, 2007 (Cited on p. 245).
URL: https://arxiv.org/pdf/0710.4477

[FR23]

junctive Regular Path Queries under Injective

Diego Figueira and Miguel Romero. “Con-

Semantics” In ACM Symposium on Principles of
Database Systems (PODS). 2023, pp. 231-240 (Cited
on p. 87).

DOI: 10.1145/3584372.3588664

[FR68] Patrick C. Fischer and Arnold L. Rosenberg.
“Multitape one-way nonwriting automata.” In Jour-
nal of Computer and System Sciences (JCSS) 2.1
(1968), pp- 88-101 (Cited on pp. 206, 209).

DOI: 10.1016/S0022-0000(68)80006-6

[Fra+23a] Amélie Gheerbrant,
Paolo Guagliardo, Leonid Libkin, Victor Marsault,
Wim Martens, Filip Murlak, Liat Peterfreund,
Alexandra Rogova, and Domagoj Vrgo¢. “A Re-
searcher’s Digest of GQL (Invited Talk)” In In-
ternational Conference on Database Theory (ICDT).
Vol. 255. 2023, 1:1-1:22 (Cited on p. 80).

DOI: 10.4230/LIPICS.ICDT.2023.1

Nadime Francis,

[Fra+23b]
Paolo Guagliardo, Leonid Libkin, Victor Marsault,

Nadime Francis, Amélie Gheerbrant,
Wim Martens, Liat Peterfreund, Alexandra Rogova,
and Domagoj Vrgoc. “GPC: A Pattern Calculus for
Property Graphs” In ACM Symposium on Princi-
ples of Database Systems (PODS). 2023, pp. 241-250
(Cited on p. 80).

DOI: 10.1145/3584372.3588662

[Fre9o0]
structured constraint satisfaction problems.” In
AAAI Conference on Artificial Intelligence. 1990,
pp- 4-9 (Cited on p. 69)

Eugene C. Freuder. “Complexity of K-tree

[FRW19] Diego Figueira, Varun Ramanathan, and
Pascal Weil. “The Quantifier Alternation Hierarchy
of Automatic Relations” In International Symposium
on Mathematical Foundations of Computer Science
(MFCS). Vol. 138. 2019, 29:1-29:14 (Cited on p. 219).
DOI: 10.4230/LIPIcs.MFCS.2019.29

[FS93]

“Synchronized Rational Relations of Finite and Infi-

Christiane Frougny and Jacques Sakarovitch.

328


https://hal.science/hal-03349901
https://doi.org/10.1007/978-3-030-95481-9\_1
https://doi.org/doi.org/10.24963/kr.2024/34
https://hal.science/hal-01793633v1/
https://hal.science/hal-01793633v1/
https://doi.org/10.1007/s00224-014-9584-2
https://doi.org/10.1145/275487.275503
https://doi.org/10.4230/LIPIcs.ICDT.2023.15
https://doi.org/10.46298/lmcs-21(1:21)2025
https://arxiv.org/abs/2504.00612
https://arxiv.org/pdf/0710.4477
https://doi.org/10.1145/3584372.3588664
https://doi.org/10.1016/S0022-0000(68)80006-6
https://doi.org/10.4230/LIPICS.ICDT.2023.1
https://doi.org/10.1145/3584372.3588662
https://doi.org/10.4230/LIPIcs.MFCS.2019.29

nite Words.” In Theoretical Computer Science 108.1
(1993), pp. 45-82 (Cited on pp. 197, 202).
DOI: 10.1016/0304-3975(93)90230-Q

[FT10] Olivier Finkel and Stevo Todorcevic. “The iso-
morphism relation between tree-automatic Struc-
tures” In Open Mathematics 8.2 (2010), pp. 299-313
(Cited on p. 228).

DOI: 10.2478/s11533-010-0014-7

[FT13] Olivier Finkel and Stevo Todor&evi¢. “Auto-
matic Ordinals” In International Journal of Uncon-
ventional Computing 9.1-2 (2013), pp. 61-70 (Cited
on p. 227).

URL: http : / /www . oldcitypublishing . com/
journals/ijuc-home/ijuc-issue-contents/
ijuc-volume-9-number-1-2-2013/ijuc-9-1-

2-p-61-70/

[FV98] Tomés Feder and Moshe Y. Vardi. “The Com-
putational Structure of Monotone Monadic SNP and
Constraint Satisfaction: A Study through Datalog
and Group Theory.” In SIAM Journal on computing
28.1 (1998), pp. 57104 (Cited on pp. 28, 234, 245,
274).

DOI: 10.1137/S0097539794266766

[Gau20] Olivier Gauwin. “Transductions: resources
and characterizations” PhD thesis. Université de

Bordeaux, 2020 (Cited on p. 215).

URL: https : / / theses . hal . science / tel -
03118919
[GG24] Mai Gehrke and Sam van Gool. Topological

Duality for Distributive Lattices: Theory and Appli-
cations. 2024 (Cited on p. 186).
DOI: 10.1017/9781009349680

[GGIM22] Victor Albert
Gutowski, Yazmin Ibafiez-Garcia, and Filip Murlak.
“Finite Entailment of UCRPQs over ALC Ontolo-
gies” In Principles of Knowledge Representation and
Reasoning (KR). 2022, pp. 184-194 (Cited on p. 87).

DOI: 10.24963/kr.2022/19

Gutiérrez-Basulto,

[GGIM24] Victor Albert

Gutowski, Yazmin Ibafiez-Garcia, and Filip Murlak.

Gutiérrez-Basulto,

“Containment of Graph Queries Modulo Schema” In

BIBLIOGRAPHY

ACM Symposium on Principles of Database Systems
(PODS). 2024, pp. 1-26 (Cited on p. 87).
DOI: 10.1145/3651140

[Grao7] Erich Gradel. “Finite Model Theory and De-
scriptive Complexity” In Finite Model Theory and
Its Applications. 2007, pp. 125-230 (Cited on p. 226).
DOI: 10.1007/3-540-68804-8_3

[Gra20] Erich Griadel. “Automatic Structures:
Twenty Years Later” In Annual Symposium on Logic
in Computer Science (LICS). LICS *20. 2020, pp. 21-34
(Cited on p. 229).

DOI: 10.1145/3373718.3394734

[Gro07]
morphism and constraint satisfaction problems
seen from the other side” In Journal of the ACM
54.1 (2007), 1:1-1:24 (Cited on pp. 19, 71, 132, 176-
178).

DOI: 10.1145/1206035.1206036

Martin Grohe. “The complexity of homo-

[GS19]
for varieties determined by groups.” In Advances in
Mathematics 348 (2019). Consulted version: https:
//arxiv . org/abs /1801 . 04638v1, pp. 18-50
(Cited on p. 290).

DOI: 10.1016/j.2aim.2019.03.020

S.J. v. Gool and B. Steinberg. “Pointlike sets

[GSS01] Martin Grohe, Thomas Schwentick, and Luc
Segoufin. “When is the evaluation of conjunctive
queries tractable?” In Symposium on Theory of Com-
puting (STOC). 2001, pp. 657-666 (Cited on pp. 70,
71).

DOI: 10.1145/380752.380867

[Gur82]

for Deterministic Two-Way Sequential Transducers

Eitan M. Gurari. “The Equivalence Problem

is Decidable” In SIAM Journal on computing 11.3
(1982), pp. 448-452 (Cited on p. 213).
DOI: 10.1137/0211035

[HK91]
problem of multitape finite automata.” In Theoreti-
cal Computer Science 78.2 (1991), pp. 347-355 (Cited
on p. 209).

DOI: 10.1016/0304-3975(91)90356-7

T. Harju and J. Karhumaki. “The equivalence

329


https://doi.org/10.1016/0304-3975(93)90230-Q
https://doi.org/10.2478/s11533-010-0014-7
http://www.oldcitypublishing.com/journals/ijuc-home/ijuc-issue-contents/ijuc-volume-9-number-1-2-2013/ijuc-9-1-2-p-61-70/
http://www.oldcitypublishing.com/journals/ijuc-home/ijuc-issue-contents/ijuc-volume-9-number-1-2-2013/ijuc-9-1-2-p-61-70/
http://www.oldcitypublishing.com/journals/ijuc-home/ijuc-issue-contents/ijuc-volume-9-number-1-2-2013/ijuc-9-1-2-p-61-70/
http://www.oldcitypublishing.com/journals/ijuc-home/ijuc-issue-contents/ijuc-volume-9-number-1-2-2013/ijuc-9-1-2-p-61-70/
https://doi.org/10.1137/S0097539794266766
https://theses.hal.science/tel-03118919
https://theses.hal.science/tel-03118919
https://doi.org/10.1017/9781009349680
https://doi.org/10.24963/kr.2022/19
https://doi.org/10.1145/3651140
https://doi.org/10.1007/3-540-68804-8_3
https://doi.org/10.1145/3373718.3394734
https://doi.org/10.1145/1206035.1206036
https://arxiv.org/abs/1801.04638v1
https://arxiv.org/abs/1801.04638v1
https://doi.org/10.1016/j.aim.2019.03.020
https://doi.org/10.1145/380752.380867
https://doi.org/10.1137/0211035
https://doi.org/10.1016/0304-3975(91)90356-7

BIBLIOGRAPHY

[HKMNO8] Greg Hjorth, Bakh Khoussainov, Anto-
nio Montalban, and André Nies. “From Automatic
Structures to Borel Structures” In Annual Sympo-
sium on Logic in Computer Science (LICS). 2008,
pp- 431-441 (Cited on p. 221).

DOI: 10.1109/LICS.2008.28

[HMPR91] Karsten Henckell, Stuart W. Margolis,
Jean-Eric Pin, and John Rhodes. “Ash’s type II theo-
rem, profinite topology and Malcev products: part
17 In International Journal of Algebra and Compu-
tation 01.04 (1991). Consulted version: https: //
www . irif . fr/~jep/PDF/HMPR . pdf (saved on
http://web.archive.org/), pp. 411-436 (Cited
on p. 290).

DOI: 10.1142/S0218196791000298

[HN90] Pavol Hell and Jaroslav Nesetiil. “On the
complexity of H-coloring” In Journal of Combinato-
rial Theory, Series B 48.1 (1990), pp. 92-110 (Cited
on p. 28).

DOI: 10.1016/0095-8956(90)90132-7J

[HN92] Pavol Hell and Jaroslav Nesetfil. “The core
of a graph” In Discrete Mathematics 109.1 (1992),
pp. 117-126 (Cited on p. 66).

DOI: 10.1016/0012-365X(92)90282-K

[Hod76] Bernard R. Hodgson. “Théories décidables
par automate fini” Not available online. PhD thesis.
Université de Montréal, 1976 (Cited on p. 220)

[Hod83]
tomate Fini” In Annales des Sciences Mathématiques
du Québec 7.1 (1983). Consulted version: https :

Bernard R. Hodgson. “Décidabilité par Au-

//www.labmath.uqgam.ca/~annales/volumes/
07-1/PDF/039-057 .pdf (saved on http://web.
archive.org/), pp. 39-57 (Cited on pp. 202, 220,
224)

[Hod93] Wilfrid Hodges. Model Theory. Encyclope-
dia of Mathematics and its Applications. 1993 (Cited
on pp. 226, 228)

[Hog94]
and Non-Turing Computability” In PSA: Proceedings

Mark Hogarth. “Non-Turing Computers

of the Biennial Meeting of the Philosophy of Science
Association 1 (1994), pp. 126—138 (Cited on p. 6).
DOI: 10 . 1086 / psaprocbienmeetp . 1994 . 1 .
193018

[Imm98] Neil Immerman. Descriptive complexity.
1998 (Cited on pp. 217, 218, 225).
DOI: 10.1007/978-1-4612-0539-5

[ISO23] ISO: International Organization for Stan-
dardization. ISO/IEC 9075-16:2023 Part 16: Property
Graph Queries (SQL/PGQ). https :
org/standard/79473.html. 2023 (Cited on p. 80)

/ /wWww . iso .

[ISO24] ISO: International Organization for Stan-
dardization. ISO/IEC 39075:2024 GQL. https: //www.
iso.org/standard/76120.html. 2024 (Cited on
p- 80)

[JKSS19] Sanjay Jain, Bakhadyr
Philipp Schlicht, and Frank Stephan. “The isomor-

Khoussainov,

phism problem for tree-automatic ordinals with
addition” In Information Processing Letters (IPL) 149
(2019), pp. 19-24 (Cited on pp. 227, 228).

DOI: 10.1016/j.ipl1.2019.05.004

[KBHSN24] Nikolaos Karalis, Alexander Bigerl, Liss
Heidrich, Mohamed Ahmed Sherif, and Axel-Cyrille
Ngonga Ngomo. “Efficient Evaluation of Conjunc-
tive Regular Path Queries Using Multi-way Joins.”
In 2024, pp. 218-235 (Cited on p. 93).

DOI: 10.1007/978-3-031-60626-7_12

[KKOT15]

Ochremiak, and Szymon Torunczyk. “Locally Finite

Bartek Klin, Eryk Kopczynski, Joanna

Constraint Satisfaction Problems” In Annual Sym-
posium on Logic in Computer Science (LICS). 2015,
pp- 475-486 (Cited on p. 235).
DOI: 10.1109/LICS.2015.51

[KL10] Dietrich Kuske and Markus Lohrey. “Some
natural decision problems in rational graphs” In
Journal of Symbolic Logic 75.2 (2010), pp. 678-710
(Cited on p. 229).

DOI: 10.2178/js1/1268917499

[Klo94]
proximations. Lecture Notes in Computer Science.
1994 (Cited on p. 137).

DOI: 10.1007/BFb0045375

Ton Kloks. Treewidth: computations and ap-

330


https://doi.org/10.1109/LICS.2008.28
https://www.irif.fr/~jep/PDF/HMPR.pdf
https://www.irif.fr/~jep/PDF/HMPR.pdf
http://web.archive.org/
https://doi.org/10.1142/S0218196791000298
https://doi.org/10.1016/0095-8956(90)90132-J
https://doi.org/10.1016/0012-365X(92)90282-K
https://www.labmath.uqam.ca/~annales/volumes/07-1/PDF/039-057.pdf
https://www.labmath.uqam.ca/~annales/volumes/07-1/PDF/039-057.pdf
https://www.labmath.uqam.ca/~annales/volumes/07-1/PDF/039-057.pdf
http://web.archive.org/
http://web.archive.org/
https://doi.org/10.1086/psaprocbienmeetp.1994.1.193018
https://doi.org/10.1086/psaprocbienmeetp.1994.1.193018
https://doi.org/10.1007/978-1-4612-0539-5
https://www.iso.org/standard/79473.html
https://www.iso.org/standard/79473.html
https://www.iso.org/standard/76120.html
https://www.iso.org/standard/76120.html
https://doi.org/10.1016/j.ipl.2019.05.004
https://doi.org/10.1007/978-3-031-60626-7_12
https://doi.org/10.1109/LICS.2015.51
https://doi.org/10.2178/jsl/1268917499
https://doi.org/10.1007/BFb0045375

[KLOT16]
Ochremiak, and Szymon Torunczyk. “Homomor-
phism Problems for First-Order Definable Struc-

Bartek Klin, Slawomir Lasota, Joanna

tures” In IARCS Annual Conference on Foundations
of Software Technology and Theoretical Computer
Science (FST&TCS). Vol. 65. 2016, 14:1-14:15 (Cited
on pp. 235, 237).

DOI: 10.4230/LIPIcs.FSTTCS.2016.14

[KM10] Shiva Kintali and Sinziana Munteanu. “Com-
puting Bounded Path Decompositions in Logspace”
In vol. 19. 126. 2010 (Cited on pp. 73, 179).

URL: https://eccc.weizmann.ac.il/report/

2012/126/

[KN95] Bakhadyr Khoussainov and Anil Nerode.
“Automatic presentations of structures.” In Logic
and Computational Complexity. 1995, pp. 367-392
(Cited on pp. 202, 220, 237).

DOI: 10.1007/3-540-60178-3_93

[KNRS07]
Sasha Rubin, and Frank Stephan. “Automatic Struc-

Bakhadyr Khoussainov, Andre Nies,

tures: Richness and Limitations.” In Logical Methods
in Computer Science (LMCS) Volume 3, Issue 2, 2
(2007) (Cited on pp. 204, 227-229, 248).

DOI: 10.2168/LMCS-3(2:2)2007

[Koc14] Chris Kocher. “Analyse der Entschei-
dbarkeit diverser Probleme in automatischen
Graphen” de. Bachelor’s Thesis. Ilmenau: Tech-
nische Universitit Ilmenau, 2014 (Cited on pp. 30,
229, 257).
URL: https : mpi - sws .

/ / people . org /

~ckoecher/files/theses/bsc-thesis.pdf

[Kolo7] Phokion G. Kolaitis. “On the Expressive
Power of Logics on Finite Models.” In Finite Model
Theory and Its Applications. 2007, pp. 27-123 (Cited
on pp. 76, 244).

DOI: 10.1007/3-540-68804-8_2

[Kop16]
guages.” In Annual Symposium on Logic in Computer

Science (LICS). 2016, pp. 867-872 (Cited on p. 233).
DOI: 10.1145/2933575.2933579

Eryk Kopczynski. “Invisible Pushdown Lan-

[KRS05]

Frank Stephan. “Automatic linear orders and trees.”

Bakhadyr Khoussainov, Sasha Rubin, and

[KS08]

[Lar17]

[LB16]

[Lec63]

[LLTO07]

[LS19]

331

BIBLIOGRAPHY

In ACM Transactions on Computational Logic 6.4
(2005), pp. 675-700 (Cited on p. 227).
DOI: 10.1145/1094622.1094625

Benny Kimelfeld and Yehoshua Sagiv. “Re-
visiting redundancy and minimization in an XPath
fragment” In International Conference on Extending
Database Technology (EDBT). 2008, pp. 61-72 (Cited
on p. 93).

DOI: 10.1145/1353343.1353355

Benoit Larose. “Algebra and the Complexity
of Digraph CSPs: a Survey” In The Constraint Sat-
isfaction Problem: Complexity and Approximability.
Ed. by Andrei Krokhin and Stanislav Zivny. Vol. 7.
Dagstuhl Follow-Ups. 2017, pp. 267-285 (Cited on
p. 234).

DOI: 10.4230/DFU.Vol17.15301.267

Anthony W. Lin and Pablo Barcelé. “String
Solving with Word Equations and Transducers: To-
wards a Logic for Analysing Mutation XSS.” In An-
nual Symposium on Principles of Programming Lan-
guages (POPL). 2016, pp. 123-136 (Cited on p. 197).
DOI: 10.1145/2837614.2837641

Yves Lecerf. “Machines de Turing réversibles.
Récursive insolubilité en n € N de I'équation
u = 0"u, ou O est un « isomorphisme de codes
»” In Comptes rendus hebdomadaires des séances de
I’Académie des sciences 257 (1963), pp. 2597-2600
(Cited on p. 249)

Benoit Larose, Cynthia Loten, and Claude
Tardif. “A Characterisation of First-Order Con-
straint Satisfaction Problems.” In Logical Methods in
Computer Science (LMCS) Volume 3, Issue 4, 6 (2007)
(Cited on pp. 243, 244, 259, 261, 269, 274).

DOI: 10.2168/LMCS-3(4:6)2007

Christof Loding and Christopher Spinrath.
“Decision Problems for Subclasses of Rational Re-
lations over Finite and Infinite Words” In Discrete
Mathematics & Theoretical Computer Science 21.3
(2019) (Cited on pp. 202, 204, 233).

DOI: 10.23638/DMTCS-21-3-4


https://doi.org/10.4230/LIPIcs.FSTTCS.2016.14
https://eccc.weizmann.ac.il/report/2012/126/
https://eccc.weizmann.ac.il/report/2012/126/
https://doi.org/10.1007/3-540-60178-3_93
https://doi.org/10.2168/LMCS-3(2:2)2007
https://people.mpi-sws.org/~ckoecher/files/theses/bsc-thesis.pdf
https://people.mpi-sws.org/~ckoecher/files/theses/bsc-thesis.pdf
https://doi.org/10.1007/3-540-68804-8_2
https://doi.org/10.1145/2933575.2933579
https://doi.org/10.1145/1094622.1094625
https://doi.org/10.1145/1353343.1353355
https://doi.org/10.4230/DFU.Vol7.15301.267
https://doi.org/10.1145/2837614.2837641
https://doi.org/10.2168/LMCS-3(4:6)2007
https://doi.org/10.23638/DMTCS-21-3-4

BIBLIOGRAPHY

[LT09]

algebra and hardness results for constraint satis-

Benoit Larose and Pascal Tesson. “Universal

faction problems.” In Theoretical Computer Science
410.18 (2009), pp. 1629-1647 (Cited on pp. 28, 31,
240, 258, 262).

DOI: 10.1016/j.tcs.2008.12.048

[Man11]
by Apostolos Doxiadis, Christos H. Papadimitriou,

Paolo Mancosu. “Book review: Logicomix

Alecos Papadatos, and Annie di Donna” In Journal
of Humanistic Mathematics 1.1 (2011), pp. 137-152
(Cited on p. 29)

[Mar13]
erties for Constraint Satisfaction and Conjunctive
Queries” In Journal of the ACM 60.6 (2013), 42:1—
42:51 (Cited on pp. 71, 132).

DOI: 10.1145/2535926

Déaniel Marx. “Tractable Hypergraph Prop-

[Mor17]
chines” In Theory of Reversible Computing. 2017,
pp- 103-156 (Cited on p. 248).

DOI: 10.1007/978-4-431-56606-9_5

Kenichi Morita. “Reversible Turing Ma-

[Mor25]
Relations” In EACSL Annual Conference on Com-
puter Science Logic (CSL). Vol. 326. 2025, 21:1-21:21
(Cited on pp. 195, 199, 283).

DOI: 10.4230/LIPIcs.CSL.2025.21

Rémi Morvan. “The Algebras for Automatic

[MP71] Robert McNaughton and Seymour A. Papert.
Counter-Free Automata. 1971. 1sBN: 9780262130769
(Cited on p. 312)

[Myc55]  Jan Mycielski. “Sur le coloriage des graphs”
fre. In Colloquium Mathematicae 3.2 (1955), pp. 161—
162 (Cited on p. 278).
URL: http://eudml.org/doc/210000

[Nas07]
colourings of planar graphs” In Journal of Combi-
natorial Theory, Series B 97.3 (2007), pp. 394-400
(Cited on p. 280).

DOI: 10.1016/j.jctb.2006.07.001

Reza Naserasr. “Homomorphisms and edge-

[Neo]
with Neo4j Graph Technology (Cited on pp. 15, 77,
79).

URL: https://neo4j.com/customer-stories/

Neo4j. ICIF Empowers Investigative Journalists

icij/

[Niv68]
de Chomsky” In Annales de 'Institut Fourier 18
(1968), pp. 339-455 (Cited on p. 197)

Maurice Nivat. “Transduction des langages

[NM12] Jaroslav Nesettil and Patrice Ossona de
Mendez. “Prolegomena.” In Sparsity: Graphs, Struc-
tures, and Algorithms. 2012, pp. 21-60 (Cited on
p- 68).

DOI: 10.1007/978-3-642-27875-4_3

[NO12a] Jaroslav Nesetfil and Patrice Ossona de
Mendez. “First-Order Constraint Satisfaction Prob-
lems, Limits and Homomorphism Dualities” In
Sparsity: Graphs, Structures, and Algorithms. 2012,
pp- 195-226 (Cited on p. 245).

DOI: 10.1007/978-3-642-27875-4_9

[NO12b] Jaroslav Nesetfil and Patrice Ossona de
Mendez. “Restricted Homomorphism Dualities.” In
Sparsity: Graphs, Structures, and Algorithms. 2012,
pp- 253-275 (Cited on p. 281).

DOI: 10.1007/978-3-642-27875-4_11

[NP78] Jaroslav Nesettil and Ales Pultr. “On classes
of relations and graphs determined by subobjects
and factorobjects” In Discrete Mathematics 22.3
(1978), pp. 287-300 (Cited on p. 243).

DOI: 10.1016/0012-365X(78)90062-6

[NT00] Jaroslav Nesetfil and Claude Tardif. “Dual-
ity Theorems for Finite Structures (Characterising
Gaps and Good Characterisations).” In Journal of
Combinatorial Theory, Series B 80.1 (2000), pp. 80-97
(Cited on p. 245).

DOI: 10.1006/jctb.2000.1970

[Pel97]

phismes des graphes context-free, équationnels et

Laurent Pelecq. “Isomorphismes et automor-

automatiques.” Available at Bibliotheque universi-
taire des sciences et techniques, Univ. Bordeaux.
PhD thesis. Université Bordeaux 1, 1997 (Cited on
pp. 206, 220, 224)

[Per84]

tomata and infinite words” In International Sympo-

Dominique Perrin. “Recent results on au-

sium on Mathematical Foundations of Computer Sci-
ence. Springer. 1984, pp. 134-148 (Cited on p. 312).
DOI: 10.1007/BFb0030294

332


https://doi.org/10.1016/j.tcs.2008.12.048
https://doi.org/10.1145/2535926
https://doi.org/10.1007/978-4-431-56606-9_5
https://doi.org/10.4230/LIPIcs.CSL.2025.21
http://eudml.org/doc/210000
https://doi.org/10.1016/j.jctb.2006.07.001
https://neo4j.com/customer-stories/icij/
https://neo4j.com/customer-stories/icij/
https://doi.org/10.1007/978-3-642-27875-4_3
https://doi.org/10.1007/978-3-642-27875-4_9
https://doi.org/10.1007/978-3-642-27875-4_11
https://doi.org/10.1016/0012-365X(78)90062-6
https://doi.org/10.1006/jctb.2000.1970
https://doi.org/10.1007/BFb0030294

[Pin21a] Jean-Eric Pin. “Finite automata” In Hand-
book of Automata Theory. Volume L. Theoretical Foun-
dations. 2021, pp. 3-38 (Cited on p. 197).

DOI: 10.4171/automata-1/1

[Pin21b] Jean-Eric Pin. Regular expression vs ratio-
nal expression. Computer Science Stack Exchange.
Version: 2021-08-20. 2021 (Cited on p. 197).

URL: https : / /cs .

143318

stackexchange . com/ q /

[Pin22] Jean-Eric Pin. Mathematical Foundations of
Automata Theory. Version of February 18, 2022
(saved on http://web . archive . org/); MPRI
lecture notes. 2022 (Cited on pp. 43, 44, 287-289,
305, 307, 308).

URL: https://www.irif.fr/~jep/PDF/MPRI/
MPRT . pdf

[Pin98] Jean-Eric Pin. “Positive varieties and infinite
words” In Latin American Theoretical Informatics
Symposium (LATIN). Lecture Notes in Computer Sci-
ence. Consulted version: https://hal.science/
hal-00113768v1. 1998, pp. 76—87 (Cited on p. 286).
DOI: 10.1007/BFb0054312

[PPo04]
Words, Automata, Semigroups, Logic and Games.
Vol. 141. 2004 (Cited on pp. 286, 287)

Dominique Perrin and Jean-Eric Pin. Infinite

[PZ16]
Regular Languages with First-Order Logic” In Logi-
cal Methods in Computer Science (LMCS) 12.1 (2016)
(Cited on pp. 233, 318).
DOI: 10.2168/LMCS-12(1:5)2016

Thomas Place and Marc Zeitoun. “Separating

[PZ23]

aration Strikes Back” In Annual Symposium on

Thomas Place and Marc Zeitoun. “Group Sep-

Logic in Computer Science (LICS). Consulted ver-
sion: https://arxiv.org/abs/2205.01632v2.
2023, pp. 1-13 (Cited on p. 291).

DOI: 10.1109/LICS56636.2023.10175683

[RBV17]

Y. Vardi. “The homomorphism problem for regular

Miguel Romero, Pablo Barceld, and Moshe

graph patterns” In Annual Symposium on Logic in
Computer Science (LICS). 2017, pp. 1-12 (Cited on
pp- 25, 131, 143, 175, 176, 179, 187).

DOI: 10.1109/LICS.2017.8005106

BIBLIOGRAPHY

[Ree22]
automatic groups. 2022 (Cited on p. 228).
arXiv: 2205.14911 [math.GR]

Sarah Rees. The development of the theory of

[Reu80]
algébres syntactiques” In Journal of Algebra 66.2
(1980), pp. 448-483 (Cited on pp. 287, 311).

DOI: 10.1016/0021-8693(80)90097-6

Christophe Reutenauer. “Séries formelles et

[Rez12] Charles Rezk. “Functors between monads”:
what are these really called? MathOverflow. Version:
2012-03-24. 2012 (Cited on p. 313).

URL: https://mathoverflow.net/q/92093

[Ris04]
linéaires : Complémentation” PhD thesis. Univer-
sité de Marne la Vallée, 2004 (Cited on p. 287).

Chloé Rispal. “Automates sur les ordres

URL: https : / / theses . hal . science / tel -
00720658
[Ros08] Benjamin Rossman. “Homomorphism

preservation theorems” In Journal of the ACM
55.3 (2008) (Cited on p. 75).
DOI: 10.1145/1379759.1379763

[Ros25]

phism Preservation Theorem on Finite Structures.”

Benjamin Rossman. “Equi-Rank Homomor-

In EACSL Annual Conference on Computer Science
Logic (CSL). Vol. 326. 2025, 6:1-6:17 (Cited on p. 75).
DOI: 10.4230/LIPIcs.CSL.2025.6

[RRV17] JuanL.Reutter, Miguel Romero, and Moshe
Y. Vardi. “Regular Queries on Graph Databases.” In
Theory of Computing Systems 61.1 (2017), pp. 31-83
(Cited on p. 179).

DOI: 10.1007/s00224-016-9676-2

[RS11] John Rhodes and Benjamin Steinberg. “Point-
like sets, hyperdecidability and the identity problem
for finite semigroups.” In International Journal of
Algebra and Computation (2011) (Cited on pp. 290,
310).

DOI: 10.1142/S021819679900028X

[RS59] M. O. Rabin and D. Scott. “Finite Automata
and Their Decision Problems” In IBM Journal of
Research and Development 3.2 (1959), pp. 114-125
(Cited on pp. 197, 209-211).

DOI: 10.1147/rd.32.0114

333


https://doi.org/10.4171/automata-1/1
https://cs.stackexchange.com/q/143318
https://cs.stackexchange.com/q/143318
http://web.archive.org/
https://www.irif.fr/~jep/PDF/MPRI/MPRI.pdf
https://www.irif.fr/~jep/PDF/MPRI/MPRI.pdf
https://hal.science/hal-00113768v1
https://hal.science/hal-00113768v1
https://doi.org/10.1007/BFb0054312
https://doi.org/10.2168/LMCS-12(1:5)2016
https://arxiv.org/abs/2205.01632v2
https://doi.org/10.1109/LICS56636.2023.10175683
https://doi.org/10.1109/LICS.2017.8005106
https://arxiv.org/abs/2205.14911
https://doi.org/10.1016/0021-8693(80)90097-6
https://mathoverflow.net/q/92093
https://theses.hal.science/tel-00720658
https://theses.hal.science/tel-00720658
https://doi.org/10.1145/1379759.1379763
https://doi.org/10.4230/LIPIcs.CSL.2025.6
https://doi.org/10.1007/s00224-016-9676-2
https://doi.org/10.1142/S021819679900028X
https://doi.org/10.1147/rd.32.0114

BIBLIOGRAPHY

[RS86]
minors. V. Excluding a planar graph.” In 41.1 (1986),
pp- 92-114 (Cited on pp. 71, 178).
DOI: 10.1016/0095-8956(86)90030-4

Neil Robertson and Paul D. Seymour. “Graph

[Rub08]
tures: A Survey of the Finite String Case.” In Bulletin
of Symbolic Logic 14.2 (2008), pp. 169-209 (Cited on
pp. 226, 229).

DOI: 10.2178/bs1/1208442827

Sasha Rubin. “Automata Presenting Struc-

[Sak09] Jacques Sakarovitch. Elements of Automata
Theory. Ed. by Reuben Thomas. 2009 (Cited on
pp. 199, 200, 208, 213).

DOI: 10.1017/CB09781139195218

[Sch16]
beyond Elementary” In ACM Transactions on Com-
putation Theory 8.1 (2016) (Cited on p. 45).

DOI: 10.1145/2858784

Sylvain Schmitz. “Complexity Hierarchies

[Sch65]
having only trivial subgroups.” In Information and
Control 8.2 (1965), pp. 190-194 (Cited on p. 312).
DOI: 10.1016/S0019-9958(65)90108-7

M.P. Schiitzenberger. “On finite monoids

[Sch78]
fiability problems.” In Symposium on Theory of Com-
puting (STOC). 1978, pp. 216-226 (Cited on pp. 28,
234).

DOI: 10.1145/800133.804350

Thomas J. Schaefer. “The complexity of satis-

[Sha92]

deterministic asynchronous automatic structures.”

Michael Shapiro. “Deterministic and non-

In International Journal of Algebra and Computation
02.03 (1992), pp. 297-305 (Cited on p. 220).
DOI: 10.1142/50218196792000189

[She59] J. C. Shepherdson. “The Reduction of Two-
Way Automata to One-Way Automata” In IBM Jour-
nal of Research and Development 3.2 (1959), pp. 198-
200 (Cited on p. 197).
DOI: 10.1147/rd.32.0198

[Sip80]
putations” In Theoretical Computer Science 10.3
(1980), pp- 335-338 (Cited on p. 211).

DOI: 10.1016/0304-3975(80)90053-5

Michael Sipser. “Halting space-bounded com-

[Sta84]

ger arithmetic: Remarks and translation. Tech. rep.

Ryan Stansifer. Presburger’s article on inte-

Consulted version: https://ecommons.cornell.
edu/server/api/core/bitstreams/ala7a505-
bb98-4d5b-abd5-e2ee527db229/content. Cor-
nell University, 1984 (Cited on p. 225)

[Ste67]
for Pushdown Machines” In Information and Con-
trol 11.3 (1967), pp. 323-340 (Cited on p. 209).

DOI: 10.1016/S0019-9958(67)90591-8

Richard Edwin Stearns. “A Regularity Test

[Str72] Ross Street. “The formal theory of monads.”
In Journal of Pure and Applied Algebra 2.2 (1972),
pp- 149-168 (Cited on p. 313).

DOI: 10.1016/0022-4049(72)90019-9

[Sw21]
eties” In Handbook of Automata Theory, volume I:
Theoretical Foundations. Ed. by Jean-Eric Pin. 2021,
Chapter 16, pp. 569-614 (Cited on p. 2838).

DOI: 10.4171/Automata.

Howard Straubing and Pascal Weil. “Vari-

URL: https://hal.science/hal-03434221

[TG99] Alfred Tarski and Steven Givant. “Tarski’s
System of Geometry.” In Bulletin of Symbolic Logic
5.2 (1999), pp. 175-214 (Cited on p. 30).
DOI: 10.2307/421089

[Til87]
tial ingredient in the theory of monoids.” In Journal
of Pure and Applied Algebra 48.1 (1987), pp. 83-198
(Cited on p. 295).
DOI: 10.1016/0022-4049(87)90108-3

Bret Tilson. “Categories as algebra: An essen-

[UACM17]
Chen, and Stefan Milius. “Eilenberg Theorems for

Henning Urbat, Jifi Adamek, Liang-Ting

Free” In International Symposium on Mathematical
Foundations of Computer Science (MFCS). Vol. 83.
Consulted version: https: //arxiv.org/abs/
1602.05831v3. 2017, 43:1-43:15 (Cited on p. 316).
DOI: 10.4230/LIPIcs.MFCS.2017.43

[UD54]
Chromatic graphs without triangles” In The Ameri-
can Mathematical Monthly 61.5 (1954), pp. 352-353
(Cited on p. 278).

DOI: 10.2307/2307489

Peter Ungar and Blanche Descartes. “k-

334


https://doi.org/10.1016/0095-8956(86)90030-4
https://doi.org/10.2178/bsl/1208442827
https://doi.org/10.1017/CBO9781139195218
https://doi.org/10.1145/2858784
https://doi.org/10.1016/S0019-9958(65)90108-7
https://doi.org/10.1145/800133.804350
https://doi.org/10.1142/S0218196792000189
https://doi.org/10.1147/rd.32.0198
https://doi.org/10.1016/0304-3975(80)90053-5
https://ecommons.cornell.edu/server/api/core/bitstreams/a1a7a505-bb98-4d5b-abd5-e2ee527db229/content
https://ecommons.cornell.edu/server/api/core/bitstreams/a1a7a505-bb98-4d5b-abd5-e2ee527db229/content
https://ecommons.cornell.edu/server/api/core/bitstreams/a1a7a505-bb98-4d5b-abd5-e2ee527db229/content
https://doi.org/10.1016/S0019-9958(67)90591-8
https://doi.org/10.1016/0022-4049(72)90019-9
https://doi.org/10.4171/Automata
https://hal.science/hal-03434221
https://doi.org/10.2307/421089
https://doi.org/10.1016/0022-4049(87)90108-3
https://arxiv.org/abs/1602.05831v3
https://arxiv.org/abs/1602.05831v3
https://doi.org/10.4230/LIPIcs.MFCS.2017.43
https://doi.org/10.2307/2307489

[Val75] Leslie G. Valiant. “Regularity and Related
Problems for Deterministic Pushdown Automata.”
In Journal of the ACM 22.1 (1975), pp. 1-10 (Cited
on p. 209).
DOI: 10.1145/321864.321865

[Vrg+24]

gles, Marcelo Arenas, Vicente Calisto, Benjamin

Domagoj Vrgo¢, Carlos Rojas, Renzo An-

Farias, Sebastidn Ferrada, Tristan Heuer, Aidan
Hogan, Gonzalo Navarro, Alexander Pinto, Juan
Reutter, Henry Rosales, and Etienne Toussiant. “Mil-
lenniumDB: A Multi-modal, Multi-model Graph
Database” In ACM Symposium on Principles of
Database Systems (PODS). 2024, pp. 496—499 (Cited
on pp. 93, 121).
DOI: 10.1145/3626246.3654757

[Wik24]
theorem (graph theory). Date of last revision: 6 May
2024; date retrieved: 29 January 2025. 2024 (Cited
on p. 242).
URL: https://en.wikipedia.org/wiki/De _

Wikipedia contributors. De Bruijn—Erd6s

Bruijn % E2 % 80 % 93Exrd % C5 % 91s _ theorem _

(graph_theory)

BIBLIOGRAPHY

[Wil10]

Hard” In Principles and Practice of Constraint Pro-

Ross Willard. “Testing Expressibility Is

gramming. 2010, pp. 9-23 (Cited on p. 67)

[WR10] Alfred North Whitehead and Bertrand Rus-
sell. Principia mathematica. Volume I. 1910 (Cited
on p. 6)

[WR12] Alfred North Whitehead and Bertrand Rus-
sell. Principia mathematica. Volume II. 1912 (Cited
on p. 6)

[Zhu20] Dmitriy Zhuk. “A Proof of the CSP Di-
chotomy Conjecture” In Journal of the ACM 67.5
(2020) (Cited on pp. 28, 234).

DOI: 10.1145/3402029

[Zie87]
chronous automata.” en. In RAIRO Theoretical In-
formatics and Applications 21.2 (1987), pp. 99-135
(Cited on p. 206).

URL: http://www.numdam.org/item/ITA%5C_

Wieslaw Zielonka. “Notes on finite asyn-

1987%5C_%5C_21%5C_2%5C_99%5C_0/

335


https://doi.org/10.1145/321864.321865
https://doi.org/10.1145/3626246.3654757
https://en.wikipedia.org/wiki/De_Bruijn%E2%80%93Erd%C5%91s_theorem_(graph_theory)
https://en.wikipedia.org/wiki/De_Bruijn%E2%80%93Erd%C5%91s_theorem_(graph_theory)
https://en.wikipedia.org/wiki/De_Bruijn%E2%80%93Erd%C5%91s_theorem_(graph_theory)
https://doi.org/10.1145/3402029
http://www.numdam.org/item/ITA%5C_1987%5C_%5C_21%5C_2%5C_99%5C_0/
http://www.numdam.org/item/ITA%5C_1987%5C_%5C_21%5C_2%5C_99%5C_0/




Index

Symbols

D-membership problem (for auto-
matic relations), 199, 233, 234,
255, 256

D-membership problem for C-
relations, 199, 200, 204, 206,
209, 318

D-separability problem (for auto-
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V-separable, 32, 34, 200, 205, 233, 247,
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AuT/REC-separability
32-34, 204, 234, 234, 235, 246,
247, 276, 318

problem,

o-structure, see structure

o-tree, see tree o-tree

k-colourability problem, 26, 26, 27, 66,
234

k-colourable, 15, 26, 26, 30, 39, 66, 251,
252,278, 319

k-colouring, 26, 26, 236, 238, 246, 248,
251-253, 276, 278, 279
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adjacency, 38, 38, 41, 241, 242, 279
Atserias’ theorem, 235, 244, 265, 267,

273
automaton, $k—coloured251, $k-
coloured258
T-multitape, 209, 210
deterministic multitape, 207,

207-209, 212

deterministic two-way multitape,
211

multitape, 195, 199, 205, 206-213

synchronous, 32, 33, 202, 202-205,
207-210, 213, 218, 219, 221,
224, 229, 247, 251, 285,
288-290

automorphism, 40, 40, 41, 241, 244,
259

B
blank symbol, see padding symbol
block product, 38, 38, 240

C
Cartesian product, 38, 38, 61-64, 78,
200, 231, 252
chromatic number, 39, 39, 278-280
clique, 18, 26, 26, 30, 31, 65, 69, 229,
234, 236, 263, 268, 276
colourability — problem, see k-
colourability problem
colourable, see k-colourable
finitely, 39, 276, 278
regularly, 235, 236,
251-254, 276
colouring, see k-colouring
regular, 31, 32, 231, 235, 238, 238,
247, 248, 251, 252, 254, 277
compatible
(for words), 246, 247, 248
conﬁguration, 45, 45, 228, 250, 259
germinal, see germinal element
initial, 45, 45, 249-251, 259, 263
reachable, 45, 249-251

246-248,
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configuration graph, 30, 32, 229, 229,
249, 251, 259, 263
congruence
induced by a homomorphism, 40,
275
of a relational structure, 40, 40
connectivity, 39, 39, 46, 64, 172,
172-175, 236, 244, 250, 251,
259-264, 275-277
regularly unconnectivity, 262, 262,
263
connectivity in automatic graphs, 258,
259, 259, 261
connectivity in finite graphs, 46, 46,
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constraint satisfaction problem, 12,
25, 28, 67, 69, 231, 234, 235, 240
convolution
of words, 202
core, 17, 18, 22, 23, 40, 41, 41, 59, 65,
66, 70,71,75,91, 97, 100, 118, 168,
169, 178, 188-190, 240-244, 264,
265, 277
idempotent, 240, 240
CSP, see constraint satisfaction prob-

lem

D

DAG, see directed acyclic graph

de Bruijn—-Erd6s theorem, 242, 242,
244, 258, 278, 319

diameter, 39, 76, 274

dichotomy theorem for automatic
structures, 236, 256, 281, 319

directed acyclic graph, 39, 245, 246

directed cycle, 39, 39, 177, 185, 186,
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245
disjoint union, 38, 38, 62-64, 66, 69,
117,172, 184, 276
distance, 19, 39, 39, 76, 245, 273
dual, 185, 186, 242, 243, 243-245, 257,
262, 280
finite duality, see finite duality

tree duality, see tree duality

E

embedding, 39, 40, 97, 99, 279

equivalence problem, 200, 209,
211-214

F
finite colourability of automatic
graphs, 277, 278, 278, 319
finite duality, 31, 231, 235-237, 243,
243-246, 256-265, 267, 269,
272-274, 277, 319
finite regular colourability of auto-
matic graphs, 36, 231, 235, 235,
236, 246, 276, 277, 318, 319
first-order
definable, 28, 31, 32, 43, 45, 46, 76,
217-221, 225, 229, 233, 235,
244, 259, 265, 273, 275, 312
equivalent, 217, 217, 218, 225, 227,
240, 265
formula, 31, 42, 42, 43, 46, 54—57,
74-76, 215, 216, 218, 219, 222,
224-226, 237, 239, 264-267,
271, 273
injective interpretation, 217, 217
interpretable, 217, 217
interpretation, 215, 215-217, 222,
223, 226, 227
logic, 16, 22, 43, 43, 46, 53-56, 58,
75,76, 215, 219, 220, 226, 237,
249, 261, 312
reduction, 45, 46, 217, 217, 218, 225,
235, 241, 242, 259, 261, 262, 264
sentence, 29, 30, 42, 43, 53, 75, 215,
219, 223, 226, 257, 265
first-order model checking of auto-
matic structures, 223, 224, 226,
257

formula
w-order-invariant, 226, 226, 229
existential, 42, 42, 43, 225
existential-positive, 42, 43, 43, 74
first-order, see first-order formula
order-invariant, 226, 226, 278
positive quantifier-free, 43, 224

G
germinal element, 250, 251, 263
graph, 16, 17, 19, 26, 37, 37-40, 46,
60, 68, 69, 72, 184, 185, 231, 234,
2306, 243, 245, 246, 259, 262, 267,
276-280
directed, see graph
incidence graph, 39, 39, 244
triangle-free, 278, 278, 280
triangle-free (undirected notion),
278, 278-280
undirected, 18, 28, 39, 39, 68, 69,
243, 278, 279

H
height, 245, 274
homomorphically equivalent, 40, 41,
59, 61-64, 66, 97, 190, 242, 245,
276, 277
homomorphism, 12-17, 19, 22, 26, 27,
30, 31, 39, 39-41, 57-62, 64, 66,
69, 70, 72, 76, 78, 81, 82, 84, 98,
105, 108, 115, 116, 118, 119, 127,
128, 136, 137, 139, 140, 143, 144,
146, 147, 151, 154, 155, 161, 162,
165, 173, 174, 176, 178, 185, 188,
190, 231, 234-239, 241-245, 256,
258-269, 271, 272, 274-276, 280
strong onto, 39, 39-41, 82, 114, 116,
119, 139, 143, 144, 148, 149,
151, 155, 160, 243
uniformly first-order definable, see
uniformly first-order defin-
able homomorphisms
homomorphism problem, 12, 13,
13-18, 25-28, 30-32, 34, 58,
234-237, 257
regular, see regular homomor-

phism problem
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hyperedge consistency
for automatic structures, 237, 264,
275
for finite structures, 32, 264,
267-269, 270, 270-272, 274

I

inclusion problem, 200, 209, 211, 212,
214

incompatibility graph, 247, 247

interpretation (of a structure), 216,
216, 217

interpretation of a predicate, see pred-
icate (interpretation of a)

intersection non-emptiness problem,
206, 209, 211

isomorphic, 40, 40, 41, 59, 186, 217,
227, 249, 277

isomorphism, 40, 40, 41, 185, 277, 296,
298, 319

isomorphism problem for automatic
structures, 195, 227, 227-229

L
language
regular, see regular language
Larose-Tesson theorem, 235
link, 259, 259, 262
linked, 259, 259-263
logic
first-order, see first-order logic
monadic second-order, see monadic
second-order logic
second-order, see second-order
logic
loopless, 176, 176, 177

Lowenheim-Skolem theorem, 226

M

membership problem, see 2D-
membership problem for C-
relations

Mezei theorem, 200, 200, 201

monadic second-order logic, 43, 43,
219, 220, 227, 312

monoid, 32, 33, 43, 43, 44, 200, 201,
311



morphism, 43, 43, 44, 200-202, 205,
206

syntactic, 32, 44, 201
morphism

monoid, see monoid morphism

syntactic, 44, 201
morphisms

length-multiplying, 205, 205
Mycielski

construction, 231, 278, 278, 279

infinite graph, 280

(0}
obstruction
critical, 243, 243, 244, 274, 275
for a structure, 235, 242, 243, 244
for a unary type, 261, 261, 262
order
length-lexicographic, 221, 221, 222,
226
lexicographic, 219, 219, 222

P
padding symbol, 202, 202, 203, 206,
211, 221
path
directed, 46, 60, 79, 234, 234,
244-246, 269, 274
simple, 39
undirected, 39, 39
polyregular function (transduction),
213, 213, 214
predicate, 14, 37, 37, 38, 40, 42, 43,
53, 57, 61, 76-78, 218, 239, 241,
259-266, 273
interpretation of a, 37, 37, 38, 40,
42, 43, 78, 217, 218, 220, 221,
226, 240, 241, 260
Presburger arithmetic, 225, 225, 226

Q

quantifier alternation, 42, 271

query, 14-17, 23, 25, 41, 55, 58, 66, 67,
80, 86, 187, 215

quotient structure, 40, 40, 44, 243, 275

R
reachability k-colourability problem,
46, 46, 72,79, 225
regular k-colourability problem, 235,
235, 236, 246-248, 250-254, 256
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ABSTRACT

This thesis investigates the central role of homomorphism problems—structure-preserving
maps—in two complementary domains: database querying over finite, graph-shaped data,
and constraint solving over (potentially infinite) structures.

Building on the well-known equivalence between conjunctive query evaluation and homo-
morphism existence, the first part focuses on conjunctive regular path queries, a standard
extension of conjunctive queries that incorporates regular-path predicates. We study the
fundamental problem of query minimization under two measures: the number of atoms
(constraints) and the tree-width of the query graph. In both cases, we prove the problem to
be decidable, and provide efficient algorithms for a large fragment of queries used in practice.
The second part of the thesis lifts homomorphism problems to automatic structures, which
are infinite structures describable by finite automata. We highlight a dichotomy, between
homomorphism problems over automatic structures that are decidable in non-deterministic
logarithmic space, and those that are undecidable—proving to be the more common case.
In contrast to this prevalence of undecidability, we then focus on the language-theoretic
properties of these structures, and show, relying on a novel algebraic language theory, that for
any well-behaved logic (a pseudovariety), whether an automatic structure can be described

in this logic is decidable.

g

REsumE

Cette thése étudie le role central joué par les problémes d’homomorphismes—c’est-a-dire des
fonctions préservant les structures relationnelles—dans deux domaines complémentaires : le
requétage de données sous forme de graphes, et la résolution de contraintes sur des structures
potentiellement infinies.

En se fondant sur I’équivalence entre I’évaluation des requétes conjonctives et I’existence
d’homomorphismes, la premiére partie étudie les requétes conjonctives a chemins réguliers,
une extension du langage précédent incorporant des prédicats exprimant I’existence de
chemins réguliers. Nous étudions le probléme fondamental de la minimisation de ces requétes
selon deux métriques : le nombre d’atomes (contraintes) et la largeur arborescente du graphe
sous-jacent. Dans les deux cas, nous montrons que le probleme est décidable et proposons
des algorithmes efficaces pour un fragment substantiel des requétes utilisées en pratique.

La seconde partie de la thése généralise les problemes d’homomorphismes aux structures
automatiques, structures infinies décrites par des automates finis. Nous dessinons une
dichotomie entre les problémes résolubles en espace logarithmique non-déterministe et ceux
qui sont indécidables—ces derniers étant malheureusement majoritaires. A contrario, nous
mettons en avant une large classe de problemes plus syntaxiques : a I’aide d’une nouvelle
théorie algébrique des langages, nous montrons que, pour toute logique raisonnable (une
pseudovariété), il est décidable de savoir si une structure automatique peut étre spécifiée

dans cette logique.
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